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Preface 


It has been more than 350 years since Pierre de Fermat wrote in 
the margin of his copy of Arithmetica of Diophantus: 
It is impossible to separate a cube into two cubes, or a 
biquadrate into two biquadrates, or in general any power 
higher than the second into powers of like degree; I have 
discovered a truly remarkable proof which this margin is 
too small to contain. 


This is what we call Fermat’s Last Theorem. It is certain that he 
has a proof in the case of cubes and biquadrates (i.e., fourth pow- 
ers), but it is now widely believed that he did not have a proof in 
the higher degree cases. After enormous effort made by a great num- 
ber of mathematicians, Fermat’s Last Theorem was finally proved by 
Andrew Wiles and Richard Taylor in 1994. 

The purpose of this book is to give a comprehensive account of 
the proof of Fermat’s Last Theorem. Although Wiles’s proof is based 
on very natural ideas, its framework is quite complex, some parts 
of it are very technical, and it employs many different notions in 
mathematics. In this book I included parts that explain the outline of 
what follows before introducing new notions or formulating the proof 
formally. Chapter 0 and §§5.1, 5.5, and 5.6 in Chapter 5 are those 
parts. Logically speaking, these are not necessary, but I included 
these in order to promote better understanding. Despite the aim of 
this book, I could not prove every single proposition and theorem. 
For the omitted proofs please consult the references indicated at the 
end of the book. 

The content of this book is as follows. We first describe the rough 
outline of the proof. We relate Fermat’s Last Theorem with elliptic 


1Written originally in Latin. English translation is taken from Dickson, L. E., 
History of the theory of numbers. Vol. II: Diophantine analysis, Chelsea Publish- 
ing Co., New York, 1966. 
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curves, modular forms, and Galois representations. Using these rela- 
tions, we reduce Fermat’s Last Theorem to the modularity of certain 
é-adic representations (Theorem 3.36) and a theorem on the level of 
mod £ representations (Theorem 3.55). Next, we introduce the no- 
tions of deformation rings and Hecke algebras, which are incarnations 
of Galois representations and modular forms, respectively. We then 
prove two theorems on commutative algebra. Using these theorems, 
we reduce Theorem 3.36 to certain properties of Selmer groups and 
Hecke modules, which are also incarnations of Galois representations 
and modular forms. 

We then construct fundamental objects, modular curves over Z, 
and the Galois representations associated with modular forms. The 
latter lie in the foundation of the entire proof. We also show a part 
of the proof of Theorem 3.55. Finally, we define the Hecke modules 
and the Selmer groups, and we prove Theorem 3.36, which completes 
the proof of Fermat’s Last Theorem. 

The content of each chapter is summarized at its beginning, but 
we introduce them here briefly. In Chapter 0,* we show that Fer- 
mat’s Last Theorem is derived from Theorem 0.13, which is about 
the connection between elliptic curves and modular forms, and Theo- 
rem 0.15, which is about the ramification and level of £-torsion points 
of an elliptic curve. The objective of Chapters 1—4* is to understand 
the content of Chapter 0 more precisely. The precise formulations of 
Theorems 0.13 and 0.15 will be given in Chapters 1-3. In the proof 
presented in Chapter 0, the leading roles are played by elliptic curves, 
modular forms, and Galois representations, each of which will be the 
main theme of Chapters 1, 2, and 3. In Chapter 3, the modularity of 
é-adic representations will be formulated in Theorem 3.36. In Chap- 
ter 4, using Theorem 4.4 on the rational points of an elliptic curve, 
we deduce Theorem 0.13 from Theorem 3.36. In 84.2, we review the 
outline of the proof of Theorem 0.1 again. 

In Chapters 5-7,* we describe the proof of Theorem 3.36. The 
principal actors in this proof are deformation rings and Hecke alge- 
bras. The roles of these rings will be explained in §5.1. In Chapter 5, 
using two theorems of commutative algebra, we deduce Theorem 3.36 
from Theorems 5.32, 5.34, and Proposition 5.33, which concern the 
properties of Selmer groups and Hecke modules. The two theorems 


*Chapters 0-7 along with Appendix A appeared in Fermat’s Last Theorem: 
Basic Tools, a translation of the Japanese original. 
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in commutative algebra will be proved in Chapter 6. In Chapter 7, 
we will prove the existence theorem of deformation rings. 

In Chapter 8, we will define modular curves over Z and study 
their properties. Modular forms are defined in Chapter 2 using mod- 
ular curves over Q, but their arithmetic properties are often derived 
from the behavior of modular curves over Z at each prime number. 
Modular curves are known to have good reduction at primes not divid- 
ing their levels, but it is particularly important to know their precise 
properties at the prime factors of the level. A major factor that made 
it possible to prove Fermat’s Last Theorem within the twentieth cen- 
tury is that properties of modular curves over Z had been studied 
intensively. We hope the reader will appreciate this fact. 

In Chapter 9, we construct Galois representations associated with 
modular forms, using the results of Chapter 8, and prove a part of 
Theorem 3.55 which describes the relation between ramification and 
the level. Unfortunately, however, we could not describe the cele- 
brated proof of Theorem 3.55 in the case of p = 1 mod £ by K. Ri- 
bet because it requires heavy preparations, such as the p-adic uni- 
formization of Shimura curves and the Jacquet—Langlands-Shimizu 
correspondence of automorphic representations. 

In Chapter 10, using results of Chapters 8 and 9, we construct 
Hecke modules as the completion of the singular homology groups of 
modular curves, and we then prove Theorem 5.32(2) and Proposi- 
tion 5.33. In Chapter 11, we introduce the Galois cohomology groups 
and define the Selmer groups. Then we prove Theorems 5.32(1) 
and 5.34. The first half of Chapter 11 up to §11.3 may be read inde- 
pendently as an introduction to Galois cohomology and the Selmer 
groups. 

Throughout the book, we assume general background in number 
theory, commutative algebra, and general theory of schemes. These 
are treated in other volumes in the Iwanami series: Number Theory 1, 
2, and 3, Commutative algebras and fields (no English translation), 
and Algebraic Geometry 1 and 2. For scheme theory, we give a brief 
supplement in Appendix A after Chapter 7. Other prerequisites are 
summarized in Appendices B, C, and D at the end of the volume. 

In Appendix B, we describe algebraic curves over a discrete valua- 
tion rings and semistable curves in particular, as an algebro-geometric 
preparation to the study of modular curves over Z. In Appendix C, 
we give a linear algebraic description of finite flat commutative group 
schemes over Z,, which will be important for the study of p-adic 
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Galois representations of p-adic fields. Finally, in Appendix D, we 
give a summary on the Jacobian of algebraic curves and its Néron 
model, which are indispensable to study the Galois representations 
associated with modular forms. 


If we gave a proof of every single theorem or proposition in Chap- 
ters 1 and 2, it would become a whole book by itself. So, we only 
give proofs of important or simple properties. Please consider these 
chapters as a summary of known facts. Reading the chapters on el- 
liptic curves and modular forms in Number Theory 1,2, and 3 would 
also be useful to the reader. 


At the end of the book, we give references for the theorems and 
propositions for which we could not give proofs in the main text. The 
interested reader can consult them for further information. We regret 
that we did not have room to mention the history of Fermat’s Last 
Theorem. The reader can also refer to references at the end of the 
book. Due to the nature of this book, we did not cite the original 
paper of each theorem or proposition, and we beg the original authors 
for mercy. 


I would be extremely gratified if more people could appreciate one 
of the highest achievements of the twentieth century in mathematics. 
I would like to express sincere gratitude to Professor Kazuya Kato 
for proposing that I write this book. I would also thank Masato 
Kurihara, Masato Kuwata, and Kazuhiro Fujiwara for useful advice. 
Also, particularly useful were the survey articles [4], [5], and [24]. 
I express here special thanks to their authors. 


This book was based on lectures and talks at various places, in- 
cluding the lecture course at the University of Tokyo in the first se- 
mester of 1996, and intensive lecture courses at Tohoku University in 
May 1996, at Kanazawa University in September 1996, and at Nagoya 
University in May 1999. I would like to thank all those who attended 
these lectures and took notes. I would also like to thank former 
and current graduate students at the University of Tokyo, Keisuke 
Arai, Shin Hattori, and Naoki Imai, who read the earlier manuscript 
carefully and pointed out many mistakes. Most of the chapters up to 
Chapter 7 were written while I stayed at Université Paris-Nord, Max- 
Planck-Institut fiir Mathematik, and Universitat Essen. I would like 
to thank these universities and the Institute for their hospitality and 
for giving me an excellent working environment. 
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This book is the combined edition of the two books in the Iwanami 
series The Development of Modern Mathematics: Fermat’s Last The- 
orem 1 first published in March 2000 and containing up to Chapter 7; 
and Fermat’s Last Theorem 2 published in February 2008. 

Since 1994 when the proof was first published, the development of 
this subject has been remarkable: Conjecture 3.27 has been proved, 
and Conjecture 3.37 has almost been proved. Also, Theorem 5.22 has 
been generalized widely, and its proof has been simplified greatly. We 
should have rewritten many parts of this book to include recent de- 
velopments, but we decided to wait until another opportunity arises. 

On the occasion of the second edition, we made corrections to 
known errors. However, we believe there still remain many mistakes 
yet to be discovered. I apologize in advance, and would be grateful if 
the reader could inform me. 


Takeshi Saito 
Tokyo, Japan 
November 2008 


Preface to the English Edition 


This is the second half of the English translation of Fermat’s Last 
Theorem in the Iwanami series, The Development of Modern Math- 
ematics. Though the translation is based on the second combined 
edition of the original Japanese book published in 2008, it will be 
published in two volumes. The first volume, Fermat’s Last Theorem: 
Basic Tools, contains Chapters 0-7 and Appendix A. The second vol- 
ume, Fermat’s Last Theorem: The Proof, contains Chapters 8-11 and 
Appendices B, C, and D. 

This second volume of the book on the proof of Fermat’s Last 
Theorem by Wiles and Taylor presents a full account of the proof 
started in the first volume. As well as the proof itself, basic materials 
behind the proof, including the Galois representations associated with 
modular forms, the integral models of modular curves, the Hecke 
modules, the Selmer groups, etc., are studied in detail. 

The author hopes that, through this edition, a wider audience of 
readers will appreciate one of the deepest achievements of the twen- 
tieth century in mathematics. 

My special thanks are due to Dr. Masato Kuwata, who not only 
translated the Japanese edition into English but also suggested many 
improvements in the text so that the present English edition is more 
readable than the original Japanese edition. 


Takeshi Saito 


Tokyo, Japan 
October 2014 
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CHAPTER 8 


Modular curves over Z 


In Chapter 2, we used modular curves over Q to define modu- 
lar forms with Q coefficients. A modular curve over Q is the fiber 
over the generic point of a modular curve over Z. In this chapter 
we will define modular curves over Z, and prove their fundamental 
properties. In the next chapter we will derive various properties of 
Galois representations associated with modular forms by examining 
the properties of modular curves over Z at each prime number. 

In §8.1, we classify elliptic curves in positive characteristics into 
ordinary elliptic curves and supersingular elliptic curves. We will de- 
fine modular curves over Z using the Drinfeld level structure, which 
will be introduced in §8.3 after some preparations in §8.2. The Drin- 
feld level structure plays an important role when we study the struc- 
ture of modular curves at a prime number dividing the level. In §8.5, 
we will define modular curves that play a complementary role, and we 
study reduction of these curves modulo p in §8.6. Using the results of 
§8.6, we will prove fundamental properties, Theorems 8.34 and 8.32 in 
§8.7 and 88.8, respectively. Since the modular curves defined in §8.4 
are affine curves, we will compactify them and prove fundamental 
properties, Theorems 8.63 and 8.66, in §8.9. 


8.1. Elliptic curves in characteristic p > 0 


Let p be a prime number, let S be a scheme over F,, and let X be 
ascheme over S. Let Fs : S > S be the absolute Frobenius morphism, 
which is defined by the pth power mapping of the coordinate rings. 
We denote by X‘) the fiber product X xg S by Fs: S— S. The 
morphism X — X‘?) defined by the commutative diagram 


xX fs xX 


| 


or es 5G 


1 
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of the absolute Frobenius morphisms is denoted by F and is called 
the relative Frobenius morphism. 

If X = E is an elliptic curve, the morphism F : E > E®) is a 
morphism of elliptic curves over S of degree p. Let V: E®) 4 E 
be the dual morphism of F : E > E®). V is also a morphism of 
elliptic curves of degree p, and the compositions V o F' and F'oV are 
the multiplication-by-p mappings [p] : E > E and [p] : E\) > E®), 
respectively. For example, if S = Spec A and FE is an elliptic curve 
given by y?+a;ry+a3y = 2? +a2r?+a4xr+<6, then E") is defined by 
the equation y?+ahzry+a8y = 23 +abz?+ahr+a%, and F: E> E') 
is defined by (x,y) + (z?, y?). 

For a nonnegative integer e, we denote by F° : E > E®*) the 
composition of F : E’?) > Ee) i = 0,...,e —1, and let V° : 
EP") -5 E be the dual of F°. 


DEFINITION 8.1. Let p be a prime number, let S be a scheme 
over F,, and let E be an elliptic curve over S. 


(1) If V: E®) > E is étale, we say E is ordinary. 
(2) If E[p] = Ker F?, we say E is supersingular. 


A supersingular elliptic curve over a field is smooth and thus non- 
singular. The term “supersingular” suggests it is very special in some 
sense. However, it is not directly related to the term “singular” in the 
sense that the local ring is not regular. Later in Theorem 8.32(4), we 
will prove that the points on the modular curve Yo(Mp)r, (p { M) 
corresponding to supersingular elliptic curves coincide with the sin- 
gular points of this modular curve. By Lemma 8.44, there exists an 
ordinary elliptic curve for each prime number p. We also prove that 
there exists a supersingular curve for each p in Corollary 8.64. We also 
calculate the number of isomorphism classes of supersingular elliptic 
curves over an algebraically closed field of characteristic p > 0. 

Let p be a prime number, let S be a scheme over Fp, and let E 
be an elliptic curve over S. Since the condition that V : E®) > E is 
étale is an open condition on S, the condition that EF is ordinary is also 
an open condition. We denote by S°™¢ the maximal open subscheme 
U of S such that the restriction Ey is ordinary. Meanwhile, if we 
apply Corollary A.37(2) to Ker F? and E[p], the condition P that 
Er = E’xsT is supersingular for an S-scheme T is a closed condition 
on S. We denote by S** the closed subscheme of S defined by the 
closed condition P. We show that S°¢ is the complementary open 
subscheme of S**. More precisely, we have the following. 
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PROPOSITION 8.2. Let k be a field of characteristic p > 0, and 
let E be an elliptic curve over k. Let k be an algebraic closure of k. 
Then, the following hold. 


(1) The order of the abelian group E[p|(k) is either p or 1. 
(2) The following conditions (i)-(iv) are equivalent. 
(i) The order of the abelian group E[p|(k) is p. 
(ii) E is ordinary. 
(iii) For any integer e > 1, KerV® is étale and the abelian 
group Ker V°(k) is isomorphic to Z/p°Z. 
(iv) For any integer e > 1, the group scheme E[p*|, is isomor- 
phic to Z/p®Z x ppe. 
(3) The following conditions (i)—(iii) are equivalent. 
(i) The order of the abelian group E[p|(k) is 1. 
(ii) E is supersingular. 
(iii) For any integer e > 1, the only closed subgroup scheme of 
E of order p® is Ker F®. 


PrRoorF. It suffices to prove the case where k = k. 

(1) As in Proposition 3.45, let E[p]° the connected component 
of E[p| containing 0, and let E[p|* be the maximal étale quotient. 
Consider the exact sequence 


(8.1) 0 — Elp|® — Elp] — Elp|* — 0. 


Since we assumed k = k, the exact sequence (8.1) gives an isomor- 
phism of finite groups E[p](k) — E[p]*(k). Consider the Cartier dual 
of (8.1). By the Weil pairing, the Cartier dual of E[p] is E[p] itself, 
and the Cartier dual of E[p]* is connected. Thus, the Cartier dual 
(E[p]*)Y is a closed subgroup scheme of E[p]°. Hence, (fE[p](k))? = 
(deg E[p|*)(deg( Elp]é*)”) divides (deg Elp|*)(deg Elpl°) = deg Ely] 
ae 


(2) (i) = (ii). Since [p] = V o F, we obtain the exact sequence 
(8.2) 


0 — Ker(F : E> E®)) —> E[p] “> Ker(V : E®) + BE) 30. 


Since Ker F(k) = 0, El[p|(k) — Ker V(k) is an isomorphism of finite 
groups. By (i), the order of KerV(k) is p, and thus the isogeny 
V : E®) = E of degree p is étale. 

(ii) = (iii). Since V@ = VoV@) o--.0V@”), if V is étale, 
V® is also étale of degree p®. Thus, Ker V°(k) is an abelian group of 
order p°. Moreover, since the order of a p-torsion point of Ker V° C 
E*) is p, Ker V® is isomorphic to Z/p°Z. 
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(iii) > (iv). In the exact sequence 
(8.3) 


0 Ker(F* : E> E®*)) —+ Elp*] => Ker(V* : E®) + E) 3 0, 


Ker F® is connected and Ker V° is étale. Let E[p*]rea be the reduced 
part of E[p®]. Then, the composition E[p*],eq > E[p*] > KerV® 
is an isomorphism since k is algebraically closed. Since Ker V® is 
isomorphic to Z/p°Z, Ker F® is isomorphic to its Cartier dual pe. 

(iv) => (i). This is clear from pp(k) = {1}. 

(3) (i) = (iii). If G is a closed subgroup scheme of E[p*] of 
degree p*, then G is connected. Therefore, if mo is the maximal ideal 
of the local ring O90, we have G = Spec Oxzo/me = Ker F®. 

(iii) > (ii). Since E[p] is a closed subgroup scheme of degree p”, 
we have E[p] = Ker F?. 

(ii) > (i). We have E[p](k) = Ker F?(k) = 0. O 


COROLLARY 8.3. Let p be a prime number, let S be a scheme 
over F,, and let E be an elliptic curve over S. Then, we have 


(8.4) god _ g — ss. 
ProoF. It is clear from Proposition 8.2. O 


LEMMA 8.4. Let p be a prime number, let S be a scheme over Fp, 
and let E' be an elliptic curve over S. Let e > 1 be an integer. 
(1) If E is ordinary, then V¢ : E®*) + E is étale, and KerV® is 
isomorphic to Z/p°Z étale locally. 
(2) If f : E—- E’ is an étale isogeny of degree p®, then both E and 
E’ are ordinary, and there exists a unique isomorphism g : E > 
E'") satisfying f = V* og. 


PROOF. (1) Similar to the proof of Proposition 8.2(2) (ii) = (iii). 

(2) Let tf : E’ — E be the dual of f. Since f otf = [p*], Ker ‘f 
is an open and closed subgroup scheme of E[p°] of degree p®, and its 
underlying set is equal to that of the 0-section of E’. Thus, Ker ‘f is 
a closed subgroup scheme. Hence, we have Ker'f = Ker F®, and an 
isomorphism g: E > E’*) satisfying F* = go'f is induced. Clearly, 
g satisfies the required condition and g is unique. 

Since V¢ : E’(?") - E’ is étale, E’ is ordinary. Moreover, since 
E and E’*) are isomorphic, E is also ordinary. O 
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PROPOSITION 8.5. Let p be a prime number, and let E be an 
elliptic curve over Fp. Leta =1+p-—{E(F,). Then, the following 
conditions (i)—(iii) are equivalent. 

(i) E is ordinary. 
(ii) ptfa. 
(iii) Ifp=2,a=+1. Ifp=3,a=+1,+2. Ifp>5,a#0. 


Proor. As in Proposition 1.21, we have 1 — at + pt? = 
det(1—Ft: D(E)) by Theorem C.1(4). By Proposition 8.2(2)(iv)(ii) 
and Theorem C.1(2), E is ordinary if and only if one of the eigenval- 
ues of the action of F on D(E) is a p-adic unit. This is equivalent to 
condition (ii). 

The equivalence of conditions (ii) and (iii) follows from the fact 
|a| < 2,/p and Theorem 1.15. 0 


EXAMPLE 8.6. Let p be an odd prime number, and let EF be the 
elliptic curve over F, given by y” = x? — z. Then, E is ordinary if 
p=1mod 4, and F is supersingular if p = —1 mod 4. 

Indeed, since E[2] = {co, (0, 0), (+1,0)} is a subgroup of E(F,), 
we have {£(F,) = p+1—a=0 mod 4 Thus, if p = 1 mod 4, we 
have a = 2 mod 4, which means a # 0. If p = —1 mod 4, then —1 
is not a quadratic residue mod p. Hence, if x # 0, +1, either x? — z 
or (—2)? — (—x) = —(x? — 2) is a quadratic residue, and not both. 
Thus, we have {&(F,) = p+ 1, which means a = 0. 

Similarly, for a prime number p > 5, let E be the elliptic curve 
over F,, defined by y? = x*® —1. Then, E is ordinary if p= 1 mod 3, 
and its supersingular if p = —1 mod 3. 


COROLLARY 8.7. Let p be an odd prime number, and let E be an 
elliptic curve over Q,. Then the following conditions (i) and (ii) are 
equivalent. 

(i) The p-adic representation V,E of Ga, is ordinary. 
(ii) Hither E has good reduction and Ep, is ordinary or E has mul- 
tiplicative reduction. 


PROOF. First, we assume EF has good reduction, and we show 
VE is ordinary if and only if Ep, is ordinary. By Theorem C.6(3), the 
subspace D’(E) C D(E) is one dimensional. Thus, by Corollary C.8, 
V, Fis ordinary if and only if there exist p-adic units a@ and 8 such that 
1—at+pt? = deg(1— Ft: D(E)) decomposes into (1 — at)(1— pft). 
This is in turn equivalent to that Ep, is ordinary by Proposition 8.5. 
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Furthermore, by Proposition 3.46(2), EH has stable reduction if V,E 
is ordinary. This shows (i)=>(ii). 

Suppose F has multiplicative reduction. In this case, we have al- 
ready proved that V,F is ordinary in the proof of Proposition 3.46(2) 
(i) (ii). This shows (ii)=>(i). oO 


8.2. Cyclic group schemes 


In this section we define cyclic group scheme as a preparation for 
the definition of modular curves over Z. 


DEFINITION 8.8. Let S bea scheme, let N > 1 be an integer, and 
let X be a finite flat scheme of finite presentation over S of degree N. 
A family of sections P),..., Py : S > X is called a full set of sections 
of X if it satisfies 


N 
(8.5) Nxa/r(f) =] f(Pi) 
i=1 
for any commutative ring R, any morphism SpecR — S, and any 
element f € [(X xg SpecR, 0). 


LEMMA 8.9. Let S be a scheme, let N > 1 be an integer, and let 
X be a finite flat scheme of finite presentation over S of degree N. If 


a family of sections P,,...,Pn :S > X is a full set of sections, the 
morphism 

N 
(8.6) [[*%:sll---lis-x 

i=l 


is surjective. 


PROOF. It suffices to show it when S = Speck, where k is an 
algebraically closed field, but it is clear in this case. O 


Even if the morphism (8.6) is surjective, P,,..., Px may not 
be a full set of sections of X. For example, let k be a field, let 
S = Speckfe]/(e*), and let X = Speck[e,¢’](e?,€’”). Define sec- 
tions P|, P,; : S ~ X by e 4 0 and e’ + e€, respectively. Then, 
P,[[ P2:S][S > X is surjective. However, if we let f = 1+’, we 
have Nx;s(f) =1 #4 f(Pi)f(P2) =1+.€. This means P; and P2 do 
not form a full set of sections of X. 

If X is étale, the condition in Lemma 8.9 is a necessary and 
sufficient condition. 
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COROLLARY 8.10. If X is étale over S in Lemma 8.9, then the 
following conditions are equivalent. 
(i) Py,...,Pn:S — X form a full set of sections of X. 
(ii) J, Pi: SI] ---]] S > X is an isomorphism. 
(ii) JM, PB: SI[---[] S > X is surjective. 


PROOF. (ii) = (i) is clear. (i) = (iii) holds by Lemma 8.9. Since 
S|]---]]S and X are both finite étale of degree N, (ii) and (iii) are 
equivalent. O 


PROPOSITION 8.11. Let S be a scheme, let N > 1 be an integer, 
and let X be a finite flat scheme of finite presentation over S of 
degree N. Let Py,...,Pn:S— X be a family of sections of X. The 
condition P that P;,...,Pn forma full set of sections of X is a closed 
condition on S. The ideal of Og that defines the closed subscheme 
T of S defined by the closed condition P is locally of finite type. 


PROOF. Since the assertion is local on S, it suffices to show the 
cases where S = Spec A and X = Spec B with B a free A-module of 
rank N. Let gi,..-,9n be a basis of the A-module B. The equality 
(8.5) holds for any Rand f if and only if (8.5) holds for the polynomial 
ring R= A[T),...,7Zn] and f = yest € B[T),..., Tn]. For such 
R and f, (8.5) becomes 

N N ON 
(8.7) Nein.,...,Tv]/A(Th,...Tv] (~ 9;T;) = II( 95(P:)T;). 

j=l i=1 j=1 
If J c A is the ideal generated by the coefficients of the difference 
of the both sides of (8.7), the closed subscheme T of S defined by I 
represents the functor Fp. Since each side of (8.7) is a homogeneous 
polynomial of degree N in Tj,...,Zny with A coefficients, J is finitely 
generated. O 


If X is a closed subscheme of a smooth curve, we have the propo- 
sition below. Note that if EF is a smooth curve over S and X is a 
closed subscheme of F that is finite flat of finite presentation over S, 
then X is a Cartier divisor of E by Lemma B.2(1). In particular, a 
section P : S > E defines a Cartier divisor of E. 


PROPOSITION 8.12. Let S be a scheme, let E be a smooth curve 
over S, and let N > 1 be an integer. Suppose X is a closed subscheme 
of E that is finite flat of finite presentation over S of degree N. For 
sections P,,...,Py :S — X, the following are equivalent. 
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(1) Pi,...,Py form a full set of sections of X. 
(2) The following equality of Cartier divisors holds: 


N 
X= DIP. 


PROoF. (ii) > (i). Let Spec R — S be a morphism of schemes. 
We show Nx,/r(f) = Tes f(P;) for f € (Xp, O). Replacing S by 
Spec R, we may assume S = Spec R. Fori = 1,...,N, let Z; be the 
defining ideal sheaf of the Cartier divisor [P;] of E. By the equality of 
divisors X = SP the finitely generated free Os-module Ox is a 
successive extension of the invertible Os-modules 1A eae Ej / Tp Es: 
Since the multiplication-by-f map of Ox induces the multiplication- 
by-f (Pi) map of [T= Zj/TTja1 Zs, we have Nxys(f) = Tins f (Pi). 

(i) > (ii). Both X and Soles are finite flat of finite presen- 
tation over S of degree N. Thus, it suffices to show X is a closed 
subscheme of yi. Let s € S. We may replace S by SpecOg.5. 
By Lemma 8.9, we have X = Un, P,(S). Since A = Og,, is a local 
ring, Pi(s) # P;(s) implies P,(S)M Pj)(S) = @ for i,j = 1,...,N. 
Thus X = []J,,,;Up,(s)=2 Pi(S). Hence, for an inverse image x of 
s, we have Spec Ox,z = Up,s)=2 Pi(S) and X = [],,,,SpecOx,e. 
Therefore, it suffices to show the assertion assuming X = SpecOx 2. 
Replacing FE by an open neighborhood of x, we may assume E is also 
affine. 

Let E = SpecB and X = SpecB. Replacing E by an open 
neighborhood of x again if necessary, we may assume the divisor [P,] 
of E is defined at t € B. Fori = 2,...,N, t—t(P;) € B is also 0 
on P;. Since the divisor [x] = [Pi(s)] of Es is defined by t — t(P;) 
on a neighborhood of z, it follows from Nakayama’s lemma that a 
divisor [P;] of E is defined by t — t(P;) € B on a neighborhood of z. 
Replacing & once again by an open neighborhood of z if necessary, 
we may assume the divisor [P;] of E is defined by t — ¢(P;) € B for 
i=1,...,N. 

Let ®(T) = pya(T —t|x) € A[T]. Applying (8.5) to f = 
T—t € BQ, A{T], we obtain 6(T) = [][,(T — t(P;)). Thus, 
@(t) = That —t(P;)) € B is a generator of the defining ideal of 
the divisor )~’ ,[P;] of E. On the other hand, by the theorem of 
Cayley and Hamilton, ®(t|x) € B is 0. Thus, ®(t) € B is contained 
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in the defining ideal Ker(B > B) of X. This shows that X is a closed 
subscheme of LP at each point of X. O 


DEFINITION 8.13. Let S be ascheme, let N > 1 be an integer, and 
let G be a finite flat commutative group scheme of finite presentation 
over S of degree N. 


(1) Let P: S 4G be a section of G. If the family 0, P, 2P,..., 
(N —1)P is a full set of sections, we call P a generator of G. 


(2) G is called a cyclic group scheme if there exists a generator of 
G flat locally on S. 


The degree of a cyclic group scheme is sometimes called the order. 
If N is invertible on S, Lemma 8.15 below shows this coincides with 
the ordinary definition. We show the following proposition first. 


PROPOSITION 8.14. Let S be a scheme, and let G be a finite flat 
commutative group scheme of finite presentation of degree M. Then, 
the multiplication-by-M mapping of G is the 0 mapping. 


PRooF. It suffices to show g™@ = 1 for any scheme T over S 
and any section g € G(T). Replacing S by T, we may assume 
S =T. Since the assertion is local on S, we may assume S = Spec R, 
G = Spec A, and A is a free R-module of rank M. Let GY = Spec AY, 
where AY = Homa(A, R), be the Cartier dual of G. The multiplica- 
tion of AY is the dual of the ring morphism A > A@® x A that defines 
the group operation u:GxgsG—>G. 

Let g € G(S), let ug : G > G be the translation by g, and 
let ug : A — A be the corresponding isomorphism of rings. We 
identify g € G(S) = Homp.ag(A,R) C Homa(A, R) with an ele- 
ment of AY = Homar(A, R). Furthermore, we identify us € G(G) = 
Homp.-aig(A, A) C Endgz A with an element of Endg A = A @p AY. 
Since G(G) is a subgroup of (A@pz AY)*, wg € A@R AY is invertible. 
Moreover, since ig : G > G is the product of id = 4, :G—->G 
and G > S 4% G, we have Hg = 1 -(1@g) € A @p AY. Thus, 
taking the norm N = Nag,av/av Of both sides, we obtain N(u,) = 
N(t1)-9™ € AY. On the other hand, since fg(H1) = 1 © Wg = Mg, 
the homomorphism of AY-algebras (ug ® 1): A@p AY > A@pR AY 
maps 1; to Wy. Thus, we have N(u,) = N(u1) € AY*. This shows 
gM =1€G(S) CAV. 0 
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LEMMA 8.15. Let S be a scheme, let N > 1 be an integer in- 
vertible on S, and let G be a finite flat commutative group scheme of 
finite presentation over S of degree N. 

(1) For a section P:G— S, the following are equivalent. 
(i) P is a generator of G. 
(ii) For any geometric point 5 in S, Ps € G(8) is a generator 
of G(s). 
(iii) There exists an isomorphism of commutative group 
schemes Z/NZ— G that maps 1 to P. 
(2) The following are equivalent. 
(i) G is a cyclic group scheme. 
(ii) For any geometric point § in S, G(S) is a cyclic group. 
(iii) There exits an isomorphism of commutative group schemes 
Z/NZ —> G étale locally on S. 


PROOF. Since G is étale over S by Proposition 8.14 and Defini- 
tion A.17, the assertions are clear from Corollary 8.10. O 


LEMMA 8.16. Let S be a scheme, let N > 1 be an integer, and 
let G be a finite flat commutative group scheme over S of finite pre- 
sentation of degree N. 

(1) Let P: S 4 G bea section of D. The condition that P is 
a generator of G is a closed condition on S. The ideal of Os 
defining the closed subscheme T of S defined by this condition 
is locally of finite type. 

(2) The functor that associates the set 


(8.8) {P € G(T) | P is a generator of Gr} 


to a scheme T over S is represented by a closed subgroup scheme 
G* of G. 
PROOF. (1) It suffices to apply Proposition 8.11 to the sections 
0, P,...,(N -1)P of G. 
(2) It suffices to apply (1) to the pullback section of G to G 
defined by the diagonal map G > G xgG. Oo 


The closed subgroup scheme G™ of G is called the scheme of gen- 
erators of G. If G™ is faithfully flat over S, then G™ is a flat covering 
of S, and thus G is a cyclic group scheme. Later in Corollary 8.53(1), 
we will show a partial converse of this property. 


LEMMA 8.17. Let S be a scheme, let 0 — G’ > G > G"” > 0 be 
an exact sequence of finite flat commutative group schemes of finite 
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presentation over S, and let P be a section of G. Suppose G” is étale 
of degree M. Then, the following are equivalent. 
(i) P is a generator of G. 
(ii) The image P” of P is a generator of G’, and MP is a generator 
of G’. 


PROOF. (i) => (ii). Let P be a ecnctarer of G, and let N be 
the degree of G. By Lemma 8.9, eee iP : no Ge -YJs-G-G" 
is surjective. Thus, by Proposition 8.14, ie iP”: S]J---][S > 
G” is also surjective. Therefore, by Corollary 8.10, P” defines an 
somonp list Z/MZ — G", and P” is a generator of G”. Moreover, 
since [he *(+4P) : iB eas G' > G is an isomorphism of schemes, P 
isa dehnrstor of G if and only if MP is a generator of G”. 

(ii) > (i). P” defines an isomorphism Z/MZ — G”, by Corol- 
lary 8.10. The remaining part is similar to the proof of (i) => (ii). O 


LEMMA 8.18. Let S be a scheme, and let E be a commutative 
group scheme over S that is a smooth curve over S. Let N >1 be an 
integer. 

(1) Lt P: S > E be a section of E. Then, the following are 
equivalent. 

(i) There exists a closed subgroup scheme of E of order N 
such that P is its generator. 

(ii) The Cartier divisor praia of E is a closed subgroup 
scheme of E. 

(2) If one of the equivalent conditions of (1) holds, then NP = 0, 
and G= Sais [iP]. 

(3) Let G be a closed subgroup scheme of E finite flat of finite pre- 
sentation of degree N over S. Let P be a section of E over G 
defined by the diagonal map G > E xg G. The scheme G”* 
of generators of G is a closed subscheme defined by the closed 
condition on G that for any scheme T over G, the two closed 
subschemes of Er, Gr and eo iPr are equal. 

PROOF. (1) Clear from Proposition 8.12. 

(2) Since the cyclic subgroup scheme ya [iP] is a finite flat 
commutative group scheme of finite presentation of degree N, the 
image of the multiplication-by-N map of eo LP] is 0 by Propo- 
sition 8.14. Thus, we have NP = 0. G = yo P| is clear from 
Proposition 8.12. 

(3) Clear from (2). O 


12 8. MODULAR CURVES OVER Z 


LEMMA 8.19. Let N > 1 be an integer. The group scheme un = 
Spec Z[X]/(X% —1) consisting of Nth roots of unity is a cyclic group 
scheme. If ®y(X) € Z[X] is the Nth cyclotomic polynomial, the 
scheme wx of generators of un is Spec Z[X]/(@n(X)). 


PROOF. Spec Z[X]/(®n(X)) is a flat covering of Spec Z. Thus, 
if we show wx, = Spec Z[X]/(@n(X)), then it follows that wn is a 
cyclic group scheme. Clearly, LN Spec ZI] = Spec Z[+][X]/(@n(X)) 
over Spec Z(H] by Lemma 8.15. Thus, applying Corollary A.44(1) to 
S = SpecZ, X = Gms, A= uyN,5, and B = Spec Z[X]/(®n(X)), it 
suffices to show the inequality deg wx, , < y(N) for any algebraically 
closed field k. By Lemma 8.17, it suffices to show the case where the 
characteristic of k is p > 0 and N = p*. 

By changing coordinates, let G, = Speck[X,(1+ X)~] and 
G = wn = Speck[X]/(X%). Let P: G > Gp xz G be the diagonal 
section. By Lemma 8.18(3), the closed subscheme G™ of G is defined 
by the closed condition that the two closed subschemes of G, x~G = 
Spec k[X, (1+ X)7!,T]/(T%), Gx, G = Speck[X, T]/(X",T%) and 
the pullback of 


N-1 N-1 
S > iP] = Spec k[X, (1+ X)7?, T]/ (11 (1+ X—-(1+ n).0") 


i=0 i=0 
are equal. Thus, if we let 
N-1 N-1 
[[@+*-@+) =x" - 40 a,(T)x, 
i=0 j=0 
we have GX = Speck[T]/(T% ,ao(T),...,an—1(T)). Since we have 
(1+ T)' —1 = iT mod T?, the T-adic valuation ord((1 + T)* — 1) 
is 1 if p { i, and at least 2 if p | 7. Thus, we have orday,,(T) = 
t{t | pf t,0<i< N} =N-—N/p = ¢(N), and we have degG* = 
min(N, ord ao(T),...,ordan_—1(T)) < p(N). oO 


8.3. Drinfeld level structure 


In Chapter 2, we defined modular curves over Q using a cyclic 
subgroup of order N of an elliptic curve. However, for a supersingu- 
lar elliptic curve over a scheme over F,, there is no cyclic subgroup 
scheme of order p in a usual sense. In order to define modular curves 
over Z, we use Definition 8.13 as the definition of a cyclic subgroup 
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scheme. The level structure defined in such a way is called the Drin- 
feld level structure. 


DEFINITION 8.20. Let S be a scheme, and let EF be a commutative 
group scheme over S that is a smooth curve over S. Let N >1 bean 
integer. 

(1) A section P : S > E has exact order N if the Cartier divisor 


eo iP is a closed subgroup scheme of E. If P has exact 
order N, we call 


(8.9) (P)= > bP] 


i€Z/NZ 


the cyclic subgroup scheme of order N generated by P. 
(2) The functor Mo(N)z over S is defined by associating to a 
scheme T over S the set 


(8.10) Mo(N)z(T) = {cyclic subgroup scheme of Er of order N}. 


(3) The functor M;(N)gz over S is defined by associating to a 
scheme T over S the set 


(8.11) M,(N)x(T) = {section of Er of exact order N}. 


By Lemma 8.18, the cyclic subgroup scheme in Definition 8.20(1) 
is a cyclic group scheme in the sense of Definition 8.13(2). 

To a section P € Mi(N)g(T) of exact order N, associate the 
cyclic subgroup scheme (P) € Mo(N)z(T), and we obtain a natural 
morphism of functors Mi(N) gz > Mo(N)z. 

If N is invertible on S, Definition 8.20 is a standard one. 


LEMMA 8.21. Let S be a scheme, and let E be a commutative 
group scheme over S that is a smooth curve over S. Let P: SHE 
be a section of E, and let N > 1 be an integer. 

If N is invertible on S, the following conditions (i)—(iii) are equiv- 
alent. 

(i) P has exact order N. 

(ii) There exists a closed immersion Z/NZ > E of commutative 
group schemes over S such that P: S > E is defined by 1 € 
Z/NZ. 

(iii) NP =0, and for any geometric point 5 in S, the element Ps of 
the abelian group E(S) has exact order N. 


ProoF. Clear from Lemmas 8.18(2) and 8.15. O 
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For a scheme over F, unusual phenomena occur unlike schemes 
over Q. 


LEMMA 8.22. Let S be a scheme, and let E be a commutative 
group scheme over S that is a smooth curve over S. Let p be a prime 
number, and let e > 1 be an integer. Then, the following conditions 
(i)-(iii) are equivalent. 

(i) S is a scheme over Fp. 
(ii) The 0-section of E has exact order p*. 
(iii) The Cartier divisor G = p*|0] of E is a cyclic subgroup scheme 
of order p*. 


If one and hence all of these conditions hold, we have G = Ker F®. 


Na NG 


PROOF. (i) => (ii), (iii). If S is a scheme over F,, p°[0] = Ker F* 
is a cyclic subgroup scheme of order p*, and the 0-section has exact 
order p*. 

(ii) > (iii) is clear. 

(iii) => (i). Since the assertion is local on S, we may assume 
S = Spec A. Furthermore, we may assume that the Cartier divisor [0] 
of FE is defined by a section T of Og on a neighborhood of [0]. Then, 
we have G = Spec A[T]/(T?’). Let F(T,S) be the image of T by 
the ring homomorphism A[T]/(T?) — A[T]/(T?’) @a A[T]/(T?*) = 
A[T, S]/(T?*, S?°) corresponding to the group operation G x G > G. 
Here, we identify T = T @1, and lett S=1@T. 

F(T, S)?° equals 0 as an element of A[T, S]/(T?’,S?°). Since 
F(T,0) = F(0,T) = T, there exists f(S,T) € A[T,S]/(T?,S®°) 
such that F(T,S) = T+ $54 STf(S,T). Looking at the homoge- 
neous degree p® part of F(T, S)?", all the coefficients of (T + S$)? — 
(TP + SP°) = y?_71 (P')T?*-iS* are 0 as elements of A. Since 
the greatest common divisor of (7°) and (Ea) is p, A is an F,- 
algebra. O 


LEMMA 8.23. Let S be a scheme, and let E be a commutative 
group scheme over S that is a smooth curve over S. Let N > 1 be an 
integer, and let P: S > E be a section of E. For a scheme T over 
S, the condition P that Pr is a section of exact order N of Er is a 
closed condition on S. 


Proor. Let G = 05) [iP]. By Definition 8.20(1), the condi- 
tion P is that Gr is a closed subgroup scheme of Er. This condition is 
in turn equivalent to the following. The closed subscheme Gr x7 Gr 
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of Er xr Er is a closed subscheme of the inverse image of Gr by 
the addition + : Er x7 Er, and Gr is equal to the inverse image 
of Gr by the multiplication-by-(—1) morphism Ey — Er. Thus, by 
Corollary A.37, the condition P is a closed condition. O 


COROLLARY 8.24. Let S be a scheme, and let E be an elliptic 
curve over S. Let N > 1 be an integer. The functor Mi(N)z over 
S is represented by a scheme Mi(N)z finite of finite presentation 
over S. If N is invertible on S, Mi(N)z is étale over S. 


Proor. Applying Lemma 8.23 to the diagonal section E[N] > 
E xg E([N] over E[N], Mi(N)z is represented by a closed subscheme 
of E[N]. If N is invertible on S, E[N] is finite étale over S by Corol- 
lary 1.27. Since the assertion is étale local on S, we may assume that 
E[N] is isomorphic to the constant group scheme (Z/NZ)?. But, in 
this case M1 ()z is isomorphic to [],¢(z/nz)*,ord(a)=N 5° Oo 


LEMMA 8.25. Let k be a field of characteristic p, and let E be an 
elliptic curve over k. Let N > 1 be an integer. 


(1) Ifp > 0 and G is a closed subgroup scheme of E of degree p*, 
then G is a cyclic subgroup scheme of order p°. 
(2) If G is a cyclic subgroup scheme of E of order N, then we have 


(8.12) deg G* < y(N). 


The equality holds unless p| N and E is supersingular. 
(3) We have an equality 


(8.13) deg Mi(N)z = p(N)Y(N) 
unless p| N and E is supersingular. 


Later in Proposition 8.52 and Corollary 8.53, we will show that 
the equality holds even if E is supersingular. 


QUESTION. In case p | N and E is supersingular, can we prove 
directly the equality (8.12) as in the proof below? 


PROOF. We may assume k is algebraically closed. 

(1) If E is supersingular, a closed subgroup scheme of degree p*° 
is Ker F® by Proposition 8.2(3), and 0 is a generator of this. 

If E is ordinary, E[p*] is isomorphic to Z/p®Z x pipe by Propo- 
sition 8.2(2). Let G be a closed subgroup scheme of E[p*] of de- 
gree p®. Since GM pe is a closed subgroup scheme of ppe, we have 
GNM Upe = Up» for some b > e. Since k is algebraically closed, G is 
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isomorphic to Z/p°Z x uu», a+b =e. By Lemma 8.17, (1,1) is a 
generator of Z/p°Z x yp», and this is a cyclic subgroup scheme. 

(2) By Lemma 8.17 it suffices to show it when p > 0 and N = p*. 

We show inequality (8.12) when EF is supersingular. The proof 
goes similarly to that of Lemma 8.19. By Proposition 8.2(3), we have 
G = Ker F®. Choosing an isomorphism k[[X]] > Oxo; we identify 
k[[X]] = Oxo. Then, we have G = Spec k[[X]]/(X%). For an integer 
i, we denote by [i]* the ring homomorphism k[[X]] > k[[X]] induced 
by the multiplication-by-2 mapping [i] : E ~ E. G* is a closed 
subscheme of G = Spec k[T]/(T) defined by the condition that the 
ideal (eg x — [i]*T)) is equal to the ideal (X%), and we have 
(i]*(T) = iT mod T?. After this point, the proof goes in the same 
way as the proof of Lemma 8.19. 

We show the equality in (8.12) when FE is ordinary. By the proof 
of (1), we may assume G = Z/p* x yp», a+ b =e. If a=0, then the 
equality follows from Lemma 8.19. Suppose a > 0. By Lemma 8.17, a 
section P of G = Z/p°Z x yp» is a generator if and only if the projec- 
tion of P to Z/p°Z is a generator of Z/p*Z and p*P is a generator of 
Hp». By the assumption a > 0 and Lemma 8.19, p*P is a generator of 
Lp for any P. Thus, G™ is equal to (Z/p*Z)* x u,», and the equality 
holds. 

(3) By Lemma 8.17, it suffices to show it when p > 0 and N = p®. 
Suppose F is ordinary, and we show (8.13). As above, we may iden- 
tify E[N] with G = Z/NZ x pn. Mi(N)z is the closed subgroup 
scheme consisting of all the sections of G of exact order N. Decompose 
G = Liezynz O = Liezywz un, and Mi(N)e = Liezinz Mi(N Jp. 
If i € Z/NZ has order p*, anda <e=a+b, then by Lemma 8.17, 
M,(N)', is the inverse image of Meo by the multiplication-by-p* map- 
ping G* = pe > Ue. Thus, M,(N)'p = ue if b > 0, and Mi(N)i, = 
G'* if b= 0. The equality (8.13) is clear. al 


As a preparation for studying the compactification of modular 
curves in §8.9, we define and study the Drinfeld level structure of 
a commutative group scheme. Let N > 1 be an integer. Define a 
morphism Z — Z x G,, of commutative group schemes over Z[g, g~1] 
by sending 1 to (N,q), and define T“) to be the cokernel of this 
homomorphism. T() is an extension of Z/NZ by Gm, and the kernel 
T[N] of the multiplication-by-N map T(%) > T°) is an extension 
of Z/NZ by un. For i € Z/NZ, let T)* and T[N]' be the inverse 
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images of the natural morphisms to Z/NZ. We have 


N-1 
T™) = 0 TY = [] Spec Zlg,q [7,777] 
1=0 
and 
N-1 . 
(8.14) -Tn TIN} = [] Spec Zlq,q7IITI/(2™ — 4’). 
i=0 
PROPOSITION 8.26. Let N > 1 be an integer. 
(1) The functor Mo(N)qin) over Z[g,q7*] is represented by 
[I Spec Z{¢arIla, oT (2% — Garg). 
dd’=N 
Here, ford and d’ satisfying dd’ = N, d" is the greatest common 
divisor of d and d’, and d, =d/d", d, =d'/d”. 
(2) The functor M,(N)q.n) over Z[g, q~1] is represented by 
N-1 
[] Spec 2l¢alla, a7 NITI/(T? — Garg"). 
i=0 
Here, for0 <i < N, d’ is the greatest common divisor of N 
andi, andd=WN/d', i =i/d’. 
PRooF. (1) Let S be a scheme Z[q,q71]. For a finite flat closed 
subgroup scheme G C ro over S andi € Z, let G =GNn pe, 
G® is the kernel of G > ry) — Z/NZ and is a closed subgroup 


scheme of TNO = Gy; that is finite flat over S. 
Let d be a divisor of N, and let d’ = N/d. Define the subfunctor 
Mo(N Or of Mo(N) ru) by associating the set 


Mo(N ae (S) = {G E Mo(N) zu) (S) | G° is degree d’ over S} 
to a scheme S over Z[{q,q~1]. It suffices to show that the functor 
Mo(N ere is represented by Spec Z[Car][g, 72 ][T]/(T® — Caq%). 
By Proposition 8.14, G® has degree d’ over S if and only if G° = pg’. 


In this case, we also have G = ie ) Gt. We show the following 
lemma. O 


LEMMA 8.27. Let S be a scheme over Z[g,q~*], and let N = 
dd’ > 1 be an integer. Let d’ be the greatest common divisor of d and 
d’, and let d= d'"d,. 
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(1) Let G be a closed subgroup scheme of re! that is finite flat of 
finite presentation over S of degree N and such that G® = yas 
Then, there exists a unique section s: S + T\N)4 such that fot 
each 0 <1 < N, the diagram 

Gai iS » TA): 


(8.15) | [1 


S s*, p(N) a? 

is Cartesian. Moreover, s satisfies st = 1. 

(2) Conversely, suppose s: S 4 T\N )d”” is @ section that satis fies 
4 — 1. Define a closed subgroup scheme G = [5 Gti of TS’) 
by the condition that diagram (8.15) is Cartesian for each i. 
Then, G is a finite flat scheme of finite presentation over S of 
degree N, and Te) is a closed subgroup scheme. 

(3) Let G and s be as above. Then, G is a cyclic subgroup scheme 
if and only if s* is a generator of ba",s. 


Proor. (1) Since [a’] : TAY)” + 7)" is faithfully flat, a 
section s : S + T\%)4"" that satisfies the condition is unique once 
it exists. Thus, the assertion is flat local on S. Since G@ is a flat 
covering of S, we may assume G® has a section t: S > G®. For 
each i, the section t : S — G’ defines the vertical isomorphisms in 
the diagram 


ie GS, HS Gs, 


xe | xe | [ee 
Gti __, pen alls (2’] ines, 


Thus, by letting s = t®, diagram (8.15) is Cartesian for each i. We 
have s¢ = t% = 1 by Proposition 8.14. 

(2) Since {d’]: Gm — Gm is finite flat of degree d’, G is a finite 
flat scheme of finite presentation of degree N. If s¢ = 1, it is easy to 
see that G is a closed subgroup scheme of Fy, 

(3) By Lemma 8.17, G is a cyclic subgroup scheme if and only if 
there exists a section P of G® such that P? is a generator of py flat 
locally on S, or equivalently, Gt e CS uz, — S has a section flat 


m 


locally on S. 
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WehaveG? x px=S x TN)Y xp by 
[JNGn s\T(N)4!2 /{d’] [JNGrn 
(8.15). By Lemma 8.19, all the vertical morphisms in the diagram 


rm  , G, — uf 


| |t# | 


TO)? __, GX, 


[41] 
are faithfully fat. Thus,G’ x px=S x TW)d x 
[NGn s\ TON)? [a] [JNGm 
i>, is faithfully flat over the closed subscheme Sx T(N)a? 


s\ TON) a2 [d4iJNGm 
uz. of S. Therefore, the condition that Gt ; x py, > S has a 
dN\Gn 


section flat locally on S is equivalent to the equality S=S x 
s\T(N)4!? 
TNA" xX, and it is also equivalent to s” being a generator 
(4iJNGr 
of pa,s- O 


Back to the proof of Proposition 8.26. By Lemma 8.27(1), we 
define an injection of functor Mo(N es + TN)" by associating 
s to G. Since d = d’dj, if s® is a generator of pa,g, then s¢ = 1. 
Furthermore, by Lemma 8.27(2) and (3), the functor Mo(NV eee is 
represented by the closed subscheme T(%) 2” . ie poe PONS, 

1 m 


By Lemma 8.19, T™)2" x uX,, is the spectrum of 
[4iJNGr 


Z(q,9 NIT, T~*] @ztqq-(7,7-4) ZlCa][a, 7 *] 
= ZlCw lla, 7 NIT (2* - Garg). 
Here, the tensor product is taken with respect to the homomorphism 
sending T to T% /q@@’"/N = T% /q*: and the homomorphism send- 
ing T to Cg. 
(2) Suppose 0 <i < N. Let d| N be the order of i € Z/NZ, 


and let dd’ = N. By Lemma 8.17, a section P of T\%)* over S has 
exact order N if and only if P? is a generator of jg. Thus, we have 


(8.16) Mi(N)puy = PMS: “x pr. 
o Uf Neu = 
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TIN): . & 2, is the spectrum of 


Z(q, q(T, fie @2[q.q-2)[T,T-}] Zw} (a, real 


= Z{¢w)[q, a7 *\IT)/ (4 — Gara"). 
Here, the tensor product is taken with respect to the homomorphism 
sending T to T¢/q*/" and the homomorphism sending T to Cg. 


8.4. Modular curves over Z 


DEFINITION 8.28. Let N > 1 be an integer. 
(1) Define a functor Mo(N) over Z by associating to a scheme T 
the set 
isomorphism classes of pairs (E,C), 
where F is an elliptic curve over T, 
0), MOVE = and C is its cyclic Era scheme of 
order N 
(2) Define a functor M,(N) over Z by associating to a scheme T 
the set 
isomorphism classes of pairs (EF, P), 
(8.18) Mi(N)(T) = { wh E is an elliptic curve over T, \ 
and P is its section of exact order N 
By associating to an isomorphism class of (E’, P) the isomorphism 
class of (E, (P)), we define a morphism of functors 


(8.19) Mi(N) — Mo(N). 


LEMMA 8.29. Let N = 4. The restriction of the functor Mj,(4) 
to Z[4] is represented by 


1 1 
8.2 n= Py, (eee eee 
(8.20) N1(4)z(3) Spec Z| +, ia =a 
The universal elliptic curve E and the universal section P of order 4 
are given by 


(8.21) E: dy? =2°+ (d—2)x2*+2, P=(1,1). 


Proor. Let S be ascheme over Z[}], let f : E > S be an elliptic 
curve over S, and let P be a section of exact order 4. Let O be the 0- 
section, and let Q = 2P and R = 3P. Let z be the inverse image of 1 
by the isomorphism f,O(2{O] —2[Q]) > Op, and let y be the inverse 
image of 1 by the isomorphism f,O(3[O]—(2[P]+[Q])) ~ Op. Define 
the immersion E — P2, by the basis z, y, 1 of f,O(3[O]). Then z and 
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y satisfy an equation of the form y? + a;ry + a3y = aor? + aor? + 
a4z + a6 (a; € Og), which defines FE. Since the three points O, P,R 
are collinear, the coordinates of O, P,Q, R are (0: 1:0), (1:0: 1), 
(0:0:1), and (1:1: 1), respectively. 

In the inhomogeneous coordinates, FE is tangent to the line z = 0 
at Q = (0,0), intersects with the line y = 0 at Q, is tangent to it at 
P = (1,0), and passes through R = (1,1). Thus, we have ag = a3 = 0, 
agz® + agz* + agx + ag = agz(z — 1)?, and a; = —1. Hence, the 
elliptic curve E is defined by the equation y? — zy = aoz(z — 1)”, 
where ao € OF. Let ap = d/4, and substitute x — 2y by y. Then, the 
equation 4d(y? — ry) = x(x —1)” becomes dy” = dx? +. z(x—1). The 
condition that the right-hand side has a triple root is d = 0, 4. O 


If N = 1, we have Mo(1) = Mi(1). We will denote them simply 
by M. For a scheme T, we have 


(8.22) M(T) = {isomorphism classes of elliptic curves E over T }. 


Associating F to the isomorphism class of (£,C) or that of (E, P), 
we obtain morphisms of functors 


(8.23) Mo(N) — M and M;(N) — M. 


The functor M defined in Example 2.4 of Chapter 2 is Mg; i-e., the 
restriction to Q of the functor M just defined. In Example 2.6, we 
defined the morphism of functors 7 : Mq — Ag over Q. This is 
extended naturally to a morphism of functors 7 : M — A} over Z. 


LEMMA 8.30. (1) There exists a unique morphism of functors 
j : M —> Aj over Z that extends the morphism of functors 
j: Mag > Ag over Q. 

(2) For any algebraically closed field k, the mapping j : M(k) > 
A} (k) =k is a bijection. 


QUESTION. Prove Lemma 8.30. (Hint: To show the uniqueness, 
it suffices to consider the elliptic curve EF over 


1 
A= Zar, a2, 43,44, ag] lz 
defined by the equation y? + airy + a3y = x? + apr? + a4x +6. To 


show the existence, verify j(£) € A, and it is invariant under the 
change of coordinates.) 
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EXAMPLE 8.31. The j-invariant of the elliptic curve y? = 
(x — a(x — B)(x — 7) over Z[5,a,6,7)[A~*], where A 
((a— 8)(6—7)(7 — @))?, is given by 
Dig PPR Oi: es AX eo NS 
(8.24) 98 ‘ (a +6 ay oF By ya) : 
Thus the j-invariant of the elliptic curve y? = z(x? + ax + b) over 
Z(5, a, b)[b-1, (a? — 4b)-}] is given by 
_ (a? — 3b) 
b?2(a?2 — 4b)” 
The j-invariant of the universal elliptic curve dy? = z(z?+(d—2)xr+1) 
over Yi (4)z/2) is given by 


(8.25) 9° 


(d? — 4d + 1)8 
(8.26) 28. aoe 


Suppose a € (Z/NZ)*. If P is a section of exact order N, then 
aP also has exact order N. Thus, by associating to the isomorphism 
of (E, P) the isomorphism class of (E',aP), we obtain an isomorphism 
of functors 


(8.27) (a): Mi(N) — Mi(N). 
This is called the diamond operator. The diamond operator (a) : 
M,i(N) > Mi, (JN) is an automorphism over Mo(N). Since (E, P) is 
isomorphic to (EF, —P), we have (—1) = 1. 
If N = N'N” with (N’, N”’) = 1, we have an identification 
isomorphism classes of triples (E,C’,C”), 
where F is an elliptic curve over T, C’ is 
Mo(N)(T) = ¢ its cyclic subgroup scheme of order N’, 
and C” is its cyclic subgroup scheme of 
order N” 
Similarly, 


isomorphism classes of triples (FE, P’, P”’), 
_ ) where E is an elliptic curve over T, P’ is 
AACE its section of exact order N’, and P” is its 
section of exact order N” 
Associating to the isomorphism class of triples (E,C’,C”’) the iso- 
morphism class of triples (E/C’, E[N’]/C’, (C” + C’)/C’), we obtain 
a morphism of functors 


(8.28) WN' > Mo(N) — Mo(N), 
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called the Atkin-Lehner involution. It is easy to see wx, is the iden- 
tity. 

Let N > 1 be an integer, and let p be a prime number. We 
denote by Mo(N)r, the restriction of the functor Mo(N) to schemes 
over F,. To the isomorphism class of a pair (E,C), we associate the 
isomorphism class of (E),C‘?)) to obtain a morphism of functors 
F : Mo(N)r, > Mo(N)r,- We call it the Frobenius morphism. 
Define a subfunctor Mo(N)¥ of Mo(N )r, by associating to a scheme 
T over F, the set 


isomorphism classes of pairs (EF, C), 

re _ J) where —& is a supersingular elliptic 

(8:29) Mowe Es curve over T, and C is its cyclic sub- 
group scheme of order N 


Define the restriction of functor M,(N)r, and the Frobenius mor- 
phism M,(N)r, > Mi(N)r, similarly. 

Let p be a prime number, and let M > 1 be an integer relatively 
prime to p. Let N = Mp. Define a morphism of functors over F, 
jo: Mo(M)r, + Mo(N)r, by associating to the isomorphism class 
of a pair (EF, C) the isomorphism class of (F,C, Ker F). Also, define 
jr: Mo(M)r, > Mo(N)r, by associating to the isomorphism class 
of a pair (E, C) the isomorphism class of (E), C®), KerV). 

In this chapter we show the following theorem. 


THEOREM 8.32. Let N > 1 be an integer. 


(1) There exists a coarse moduli scheme Yo(N)z of Mo(N) over Z. 
Yo(N)z is a normal connected affine curve over Z. 
(2) The morphism 


(8.30) Yo(N)z — ¥(1)z 


induced by the morphism of functors Mo(N) > M (8.23) is 
finite flat of degree w(N). 

(3) Yo(N)z is smooth over Z[x]. For a prime number p { N, 
Yo(N)r, = Yo(N)z @z Fp is the coarse moduli scheme of the 
restriction Mo(N)r,. 

(4) Let p be a prime number, and assume N = Mp for an inte- 
ger M prime to p. Then, Yo(N)z is weakly semistable at p. 
The morphisms jo,j1 : Mo(M)r, > Mo(N)r, over Fp in- 
duce closed immersions jo, j1 : Yo(M)r, — Yo(N)z. The fiber 
Yo(N)r, is the union of the image Co of jo and the image 
C, of ji. The intersection of Co = Yo(M)p, and C, is the 
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coarse moduli Yo(M)e of Mo(M)s,. The index ez of the or- 
dinary double point x = [(E,C)] € Yo(M), is the order of 
Aut(Eg,, Cg, )/{+1}. 


The fiber Yo(N)qQ = Yo(N)z @z Q of Yo(N)z at the generic 
point is the modular curve Yo(N)q over Q that we constructed in 
Theorem 2.10. 


EXAMPLE 8.33. Replacing y by 1+2y, the defining equation (1.3) 
y? = 473 — 4x? — 40x — 79 of Xo(11)q becomes 
(8.31) y>t+y=2> — 2? — 10x — 20. 


The homogeneous equation of (8.31) defines an elliptic curve over 
Z(H]; and the fiber of Fy; is the Néron 1-gon. If we let s = ue 
(8.31) becomes s?(z — 16) + 121s = 2? + 15x + 230. The morphism 


Spec Z[zx, s]/(s?(x — 16) + 121s — (x* + 15x + 230)) 
— Spec Z[x, y]/(y* + y — (x? — x? — 10x — 20)) 
is an open immersion over Z(H). Through this immersion, we identify 
Yo(11)z = Spec Z[z, s]/(s?(x — 16) + 121s — (a? + 15x + 230)). 


We have Yo(11)r,, = Spec Fi1[z, s]/((s? — (x — 2))(z — 5)), and the 
curve Yo(11)z over Z is weakly semistable at p = 11. It has two 
ordinary double points, (x, s) = (5,5) and (5,6). Their indices are 2 
and 3, respectively. 

THEOREM 8.34. Let N > 1 be an integer. 

(1) There exists a coarse moduli scheme Yi(N)z of Mi(N) over 
Z. IfN > 4, Yi(N)zi2) ts @ fine moduli scheme. Y;(N)z is a 
normal connected affine curve over Z. 

NN )g = Yi(N)z @z Q is a smooth connected affine curve 

over Q. 

(2) The morphism 

(8.32) Yi(N)z — ¥(1)z 
induced by the morphism of functors M,(N) — M (8.23) is 
finite flat of degree ~(N)¢(N)/2 if N > 3, and of degree 3 if 
N =2. 

(3) Yi(N)z is smooth over Z[z]. For a prime number p t N, 


Yi(N)r, = Yi(N)z @z Fp is a coarse moduli scheme of the 
restriction M,(N)r,. 


8.5. MODULAR CURVE ¥(r) 2/2) 25 


REMARK. The modular curves Yo(V)z and Y;(N)z are the in- 
tegral closures of Yo(N )z[a) and Yi(N)z;1}, respectively, by Theo- 
rems 8.32 and 8.34. However, if we defined Yo(N)z and Yi(N)z as 
the integral closures, their detailed structures could not be studied 
any further. The definition using the Drinfeld level structures is the 
only way for us to study their detailed structures, which we will do 
starting from 88.6. 


8.5. Modular curve Y(r)z;1) 


In order to prove Theorems 8.32 and 8.34, we define auxiliary 
functors. 


DEFINITION 8.35. Let N > 1 be an integer, and let r > 1 be an 
integer relatively prime to N. 
(1) Define the functor Mo,«(N,7)z/1) over Z(2] by associating to a 
scheme T over Z[+] the set 
(8.33) 
isomorphism classes of triples (E,C,a), 
_ J) where F isanelliptic curve over T,, C is its 
Mo.(N; rzray( ) cyclic subgroup scheme of order N, and 
a: (Z/rZ)? — E[r] is an isomorphism 


(2) Define the functor M;,4(N,7)z,1) over Z(2] by associating to a 
scheme T' over Z[+] the set 
(8.34) 
isomorphism classes of triples (E, P,a), 
Minna where £ is an elliptic curve over T, 
Le EF] P is a section of exact order N, and 
a: (Z/rZ)* — E[r] is an isomorphism 
The natural action of GL(2,Z/rZ) on (Z/rZ)? induces actions 
of GL(2, Z/rZ) on Mo,«(1,7)z;2) and on My, «(1,7)z[2)- If N = 1, 
we have Mo,.(1,7)z/2) = My,«(1,7)z[2)) which we denote simply by 
M(r)z(2}- 


EXAMPLE 8.36. Let r = 3. The functor M(3)z/2) is represented 
by 


1 1 
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The universal curve (EZ, O) and the universal base a are given respec- 
tively by 
E:X°+Y?4 273 —3uXYZ=0, O:(0,1,-1), 
a: (1,0) i (0, C3; =I), (0, 1) a (1, 0, =I), 


QUESTION. Verify Example 8.36. (Hint: Use the proof of Theo- 
rem 2.21 for the case N = 3.) 


(8.36) 


Let r,s > 1 be integers. Let H be the kernel 
Ker(GL2(Z/rsZ) + GL2(Z/rZ)). 
Define a morphism of functors over Z[+] 
(8.37) M(r) za) — M(rs)z;2.)/7] 


as follows. Let S be a scheme over Z[+], let E be an elliptic curve 
over S, and let a : (Z/rZ)* — E[r] be an isomorphism. Define a 


functor Zsoma((Z/rsZ)*, E[rs]) over S by associating to a scheme T 
over S the set 


Isom ((Z/rsZ)*, E[rs]) (T) 
= {isomorphism 8 : (Z/rsZ)? > Er[rs] | B induces a}. 


The functor Zsom,((Z/rsZ)”, E[rs]) is represented by an H-torsor 
P over S. The element of M(rs)z;1)(P) defined by the pair (Ep, 2) 
of the pullback Ep of E to P, and the universal isomorphism 8 
over P is compatible with the action of H. Thus, it defines an ele- 
ment of [M(rs)z,2.)/H](S). We thus have a morphism M(r)zi 2) > 
(M(rs)z(2./H]. 

Similarly, for relatively prime integers N,r > 1, we define mor- 
phisms of functors over Z[4] 


Mo(N) 212) — [Mo,«(N, 7) 2(2]/GLe(Z/rZ)], 


(8.38) Mi(N)z2) — [M1«(N, 7) g(2]/GLe(Z/rZ)]. 


LEMMA 8.37. Let r > 3 be an integer. The functor M(r)z(2} 
over Z(2] is represented by a smooth affine connected curve Y(r)gi2) 
over Z[+). 


The field of constants of Y(r)q = Y(r)zi2} @zi2] Q is Q(G,). 


Y(r)z{2} ®z[2] Q is the modular curve Y(r) constructed in The- 
orem 2.21. Lemma 8.37 is proved in the same way as in §2.4. 
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ProoF. If r = 3, it is given by Example 8.36. If r = 4, take 
(E, P) where F is the universal elliptic curve over Yi (4)z(2) and P 
is the universal element of order 4. Let Q be the diagonal section 
of E over E[4]. Let Y(4)zja) be the closed and open subscheme of 
E[4] defined by the condition that (P,Q) gives a basis of E[4]. Then 
M(4)z;1) is represented by Y(4)z/2)- If r is a multiple of 3, M(r)z/1) 
is represented by the finite étale scheme Y(r)z(2) over Y(3)z(2)- The 
case where r is a multiple of 4 is similar. 

We show the general case. To do so, we first show the following 
lemma. 


LEMMA 8.38. Let S be a scheme, let f : E > S be an elliptic 
curve, and let g be an automorphism of E over S. 


(1) Let r > 3 be an integer, and let S be a scheme over Z[4]. If the 
restriction g| zr) 1s the identity morphism, then so is g. 

(2) Let N > 4 be an integer, and let S be a scheme over Z[]. Let 
C be a cyclic subgroup scheme of E of order N. If the restriction 
glc is the identity morphism, then so is g. 


ProoF. The invertible sheaf £ = O(3[O]) on E defines a closed 
immersion E — P(f,L). 

(1) Let D > 0 be the Cartier divisor defined by D = [E[r]] —[O]. 
Since r is invertible on S, we have DNO = @, and L|lp = O|p. 
Moreover, since r > 3, we have deg D = r? — 1 > 3, and f,£L > Lip 
is injective. Thus, if g|z,,) is the identity, the action of g on f.»L C 
Llp = Op is trivial, and so is the action on P(f,£). Hence, the 
action of g on F is also trivial. 

(2) Let D = C—[O]. If N > 5, we have deg D = N-1 > 3. Then, 
the proof goes similarly to (1). If N = 4, let P € C be the section of 
exact order 2. Then, by Example D.4, we have £(—D) ~ O([P]—[O]) 
locally on S. Thus f,£— L|p is injective, and the rest is similar to 
the proof of (1). 0 


COROLLARY 8.39. (1) Let s > 1 be an integer, and let H = 
Ker(GL2(Z/rsZ) + GL2(Z/rZ)). If r > 3, the morphism of 
functors M(r)z,2.) > [M(rs)z;2.)/H] (8.37) over Z[+] is an 
isomorphism. 

(2) Let N > 4 be an integer relatively prime to r. The morphism of 
functors Mi(N)z,2.) > [M1,«(N,7)z[2.)/GL2(Z/rZ)] (8.38) 
over Zia] is an isomorphism. 
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PROOF. (1) We construct the inverse morphism. Let S be a 
scheme over Z(+]. Let P be an H-torsor over S, and let (E, 8) € 
M(rs)z; 2 \(P) be an H-invariant pair of an elliptic curve over P and 
an isomorphism £ : (Z/rsZ)* > E[rs]. Let a : (Z/rZ)? > E[r] be 
the isomorphism induced by 6. Let g € H. Then, by the assump- 
tion r > 3 and Lemma 8.38(1), there exists a unique isomorphism 
g*(E,B)=P Xe (E, 8) > (E, Bo g) over P. Thus, the action of H 

9 


on P extends uniquely to a free action on F, the quotient Es = E/H 
is an elliptic curve over S, and the natural morphism Es xs PE 
is an isomorphism. Moreover, the isomorphism a : (Z/rZ)? > E[r] 
is the pullback of an isomorphism ag : (Z/rZ)? > Es[r]. Sending 
(E, 8) to (Es,ag), we obtain the inverse morphism M(r)z2.} > 
[M(rs)z,2.)/H]. 

(2) We construct the inverse morphism. Let S be a scheme over 
Z| yz], and let Q be a GL2(Z/rZ)-torsor over S. Let 


(BE, Pa) € Mis(N,7)z/2-)(Q) 


be a GL2(Z/rZ)-invariant triple of an elliptic curve E over Q, a sec- 
tion P of exact order N, and an isomorphism a : (Z/rZ)? > Efr]. 
The section P defines an isomorphism Z/NZ — (P) Cc E. Suppose 
g € GL2(Z/rZ). Then, by the assumption N > 4 and Lemma 8.38(2), 
there exists a unique isomorphism g*(F, P) > (E, P) over Q. The 
rest is similar to the proof of (1). Oo 


We show Lemma 8.37 when r is general. Suppose s = 3 or 4. The 
functor M(rs)z2} is represented by Y(rs)z[2)- By Lemma 8.38(1), 
the natural action of H = Ker(GL2(Z/rsZ) — GL2(Z/rZ)) on 
Y(rs)z(2) is free. Thus, by Lemmas A.31 and A.33, the natural 
morphism Y(rs)zi2 > Y(rs)zja)/H is finite and étale, and the 
quotient Y(rs)z; | /H represents the functor [M(rs) 2,2) /H] over 
Z([+]. By Corollary 8.39(1), the quotient Y(r)gja) = ¥(rs)2,a)/H 
represents the functor M(r)z 1)- Moreover, Y(r)z[2) is a smooth 
affine curve over Z[+]. Y(r)zi2) is obtained by gluing Y(r za and 
Y(r)zpaj on Y(r)zay- 

Let ( , )z[r) : Elr] x E[r] > u, be the Weil pairing. Associating 
to the pair (E,a) the root of unity (a(1,0),a(0,1))z[-], we obtain 
Y(r)zj1) > Z(1,¢,]. To show that the field of constants of Y(r)q = 
Y(r)z[1]®z2] Q is Q(¢,), it suffices to show that the Riemann surface 
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Y(r)** defined by Y(r)c = Y(r)Q Saqcc,) C is connected. Let I(r) 
be the subgroup of SL2(Z) defined by 
(8.39) ['(r) = Ker(SL2(Z) > SL2(Z/rZ)), 


and consider the natural action of I(r) on the upper half-plane H = 
{r €C|Imz > 0}. As in Corollary 2.66, we obtain an isomorphism 
of Riemann surfaces 


(8.40) I(r)\H — Y(r)”. 
Thus Y(r)*" is connected and Y(r)qic,) is a smooth connected affine 
curve over Q(¢,). 0 


COROLLARY 8.40. (1) There exists a coarse moduli scheme 
Y(1)z of the functor M. 

(2) The morphism of functors M — Ai, defined by the j-invariant 
induces an isomorphism 


(8.41) j:Y(1)z — Ag. 


(3) Let r > 3 be an integer. The restriction of the natural morphism 
3: ¥(r)gn) 7 Y¥(Q)z = Az, to U = Spec Z[j, jGas)| Cc AL 


Y(r)z(2) XaL U —U 
is a GLo(Z/rZ) /{+£1}-torsor. 


PRooF. (1) Asin the proof of Lemmas 2.27 and 8.37, the coarse 
moduli scheme Y(1)z of M is obtained by gluing the quotient of 
Y(3)zi1) by GL2(Z/3Z) and the quotient of Y(4)z;1) by GL2(Z/4Z). 

(2) By the construction in (1), Y(1)z is a normal affine curve 
over Z. Since j : Y(1)z — Ad, is an isomorphism over Q, it is a 
birational morphism. Moreover, by Lemma 8.30(2), the morphism of 
normal schemes j : Y(1)z — Ad induces a bijection on each geomet- 
ric fiber, and thus it is an isomorphism. 

(3) The natural action of GL2(Z/rZ) on ¥(r)zja) is an action 
as an automorphism over Y(1)z. Since the multiplication-by-(—1) 
morphism is an automorphism of the universal elliptic curve, the ac- 
tion of —1 € GL2(Z/rZ) on Y(r)z(2) is trivial. Since Y(r)z(4) > 
Y(1)z(2) is a finite morphism of regular schemes, it suffices to show, by 
Lemma A.34, that each geometric fiber over U = Spec Z[+][j, jG! 
is a GLe(Z/rZ)/{+1}-torsor. Let k be an algebraically closed field 
with r € k™, and let E be an elliptic curve over k with j(E) # 0, 12°. 
Since Y(r)z;1) is a fine moduli scheme, the fiber of the morphism 
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Y(r)zj2) > Y(1) at 9(Z) € Al(k) = Y(1)z)2)() is identified with 
LIsom((Z/rZ)?, E[r])/{+1}. This is a GL2(Z/rZ)/{+1}-torsor since 
we have Aut(E) = {+1} by Lemma 8.41 below. 0 


LEMMA 8.41. Let k be an algebraically closed field of character- 
istic p > 0, and let E be an elliptic curve over k. 


(1) The automorphism group Aut(E) is finite, and the order of 9 € 
Aut(E) is either a divisor of 4 or a divisor of 6. 

(2) If j(E) 40,12, then Aut(E) = {+1}. 

(3) Ifp 4 2,3 and j(E) =0, then Aut(E) = pe. 

(4) Ifp # 2,3 and j(E) = 123, then Aut(E) = pa. 

(5) If p = 3 and j(E) = 0 = 12°, then f Aut(E) = 12, and 1 > 
{+1} > Aut(E£) > Aut(E[2]) > 1 is an exact sequence. 

(6) If p = 2 and j(E) = 0 = 12°, then fAut(E) = 24, and the 
natural mapping Aut(E) —> Aut(E[3],(, )3) ~ SLe(F3) ts an 
isomorphism. 


PROOF. (1) Let r > 3 be an integer invertible in k. Since 
Aut(E) — Aut(E[r]) is injective by Lemma 8.38(1), Aut(E£) is a 
finite group. If g € Aut(£), then the order of g is finite. The charac- 
teristic polynomial det(T — g) € Z[T] is of degree 2, and its leading 
coefficient and constant term are both 1. Thus, the coefficient of T 
must be one of 0,1, +2, and the order of g is one of 1, 2, 3, 4, and 6. 

(2) (3) (4) We show it only in the case where the characteristic 
of k is different from 2 and 3. In this case we may assume F is defined 
by y2 = 22+ azr+), a,b € k. An automorphism of E is then given 
by (x,y) > (u?z, uy) with u € k* satisfying uta = a, u®b = b. If 
j # 0,1728, then we have a 4 0,b 4 0, and thus u = +1. If 7 = 0, 
then we have a = 0,b # O, and thus u is a 6th root of unity. If 
j = 1728, then we have a 0, b = 0, and thus u is a 4th root of unity. 

We omit the proof of (5) and (6). 0 


EXAMPLE 8.42. Define an elliptic curve F over the open scheme 
Uzix) = Spec Zl] [§. sq=a955] C ¥ (1)z = Az = Spec Zl] by 
123j 2489 
j—-123" 5-123" 
As we showed in Proposition 2.15(1), the j-invariant of E equals j. 
Let r > 3 be an integer. The functor associating to a scheme T over 
Uzja) the set {isomorphisms (Z/rZ)* + E[r]r of group schemes 
over T} is represented by a GLo(Z/rZ)-torsor M(r) EUy 1)" The 
6r 


(2.24) y? = 423 — 
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morphism M(r)z,0,,2, > Y(r)zi2) Xy()z Uziay over Uzi) defined 


by the universal isomorphism (Z/rZ)? — E[r] is compatible with the 
action of GL2(Z/rZ). This induces an isomorphism 


M(r)z,uz,3./{+1} — Y(r)zi2) Xvayz Uzpay 


of GL2(Z/rZ)-torsors over Uz; 1). Y(r)zj1) is isomorphic to the in- 


lér 


tegral closure of Y(1)z;1) in M(r)pu,,3,/{+1}- 
id 6r 


QUESTION. Let E be the elliptic curve over Spec Z[4, , Mio) 
defined by y? = x(x — 1)(x — X), and let a : (Z/2Z)? > E[2] 
be the isomorphism defined by the basis (0,0), (1,0). Show that 
the pair (E,a) € M(2)z/2) (Spec Z[4, », x1) defines an isomor- 
phism Spec Z[$, , xio! — Y(2)zj2), where Y(2)z/2) is the coarse 
moduli scheme of M(2)z/2)- 


COROLLARY 8.43. Let N > 1 be an integer, and let r > 3 be 
an integer relatively prime to N. The functor Mi.(N T)z[2] over 
Z(+] is represented by a finite scheme Yijx(N,r)zj2} over Y(r)zia)- 
Yi,«(N, 1) 241 is smooth over Z[y 

The field of constants of Y1+(Nir)Q = Yij«(N,7)z[1] @z2] Q 
is Q(G,). 


PrRooFr. Let EF be the universal elliptic curve over Y(r)z,a)- By 
Corollary 8.24, the functor M;.(N, r)al2) is represented by the finite 
scheme Mi(N)g¢ = Yi,.(N, r)azj over Y(r)zi2)- 

Since Yj,4(N, ")zt2-) > Y(r)zi2-) is étale and Y(r)z(2) is a 
smooth affine curve over Z[3-], Yi,«(N, T)z{2-] is also a smooth affine 
curve over Z[3-]. 

The proof of the fact that Q(¢,) is the field of constants of 
Ni «(Nr )Q = Vix(N,1)z(2] ®z/2] Q is similar to that of Lemma 8.37, 
and we omit it. Oo 


The proofs of Theorems 8.32 and 8.34 go as follows. We first 
define Igusa curves and study their properties in §8.6. Then in §8.7 
we study the modular curve Yi,.(N,r)z;1) using Igusa curves and 
prove Theorem 8.34. Finally in §8.8, we study the modular curve 
Yo,«(N, r)2(2] and prove Theorem 8.32. 
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8.6. Igusa curves 


Let p be a prime number, and let r > 3 be an integer relatively 
prime to p. Let E be the universal elliptic curve over Y(r)r, = 
Y(r)zj2} ® Fp, and let Y(r)§, be the closed subscheme of Y(r)r, 
defined by the condition that EF is supersingular. 


LEMMA 8.44. Let p be a prime number, and let r > 3 be an 
integer relatively prime to p. Y(r)E, is a Cartier divisor of Y(r)r, 
and is finite étale over Fp. 


PROOF. We show S = Y(r)& is étale over F>. It suffices to show 
that the absolute Frobenius morphism F': S — S is an automorphism 
of S of finite order. F : S — Sis the endomorphism defined by send- 
ing the isomorphism class [(£, a)] of a pair of a supersingular elliptic 
curve E and a basis a of E[r] to the isomorphism class [(E"), a‘?))]. 
Since E is supersingular, we have Ker[p] = Ker F?. Thus, we have an 
isomorphism fr: E > E(”) satisfying F? = fr o [p]. This implies 
that F? maps [(E,a)] to [((E®),a®”))] = [(E,aop)]. Hence, if n is 
the order of p € (Z/rZ)*, F2” is the identity morphism of S. 

Y(r)g, is a closed subscheme that is étale over F, of the smooth 
curve Y(r)p, over Fp. Thus, Y(r)E, is a Cartier divisor of Y(r)r, 
and is finite over Fp. O 


COROLLARY 8.45. Let p be a prime number, let S be a scheme 
over F,, and let E be an elliptic curve over S. E is supersingular if 
and only if there exists an integer a > 0 such that Ker[p*] = Ker F?°. 


PROOF. Since the “if” part is clear from the definition, we show 
the “only if” part. Since the assertion is étale local on S, we may 
assume there exists an isomorphism a : (Z/rZ)? > E[r], where 
r > 3 is an integer relatively prime to p. Let S — Y(r)p, be the 
morphism defined by (E,a). Since S > Y(r)p, factors through the 
closed subscheme of Y(r), defined by the closed condition Ker[p*] = 
Ker F?°, it suffices to show the assertion assuming S to be the closed 
subscheme of Y(r)r, defined by the condition Ker[p*] = Ker F??. 
Then, similarly to the proof of Lemma 8.44, the absolute Frobenius 
morphism of S is an automorphism of S of finite order, and 
thus S is étale over F,. The assertion now follows from Proposition 
8.2(3) (i) => (ii). oO 


LEMMA 8.46. Let p be a prime number, let S be a scheme over 
F,, and let E be an elliptic curve over S. Lete =at+tb>g>0 be 
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an integer, and define Gia.) by 
Ker(V°F® : E> Et") ifa<b, 

(8.42) Gas) = b. B(P*-*) hie 
Ker(V°F?: EP") + EF) ifa>b. 


1) Gx ,, is a finite flat scheme of finite presentation over S of 
(a,b) 
degree p(p*). 
(2) Gia,e) ts a cyclic subgroup scheme of order p°. 
3) If P is a generator of Gia) = Ker V*%, P has exact order p* as 
(2,0) 
a section of E(®"). 


PROOF. (1) Let r > 3 be an integer relatively prime to p. Since 
the assertion is flat local on S, we may assume there is a basis a@ of E[r] 
over S. Since a defines a morphism S — Y(r)p,, it suffices to show 
it assuming S = Y(r)p,. By Lemma 8.15(1), G = Gia) is a cyclic 
subgroup scheme of order p*® at each point of S. By Lemma 8.25(2), 
G™ has degree y(p*) at each point of S°4, and degree < y(p*) at 
each point of S**. By Lemma 8.44, G% is a finite flat scheme of 
degree y(p°) over a dense open subscheme U c 9°F4 of S$. Thus, by 
Lemma A.43, G® is a finite flat scheme of degree y(p*) at every point 
of S. 

(2) By (1), Goa,0) is a flat covering of S and Gia.) has a universal 
generator on G (a,b : 

(3) As in (1), the assertion is flat local on S. Thus, it suffices to 
prove, assuming that r > 3 is an integer relatively prime to p, S is 
Goo) over Y(r)p, and P is the universal generator of G(,.9). Since 


0 is a generator of Ker F®, the assertion on S°¢ follows by applying 
Lemma 8.17 to the exact sequence 0 > Ker F® + G(a,8) > Ker V* > 
0. Since S is flat over Y(r)p,, there is no closed subscheme of S other 
than S itself that contains S°¢ as an open subscheme. Thus, the 
assertion follows from Lemma 8.23. O 


DEFINITION 8.47. Let p be a prime number, and let a > 0, M > 
1,r > 3 be integers. Assume M,r and p are pairwise relatively prime. 
Let E be the universal elliptic curve over Y;,.(M,r)r,. The finite flat 
scheme 


(o.0) = (Ker V2: B®") — B)* 


of degree y(p*) over Yi,4(M,r)r, is called the Igusa curve and is 


denoted by Ig(Mp*,r)r,. 


P 
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If a = 0, we have Ig(M,r)r, = Yi,«(M,r)r,. The Igusa curve 
Ig(Mp*,r)r, represents the functor that associates to a scheme T 
over F, the set 


isomorphism classes of quadruples (£, P, P’,a), where 
F is an elliptic curve over T, P is a generator of G(g.9) = 
Ker V? c E®*), P’ is a section of E of exact order M, 
and a: (Z/rZ)? — E[r] is an isomorphism. 


(8.43) 


If P is the universal generator of the cyclic subgroup scheme G(q,0) 
over the Igusa curve Ig(Mp*,r)r,, we denote by Ig(Mp*,r)p,° the 
closed subscheme of Ig(Mp*,r)r, defined by the closed condition P = 
0. 


LEMMA 8.48. Let p be a prime number, and leta > 0, M > 1, 
r > 3 be integers. Suppose M, r, p are pairwise relatively prime. 
(1) The Igusa curve Ig(Mp*,r)r, is a smooth affine curve over Fp. 
(2) The natural morphism Ig(Mp*,r)r, — Yi,«(M,r)r, is étale 
over Yi,.(M,r) yo. 
(3) Suppose a > 1. The closed subscheme Ig(Mp*,r)p.° is the 
reduced part of Ig(Mp*,r)=,. The morphism Ig(Mp*,r)p.° > 
Yi «(M@ Tie, is an isomorphism. 


ProoF. The morphism Ig(Mp*,r)r, > Yi,+(M,r)r, is the base 
change of the morphism Ig(p*,r)r, > Y(r)r, by the étale morphism 
Yi,«(M,r)r, — Y(r)r,. Thus, it suffices to show them assuming 
M=1. 

(2) Since Ker V? is étale over Y(r)Ro, the morphism Ig(p*,r)r,— 
Y(r)r, is étale over Y(r)¥¢. 

(3) We show Ig(p°, r)p° C Ig(p?,r)#,- To do so, it Bunce 
to show that the universal elliptic curve E over S = Ig(p*,r)pr° i 
supersingular. Since P = 0 is a generator of Ker V2 C E©®") over : 
we have KerV? = Ker F“, and thus Ker[p?] = Ker F?* c E. Hence, 
by Corollary 8.45, E is supersingular. Since we have Ig(p*,r)R>° C 
Ig(p*,r)#,, we obtain a morphism Ig(p*,r)F-° > Y(r)§. This is 
an isomorphism since the inverse morphism Y(r \F, > Ig(p? Tip, oF 
defined by sending (E, a) to (E,0,a). 

For a supersingular elliptic curve over a field k of characteristic p, 
the only section P € E(k) that generates KerV? is P = 0. Thus, 
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Ig(p*,r)p,° — Ig(p*,r)#, is surjective. Since Ta(p*, rp, =Y(r)R, 
is reduced, this is the reduced part of Ig(p*, r)# 

(1) It suffices to show it assuming a > 1. Let E be the universal 
elliptic curve over Ig(p°,r)r,. By Lemma B.2(1), the 0-section of E 
is a Cartier divisor of E. Thus, the closed subscheme Ig(p*, rp, SOG 
Ig(p*,r)r, is defined locally by a principal ideal. Since Ig(p*, TF, 
is flat over Y(r)r,, Ig(p°, r)p° is a Cartier divisor of Ig(p*,r)r, by 
Lemma A.40. Ig(p*,r)p—° is étale over F,. Thus, by Lemma B.2(2), 
Ig(p*,r)r, is smooth over Fp on a neighborhood of Ig(p*,r)F°. 
Since the complementary open subscheme Ig(p* rigs of Ig(p?, r)e= 0 
is étale over Y(r)Ro, it is smooth over F,. Thus, le(p?, r)r, is smooth 
everywhere over F,. O 


Let 0 < a < e be integers, and let N = Mp*. Let r > 3 be 
an integer, and suppose M, r and p are pairwise relatively prime. 
For an elliptic curve EF over a scheme T over F,, its section P’ 
of exact order M and a basis a of E[r], P’*) and a") define a 
section of E'") of exact order M and a basis of E")[r], respec- 
tively. Thus, by Lemma 8.46(3), a morphism j, : Ig(Mp*,r)r, > 
Yix(N,7)F, C Yix(N,r)z;2) is defined by sending the isomorphism 
class [(E, P, P’, a)] to the isomorphism class [(E""), (P, P’\*)), a(?*))]. 


PROPOSITION 8.49. Let p be a prime, and lete > 0, M > 1, 
r >3 be integers. Suppose M, r and p are pairwise relatively prime. 

Let N = Mp*. 

(1) For0<a<e, the morphism 

(8.44) ja: Ig(Mp*,r)r, — Yi,«(N,r)r, 
is a closed immersion. 

(2) For0 < a < e, if we denote by Cy the image of the closed 
immersion ja : Ig(Mp*,r)r, — Yi,«(N,r)r,, then we have 
Yia(N,r)p, = a C,. For each 0 < a < e, the inclusion 
Co > Vi«(Nir)p, is bijective. 

(3) For0 <a<a’' <e, the intersection Co XY. (Nir)ep Ca is C8. 


PROOF. Similarly to the proof of Lemma 8.48, it suffices to show 
it in the case where M =1, N=p*,e>1. 

(1) Let 0 <a <e be integers. In general, if S is a scheme over 
F,, F is an elliptic curve over S, and P is a section of E over S, then 
by Lemma 8.23, the condition that P has exact order p® is a closed 
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condition. Let T be the closed subscheme of S defined by this closed 
condition, and let (P)pe = S-?_5 [iP] over T. The condition that 
the kernel of the dual of Er + E’ = Ey/(P) pe equals 


Ker(F? : E’ + E’")) 


is a closed condition on T. 
Define a closed subscheme Cy of Yj,.(N,r)r, by the closed con- 
dition: 


(8.45) The universal generator P has exact order p*, and 

. the kernel of the dual of EF — E’/(P)p2 equals Ker F°. 
The morphism j, : Ig(p,r)r, > Yi,x(N,r)r, defines a morphism 
Ig(p*,r)r, — Ca. Define a morphism C, —> Ig(p*,r)p, by sending 
(E, P,a) to the isomorphism class of (E’, P, the image of a o p~°). 
Since E = E"?") over C,, and V% o F* = [p%], this is the inverse 
morphism of Ig(p*,r)r, + Ca. Thus, the morphism Ig(p*, r)r, > Ca 
is an isomorphism, and j, : Ig(p*,r)r, > Yi,x(N,r)r, is a closed 
immersion. 

(2) For a rational point [(E,P,a)] € Yi,«(N,r)(k) over an al- 
gebraically closed field of characteristic p, let p* be the order of 
P € E(k). Then we have [(E,P,a)] € C,(k). Thus, we have 
Yi«(N,r)e, = UseoCa. If E is supersingular, then P = 0. In 
this case, for any 0 < a < e, we have [(E, P,a)] € Ca(k), and thus 
the mapping Ig(p?, rE, > Yi «(Nr )§, is bijective. 

(3) Let (E,P,a) be an elliptic curve with the universal 
level structure over the intersection C, xy, ,( Nor)Fp Ca. Consider 
E+ E' = E/(P)p > EB" = E/(P) yg’. Since p*P = 0, we have 
Ker(E’ > E”) = Ker F*’~*. Since the kernel of its dual is also 
Ker F* —*, we have E’ [p* -2] = Ker F2(¢’-2)_ Thus, by Corollary 8.45, 
E’ is supersingular. Hence, E ~ E’?") is also supersingular. The in- 
tersection C, C,: is a closed subscheme of CS. 

We now show C8 Cc CaNCy. Let (E,P,a) be the universal 
elliptic curve with level structure over CS°. Since Ker[p?] = Ker F??, 
the kernel of EF > E’ = E/(P)pe equals Ker F*. Since p*P = 0, 


(P) pa! = ye) EP] is the inverse image of Ker F* ~* by E —> E’. 
Since (P),.° = KerF 2” and Ker[p®] = Ker F2*’, we have CS C 
Ca. Oo 
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8.7. Modular curve ¥i(N)z 


PROPOSITION 8.50. Let N > 1 be an integer, and let r > 3 be an 
integer relatively prime to N. The fine moduli scheme Y,,.(N, r)at2] 


is a regular affine curve over Z(+). The natural morphism 
Yi,«(N, 7) g(a) > Yilr)za; ts finite flat of degree p(N)v(N). 


PRooF. Let p be a prime number. We first show Yj,.(p°,7)z)2) is 
regular in the case where N = p® > 1. Since Yi,+(p°, r)z;2. is smooth 
pr 


over Zz], it suffices to examine a neighborhood of Y1,.(p°,r)r,- Let 
S= Yi,«(p°, ratty: 

For 0 < a < e, define a closed subscheme D, of S = Yji,.(p*, r)z(2) 
as follows. Let P be a universal element over S of exact order p*®. 
If a < e, let Dg be the closed subscheme defined by the condition 
p°P = 0, and define De = Y;,+(p°,r)r,- If a < e, Dg is the pullback 
of the 0-section by the morphism S — EF defined by p*P. Thus, by 
Lemma B.2(1), Dg is defined locally by a principal ideal. If a = e, 
D- is the principal ideal (p). 

We study the relation between D, and the image C, of the closed 
immersion jq : Ig(p*, r) > S (8.44). Let D&* be the open subscheme 
of Da defined by the condition that the divisor yD EP] is étale 
over Dy. 


LEMMA 8.51. (1) Co = Do. 
(2) If0<a<e, we have Co? = Dé. 


PROOF. (1) Co is the closed subscheme of Yj,x(p*, r)z[2) defined 
by the condition p = 0 and P = 0, and Dp is the closed subscheme 
defined by the condition P = 0. Since Do is a scheme over F, by 
Lemma 8.22, we have C'p = Do. 

(2) On Cor4, we have p*?P = 0, and 


(P) pe = Ker(V?: E= E'®) = E') 


is étale. Thus, we have Co™? c D&*. Conversely, on D&*, (P)p2 = 

PD LPI is an étale closed subgroup scheme. By Lemma 8.17, 
p?P = 0 has exact order p®-*. We have p = 0 on D*, by Lemma 8.22 
if a < e, and by definition if a = e. Since (P)pe is étale, the ker- 
nel of the dual E/(P)p- — E equals Ker F* by Lemma 8.4, and 
(P)p2 = Ker V*. Thus, D&* c Cord, Oo 
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We show S — Se is regular. Szi2) > Y(r)g(2) is finite étale 
of degree y(N)w(N). Thus, by Lemmas 8.25 and A.43, we see that 
S-SE > Y(r)zp2 ) — ¥(r)§, is finite flat. Since Y(r)z/1) is smooth 
over z(t ], S — S$ is also finite flat over Z[+]. Since Dg is defined by 
a principal ideal ioely on S$, Co4 is a Cartier divisor of S = SE, by 
Lemmas 8.51 and A.40. By Lemma 8.48, C, is a regular subscheme of 
S. Since Sp, = Ufo Ca by Proposition 8.49(2), S — F, is regular. 
Applying Corollary A.42 to the closed immersion SE, CD =Co7> 
S, we see that S is regular on a neighborhood of Se. 

S — Y(r)zia] is finite flat of degree y(N)p(N) except for SE. 
Since both S and Y(r)zj1) are regular, S + Y(r)z/a) is finite flat 
everywhere and of degree y(N)(N) by Proposition A.13(2). This 
proves that Yi,.(N,r)zj1) is a regular affine curve over Z(2] in the 
case N = p*. 

We now show it for general N. If N = [Jy p®, Vix (Nr) 272) 
Since the natural mor- 


has an open covering U,)y Y1,«(N, ") get): 

phism Yj,.(N, ") (22 > Vi«(p?,r), [22] is finite étale of degree 
N 

y(N/p*? )yb(N/p*?), the proof is reduced to the case N = p®. O 


PROOF OF THEOREM 8.34. (1) Let r > 3 be an integer rela- 
tively prime to N. Consider the action of the group GL2(Z/rZ) 
on Y,4(N, r)za): As in Proposition 2.23, the quotient Ni) 212) of 
Yix(N57)z(2) by the action of the group GL2(Z/rZ) is the coarse 
moduli scheme of the restriction of the functor M,(N) over Z to 


Z{4]. By Proposition 8.50, ¥i(N )z[2) is a normal affine curve over 


Z(2]. Since the coarse moduli scheme Yj (V)z is obtained by patching 
together ¥i(N)z;1) with (N, 1) = 1, it is a normal affine curve over Z. 

If N > 4, then by Lemma 8.38(2), the action of GL2(Z/rZ) 
on Yji,«(N,r)zj2) is free. Similarly to the proof of Lemma 8.37, 
Yi(N) 22] represents the functor [M1,+(N,1)z/2-)/GLa(Z/rZ)] by 
Lemmas A.31, and A.33. Thus, by Corollary 8.39(2), Yi(N zi 22] is 
a fine moduli scheme of Mi(N)z/2-)- 


We now show Yi(V)a is a smooth connected affine curve over Q. 
It suffices to show the Riemann surface Yi(V)*" defined by Yi(N)a@ 
is connected. Let ['\(NV) be the subgroup of SL2(Z) defined by 


(8.46) T,(N) = xe € SLo(Z) 


a=1modN, c= 0 mod v} 
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and consider the action of I';(N) on the upper half-plane H = 
{r € C | Imr > 0}. As in Corollary 2.66, we obtain an isomor- 
phism of Riemann surfaces 


(8.47) T1(N)\H — ¥i(N)*". 


This implies Y; (N’)*" is connected, and Yi(N)e is asmooth connected 
affine curve over Q. Hence, Yi(N)q is connected, and so is Yi(N)z. 

(2) Yis(N,7)z2] > Yi(r)zi4) is a finite surjective morphism 
of two-dimensional normal schemes by Proposition 8.50. Thus, the 
induced morphism Yi(N)z — Y(1)z is also a finite surjective mor- 
phism of two-dimensional normal schemes. Since Y(1)z is isomorphic 
to Aj, it is thus regular. Hence, Yi(N)z — Y(1)z is finite flat by 
Proposition A.13(2). 

Yix(N,r)zj2] > Yi(N)z;2) is a Galois covering whose Galois 
group equals GL2(Z/rZ) for N > 3 and GL2(Z/rZ)/{+1} for N = 
1,2 by Lemma 8.41(2). Since the degree of Y1,+(N,7)z2) > Yilr)z/2) 
is ¥(N)p(N) by Proposition 8.50, the degree of Yi (N)zj2) 4 ¥(1)zi2) 
equals w(N)p(N)/2 for N > 3, and o(N)yp(N) for N = 1,2. 

(3) Since Yi,«(NV,r)z;2] is a smooth affine curve over Z([2], its 
quotient Yi(N)z;1) is a smooth affine curve by Proposition B.10(1). 
Suppose p{ N. If N > 4, Yi(N) zi 2) is a fine moduli scheme, and thus 
Yi(N)z ®z F, is a fine moduli scheme of the restriction M(N)r,.- 
As for the action of GL2(Z/rZ) on Yo,«(N,r)z/1}, the inertia group 
at the generic point of each irreducible component of each fiber is a 
subgroup of {+1} by Lemma 8.41(2). If N > 2, we have —P # P 
for an element P of order N, and thus the inertia group equals 1. 
If N < 2, the inertia group is {+1}. Hence, by Corollary B.11(1), 
Yi(N)z @z Fp is the quotient of Y1,.(N,r)r, by GL2(Z/rZ), and it is 
a coarse moduli scheme of the restriction of the functor M(N)r,. O 


We present some consequences of Proposition 8.50. 


PROPOSITION 8.52. Let S be a scheme, and let E be an elliptic 
curve over S. Let N > 1 be an integer. 


(1) The finite scheme Mi(N)g over S is flat of finite presentation 
over S of degree y(N)y(N). The scheme M,(N)g is a Cartier 
divisor of E. 

If N = N'N" with (N’,N"”) =1, then we have Mi(N)gz = 
Mi(N’)g xs Mi(N")g. If N = p® withe >1, then we have an 
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equality of Cartier divisors 
(8.48) 
M,(N)e = [Kerlp*]] - (Kerfp*""]] = Eb] x __ (Elp|— 10). 
[p°—*]N Ep] 
(2) Let P be a section of E of exact order N. Let G = (P) = 
Laez/nzlaP]. Then, we have G* = oje(zjwz)x laP]- 


PRooF. (1) It suffices to show the following case: N = p*, r > 3 
an integer relatively prime to N, S = Y(r)z, 1), and £& the universal 
elliptic curve over S. In this case, we have Mi(N)z = Yi,x(N,1)z/2)- 
By Proposition 8.50, Mi(N)g — S is finite flat of degree y(N)w(N). 

We show (8.48). Since S is flat over Z, it suffices to apply Corol- 
lary A.44 to U = S[1/p], A= M,(N)z, B = [Ker[p*]] — [Ker[p*1]], 
and E[p*] x (E[p] — [0}). 

[p?-1]\E[p] 

(2) We may assume S and EF as above. Let P be the universal 
generator over T = Mi(N)g. Since T = M,(N)z is flat over Z, it 
suffices to apply Corollary A.44 to the closed subscheme A = G™ of 
Er and B=) )y¢(z/nz)x |@P)- O 


COROLLARY 8.53. Let S be a scheme, and let E be an elliptic 
curve over S. Let G be a closed subgroup scheme of E finite flat 
over S' of degree N. 


(1) The following conditions (i) and (ii) are equivalent. 
(i) G is a cyclic subgroup scheme of order N. 
(ii) The scheme G* of generators of G is a finite flat scheme 
over S of degree p(N). 
(2) The condition for a scheme T over S that Gr is a cyclic subgroup 
scheme of Er is a closed condition on S. 


PROOF. (1) The proof of (ii) > (i) is similar to the proof of 
Lemma 8.46(2). We show (i) => (ii). Since the assertion is flat local, 
we may assume there exists a section of exact order N satisfying 
G = (P) by Definition 8.13. In this case the assertion follows easily 
from Proposition 8.52(2). 

(2) By (1), the condition that Gr is a cyclic subgroup scheme of 
Er is equivalent to the condition that GF is a finite flat scheme on 
T of degree y(N). Moreover, by Proposition 8.52(2) and Nakayama’s 
lemma, the quasi-coherent sheaf Ogx over S is generated by y(N) 
sections locally on S. Hence, by Corollary A.38, this condition is a 
closed condition. O 
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8.8. Modular curve Yo(N)z 


PROPOSITION 8.54. Let S be a scheme, and let E be an elliptic 
curve over S. Let N > 1 an integer. 

The functor Mo(N) xz over S is represented by a finite flat scheme 
of finite presentation Mo(N)gr over S of degree u(N). The natural 
morphism M,(N)g > Mo(N)ez is finite flat of finite presentation of 
degree p(N). If N is invertible on S, Mo(N)x is étale over S. 


We first show the following lemma. 


LEMMA 8.55. Let S be a scheme, let E be an elliptic curve over S. 
Let N > 1 bean integer. The functor N-Isog, defined by associating 
to a scheme T over S the set 


closed subgroup scheme of Er that is a finite 
N-Isogp(T) = § flat scheme of finite presentation of degree N 
as a scheme over T. 


is represented by a finite scheme Ty,g over S. 


ProoF. The functor that associates to a scheme T over S the 
set {locally free quotient O7-module of rank N of the locally free 
Or-module Og nxt} is represented by the Grassmannian scheme 
denoted by Grass(Og,y},N), which is a proper scheme over S. If 
G C Ef is a closed subgroup scheme flat finite of finite presentation 
of degree N as ascheme over T, then Og is a locally free quotient Or- 
modules of rank N of Og,n)x,7- Thus, as in the proofof Lemma 8.23, 
the functor N-Isog ; is represented by a closed subscheme T'y,£ of the 
Grassmannian scheme Grass(O g,n), N). 

We show Ty, is finite over S. Since Ty,¢ is proper over S, 
it suffices to show, by Corollary A.9, that each geometric fiber is 
finite. We may assume S = Speck, k is an algebraically closed field 
of characteristic p > 0, and N = p*. If EF is supersingular, then 
we have G = Ker F© by Proposition 8.2. If EF is ordinary, we have 
EN] ~ Z/p°Z x ppe, and G is of the form Z/p°Z x pp», a+b =e, 
and there are e + 1 of such G. O 


PROOF OF PROPOSITION 8.54. We show Mo(N)g is represen- 
table. Let Gy(w)z C Emo(n)g be the universal closed subgroup 
scheme. Applying Corollary 8.53(2) to Gry, C Ery,z, we see that 
Mo(N)g is represented by a closed subscheme Mo(N)z of Ty, z. 

We now show Mi(N)gz — Mo(N)z is finite flat of degree p(V). 
Let Guy(n)e © Emo(n)g be the universal cyclic subgroup scheme of 
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degree N. Then, since M,(N)¢ = Ginn)? Mi(N)z > Mo(N)z is 
finite flat of degree y(N) by Corollary 8.53(1). Since M,(N)z is finite 
flat over S of degree y(N)w(N) by Proposition 8.52(1), Mo(N)z is 
also finite flat over S of degree W(NV). 

Assuming N is invertible on S, we show Mo(N)z is étale over S. 
Since the assertion is étale local on S, we may assume E[N] is isomor- 
phic to (Z/NZ)?. In this case, we have, by Corollary 8.10, Mo(N)z = 

C:cyclic subgroup of(Z/NZ)? of order N S, and the assertion is now clear. 
O 


COROLLARY 8.56. Let N > 1 be an integer, and let r > 3 be 
an integer relatively prime to N. The functor Mo,.(N, r)zl [2] over 
Z[+] is represented by a regular finite flat scheme Yo,«(N, ray over 
Y(r)zi1) of degree b(N). Yo,«(N, ")z[ 25] is smooth over Z|; 
The field of constants of Yox(N,r)Q = Yo(N,7)z[1] ®z[2) Q 
is Q(¢,). 


ProoF. Let EF be the universal elliptic curve over Y (r)z z[1]- The 
functor Mo,«(N,7)zj1) is represented by Mo(N)z = Yo«(N, ra i: 
This is a finite flat scheme over Y(r)z z[2] Of degree W(N). By Propo- 
sition 8.54, Y1.(N, r)z[2) = Mi(N)z-> Yo,x(N,r)zj2) = Mo(N)z is 
faithfully flat. Since Y1,.(N,7)zj1) is regular, so is Yo,«(N,7r)z11) by 
Proposition A.13(1). Since Yo..(N, r)z[4) is étale over Y(r)zia) it 
is smooth over Z[=]. 

We omit the proof that the field of constants of Yo.(N,r)q = 
Yo,«(N,1)zi2] ®zj2] Q equals Q(¢,) because it is similar to that of 
Lemma, 8.37. oO 


Let p be a prime number, N = Mp® with (p,M) = 1, e > 1 and 
integer, and let r > 3 be an integer relatively prime to N. Let S be 
a scheme over F,, and let E be an elliptic curve over S. Then, by 
Lemma 8.46(2), fore =a+b>a>0, 


pee) 


Gas) = Ker(V°F° : E> B® *)) 
is a cyclic subgroup scheme of F of order p® if a < b, and 
Ga) = Ker(V°F® : B®”) -; E) 


is a cyclic subgroup scheme of EB’) of order pe ifa > b. 
Define a morphism of schemes jg : Yo,«(M,r)r, > Yox(N,r)zj1) by 
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[(E,C,a)] + [(E,(Gios),C),a)] if a < 6, and by [(E,C,a)] 4 
(Be), (Gat); CP"), g(e*~")y] ifa>b. 


PROPOSITION 8.57. Let p be a prime number, let N = Mp* with 
(p,M) = 1 an integer, and let r > 3 be an integer relatively prime 
to N. 


(1) For0<a<e, the morphism 
(8.49) ja: Yo,x(M,r)r, — Yo.«(N,r)r, 


is a closed immersion. 

(2) For0 <a < e, let Cy be the image of the closed immersion 
ja : Yo,x(M,r)p, > Yo.(N,r)r,. Then, we have Yo..(N,r)r, = 
Us=o Ca, and the inclusion C$ > Yox(N, r)E, is a bijection. 

The multiplicities of Co and of Ce in Yo,x(N,r)r, are 1. 

(3) If0<a<eand0 <a’ <e witha # a’, then the intersection 

CaNnCeg =Co XY. (Nyr)Fp Cy equals C8 = CS. 


PrRoorF. As in the proof of Proposition 8.49, it suffices to show 
the assertions when M = 1 and N = p® > 1. 

(1) We first show it in the case a < b =e -—a. Let G be the 
universal cyclic subgroup scheme of order p* over Yo,.(N,r)r,- For an 
integer 0 < a < b =e — a, define a closed subscheme of Yo.(N,1r)rF, 
by the closed condition 


(8.50) G =Ker(V°F°: E> E®?*)). 


The morphism j, : Y(r)r, + Yo,«(N,r)z;2) defines an isomorphism 
Y(r)p, — Ca by definition. Thus, jo: Y(r)r, — Yo,«(N,7)z/1] is a 
closed immersion. 

If b = e —a < a, a similar proof works if we define C, by the 
closed condition 


the kernel Ker(E’ — FE) of the dual of E > E’ = E/G 


Ga) equals Ker(V?F? : E’ + E'(?*~”)), 


(2) Let k be an algebraically closed field of characteristic p, 
let [((E,G,a)] € Yo.«(N,7r)(k) be a k-rational point, and let p* be 
the order of G(k). If E is supersingular, then we have a = 0 and 
[(E, G, a@)] € Co(k). If E is ordinary, we also have [(E, G, a)] € Ca(k). 
Thus, we have Yo.(N,r)r, = Uso Ca- If E is supersingular, we 
have G = Ker F® and [(E, G,a)] € C.(k) for allO <a <e. Thus, the 
mapping jz : Y(r)E, > Yo,x(N, 7), is a bijection. 
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By Lemma 8.4, C§"4 equals the open subscheme of Yo,x(N,7r)F, 
defined by the condition that the dual of E > E/G is étale. Thus, the 
multiplicity of Co equals 1. Similarly, C$™¢ equals the open subscheme 
of Yo,.x(NV,r)r, defined by the condition that G is étale, and thus its 
multiplicity equals 1. 

(3) Let (EZ, G, a) bean elliptic curve with universal level structure 
over the intersection Cg MC,. Let b = e—a and’ = e —a’. If 
a <a’ <e/2, then since we have G = Kerp* F’-* = Kerp*F°-?, 
we have Ker p® ~* = Ker F?(*’-), and thus E is supersingular. The 
case e/2 <a < a’ is similar. Suppose a < e/2 < a’. Let E’ > E be 
the dual of E — E’ = E/G. The composition E — E’ > E equals 
p” F2'-%' op? Fe-2 = p®. Thus, we have Kerp®~* = Ker F2(2’-9), 
and F is supersingular in this case, too. The case a’ < e/2 < ais 
similar. This concludes the proof that the intersection Cg NC is a 
closed subscheme of C$. 

We now show CS C C,MCq. Let G be the universal cyclic 
subgroup scheme over CSS. If a,a’ < e/2, then G = Kerp*F°-? = 
Ker p* F b'-a' and thus C$ C Ca. Similarly, if a,a’ > e/2, we also 
have CS*§ C Cy. If a < e/2 < a’, then the kernel of the dual of 
E > E' = E/G equals Ker p*V°-* = Kerp® F®-’, and again we 
have C8’ C Ca. The case a’ < e/2 < a is also similar. O 


CoROLiary 8.58. Ife =1, the regular curve Yo,«(N,r)zj1) over 
Z(+] is semistable at p. The fiber Yo.x(N,r)r, is the union of Co 
and C. 


PROOF. It follows easily from Corollary 8.56, Proposition 8.57 
and Lemma B.8. O 


PROOF OF THEOREM 8.32. We omit the proof of (1)—(3) since 
they are similar to the proof of Theorem 8.34. 

(4) Let r > 3 be an integer relatively prime to p. As for the 
action of GL2(Z/rZ) on Yo,«(Mp,r)zj1), the inertia group at the 
generic point of each irreducible component of each fiber is {+1}. 
Thus, by Corollaries 8.58 and B.11(2), Yo(Mp) is weakly semistable, 
and jo,j1 : Yo(M)r, — Yo(Mp)r, are closed immersions. The in- 
tersection of the image Co of jo and that of C, of 7; is Yo(M PF, = 
Yo,«(M,r)g /GL2(Z/rZ). 

Let x = [(E,C)] € Yo(M Jp, be an ordinary double point of 
Yo(Mp)r,, let 2’ = [(E,C,a)] € Yo.(M,r)x, be a point in the in- 
verse image of z, and let n = [(Eo,Cpo,ao)] be the generic point of 
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Yo..(N,r)z. Then, the inertia group J, is the image of the injection 
Aut(ER Cy, ) — GL2(Z/rZ), and by Lemma 8.41, the inertia group 
I, is {+1} C GL2(Z/rZ). Thus, by Corollary B.11(2), the index of z 
equals [I : In] = f Aut(Bs CR )/{+1}. oO 


We define morphisms between modular curves. 


PROPOSITION 8.59. Let S be a scheme, and let E be an elliptic 
curve over S. Let N = MdM' > 1 be an integer. 


(1) Let P be a section of E of exact order N. Then, P” =(N/d)P 
has exact order d. Let H = as [(iP”]. Then the image P’ of 
M'P nn FE =E/H is a section of exact order M. 

(2) Let C be a cyclic subgroup scheme of E of order N. Then, 
there exists a unique cyclic subgroup scheme H of E of order d 
such that flat locally on S, N/d times of a generator of C is 
a generator. Moreover, there exists a unique cyclic subgroup 
scheme C’ of E’ = E/H of order M such that flat locally on S, 
M!' times of a generator of C' is a generator. 


PROoF. (1) It suffices to show the following case: r > 3 is an 
integer relatively prime to N, S = Yi,4(N,r)zj1), E is the universal 
elliptic curve over S, and P is the universal section of exact order N. 
The assertion is clear on S LW]: Thus, it suffices to apply Corol- 
lary A.44(2) to the closed subscheme M(d)z of E and the section 
P”, and the closed subscheme Mj(d) ge of E’ and the section P’. 

(2) Let X = C™%, S’ = Mo(d)z, and let H be the universal cyclic 
subgroup scheme of Fs of order d. By (1), we obtain a morphism 
f :X —Y defined by P+ (M’P) c Ex / (ao (iS P)). It suffices 
to show that there exists a section g : S — Y such that f: X ~ Y 
is the composition of h: X > Sandg:S-—- YY. Sinceh: X > S is 
faithfully flat, g: S > Y is unique if it exists. 

We show the existence. Let r > 3 be an integer relatively prime 
to N. Since the assertion is flat local on S, we may assume there 
exists a basis a for E[r]. Then, (E,C,a) defines a morphism S —> 
Yo,«(N,1)z/2}- Thus, it suffices to show the case S = Yo,«(N,r)z/a)- 
On Szi2) the assertion is clear. It now suffices to apply Lemma A.45. 

Oo 


We define a morphism of functors 


(8.52) Sq: M,(N) —, M,(M) 
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by sending the isomorphism class of (EF, P) to the isomorphism class 
(E’, P’). Similarly, we define a morphism of functors 


(8.53) Sa: Mo(N) =? Mo(M) 
by sending the isomorphism class of (E, C) to the isomorphism class 
(E’,C’). 

LEMMA 8.60. Let Md | N > 1 be integers. The morphisms of 
modular curves defined by the morphism of functors sq 


sa: ¥i(N)z — Ni(M)z, 


7) 8a: Yo(N)z — Yo(M)z 


are finite. 


PROOF. We show the morphism sg : ¥i(N)z — Yi(M)z is fi- 
nite. Let r > 3 be an integer relatively prime to N. Define sq : 
Yi a(N, r)z(2) — Yi,«(M,r)zj1) in the same way as sg : Yi(N)z > 
Yi(M)z. We show this morphism is finite. Let (E, P,a) be the uni- 
versal elliptic curve with level structure over S = Yi,.(M,r)z)1). Let 
A = Mo(d)zg, and let G C Ey, be the universal cyclic subgroup scheme 
over A of order d. Let E’ = E4/G, and let g : E’ + E44 be the dual of 
E, > E' = E,/G. Let B = M,(N)z, and let P’: B > E’, be the 
universal section of exact order N. The condition that (GRP )=P 
and XP is a generator of the kernel of g : ER — Eg is a closed 
condition on B. Let C' be the closed subscheme defined by this closed 
condition. C' is finite over S by Proposition 8.54 and Corollary 8.24. 
Let a& : (Z/rZ)? > EG|[r] be the composition of a and the inverse 
of the isomorphism EG[r] > Ec[r]. Then, the triple (EG, Py, a’(X)) 
defines a morphism C > ¥Yj,.(N,1)z/2)- 

We show that the morphism C' > ¥j,4(N,r)z/1] is an isomor- 
phism and that the composition of the inverse of this and the natural 
morphism C' > ¥i,.(M,r)zja) is 8a: Yix(Nir)zj2) > Yix(Mr)ziay- 
Let (E’, P’,a’) be the universal elliptic curve over Yi,.(N, r)z[4] with 
level structure. The dual FE > E’ ofg: E' > E= E'/(% P’) defines a 
morphism ¥j,.(N,7)z,1} + A that extends sg. The universal section 
P' defines Yi,«(N, r)2(2] —+ C Cc B. It is easy to see that this is the 
inverse. Thus, sq: Yi,«(N, r)z2) > ¥1.(M, r)z2[4) is finite. Letting 
r > 3 run integers relatively prime to N, we obtain a finite morphism 
sa:¥4(N)z > ¥i(M)z by taking the quotients and patching them. 

Similarly, sg : Yo(N)z — Yo(M)z is finite. O 
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EXAMPLE 8.61. Since Yo(4)z is the quotient of Y1(4)z by the 
diamond operator (Z/4Z)* = {(+1)}, we have Yo(4)z = Yi(4)z. We 
show 


Yi(4)z = Yo(4)z = Spec Z[s, t, u]/(st—2°, u(s+2*) —24t, u(t+2*)—?). 


By the Remark after Theorem 8.34, Y(4)z is the integral closure of 
Y(1)z = Spec Z[j] in Yi (4)z;1)- Let 

A =Z[s, t, u]/(st — 28, u(s + 2*) — 24t, u(t + 24) — 2”). 
We have A[$] = Z[4][s, Ferrall This is isomorphic to Z[}, d, qa! 
by s+ 4(d— 4). Through this isomorphism we identify Y, (4) 2/2) = 
Spec A[3]. 

We show A is an integrally closed domain. A[3] = Z[4][s, Tea | 
is an integrally closed domain. A/2A = F9[s, t, u]/(st, us, (u — t)t) = 
F4[s, t, u — t]/(st, (u — t)s, (wu — t)t) is isomorphic to the subring of 
F,[t] x Fo[u] x Fo[s] given by {(f,9,h) € Folt] x Folu] x Fels] | 
f(0) = g(0) = A(0)} by the mapping s + (0,0,s),t+> (t,0,0),ur 
(t, u,0). Thus, A/2A is reduced. Spec A is smooth over Z except at 
the maximal ideal m = (2,s,t,u). Thus, by Lemma A.41, A is an 
integrally closed domain. 

If we let k = s(s + 2+) = 24d(d—4), we have ku = 2)”. By (8.26), 
the morphism j : Yi(4)zj1) + Y(1)z defined by the j-invariant is 
defined by 


Zyj] — A[3] > A 
joe 28. Coed’ _ P= +8 2K+3-B+u. 


We show that the integral closure of Z[j] in A[$] is A. Since A is 
integrally closed, it suffices to show that the generators s, t, u and k 
are integral over Z[j]. Since we have s(s+2*) = k and (k+2*)? = jk, k 
and s are integral over Z[7]. Moreover, since u = j—(k?+3-24k+3-28) 
and t? = u(t+ 24), u and t are also integral over Z[j]. This concludes 
the proof of Y1(4)z = Spec A. 

The intermediate covering Yi(2)z equals Spec Z[k, u]/(ku — 217). 
The surjective morphisms of rings A/2A > F2[t], A/2A —> F2[u] and 
A/2A — F4[s] define closed subschemes Cp, Ci and C2 C Yo(4)r,, 
respectively. We define isomorphisms j; : Y(1)r, > C; (it = 0,1, 2) 
by thej,unj and sh j. 

The Atkin-Lehner involution wa : Yo(4)z — Yo(4)z is defined 
bysHttwHsunv=s+t—u-—2*. It suffices show that 
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wa : Yo(4)zj1} 4 Yo(4)zi1) is defined by d + fs. Extending 
the coefficients to Z[/—1, $], we compute wz : ¥1(4)g(va,3) 7 
Yi (4) 21 v=z,4)- Let P = (1,1) € E be the universal section of or- 
der 4. The quotient E’ = E/(2P) of the universal elliptic curve 
E: dy? = 2(z? + (d—2)xr +1) is given by Wes = 2'(z’ + d)(z' + 4), 
and E —> E’ is given by 2’ =x2+ = — 2, y’ = ¥(x — 4). Moreover, 
E" = E/(P) is given by dy”? = x" (2"? — 2(d+ 4)x"” + (d - 4)?). 
Peete is given by 2” = a’ capers Megs w (a! — 44). If 
is let x” = —(d —4)z, and y” = (d- 4)22/—1y, E" is given by 
pty? = = 21 (2? + 2a ey +1). Since the universal section of E” is 
ee by (1,1), we ioe w4(d) = 4. 

If we let 1 = t(t+2+) and v = s+t—u—24, s4 = sow : Yo(4)z 
Y(1)z is defined by j H 1? +. 3-2414+3-28 + v. Since the j-invariant 
of E’ is j(E') = 2 ea = (e42" kh 4+3-2843-24u + w?, 

2: Yo(4)z 3 Y(1)z is defined by j + k4+3-2°+3-24u+u?. The 
image of j = stj, 837, $4 in Fe[t] x F2[u] x Fe[s] is given by (¢, u, 4), 
(t?, u?, s”), (t*,u,s), respectively. 


8.9. Compactifications 


In this book we define the compactification Xo(N)z and X1(N)z 
of modular curves Yo(V)z and Yi(N)z as the integral closure of the 
j-line. The meaning of these curves as moduli schemes has been 
studied, but we do not mention it here. 


DEFINITION 8.62. Let N > 1 be an integer. 


(1) Define Xo(N)z as the integral closure of P} with respect to 
J: Yo(N)z > Ag. 

(2) Define X,(N)z as the integral closure of P} with respect to 
g:YVi(N)z > A}. 


In this section we prove the following fundamental properties of 
Xo(N)z and X1(N)z. 


THEOREM 8.63. Let N > 1 be an integer. 


(1) Xo(N)z ts a normal projective curve over Z, and its each geo- 
metric fiber is connected. 

(2) Letp{N be a prime number. Then, Xo(N)z is smooth atp. The 
fiber Xo(N)¥, = Xo(N)z Oz Fp is a smooth compactification of 
Yo(\)r,- 
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(3) Let N = Mp withp{ M. Then, Xo(N)z is weakly semistable 
at p. The closed immersions jo : Yo(M)r, — Yo(N)r, and 
ji: Yo(M)r, — Yo(N)r, extend to closed immersions jo : 
Xo(M)r, > Xo(N)r, and ji: Xo(M)r, = Xo(N)r,- The 
fiber Xo(N)r, is the union of the image Co of jo and the im- 

age C of ji, and the intersection of Co and C, is the coarse 

moduli scheme Yo(M)& of Mo(M)&. The index of the or- 
dinary double point x = [(E,C)] € Yo(M)F is the order of 

Aut(Eg,,Cp,)/{+1}. 


Using Theorem 8.63, we compute the number of isomorphism 
classes of supersingular elliptic curves, which is equal to deg Y (1 \E: 


COROLLARY 8.64. Let p be a prime number. Then, we have 
Y(1)E, # ©. The number of tsomorphism classes of supersingular 


elliptic curves over F, equals deg Y()E,, which equals 

14+ 90(p) =1+ > (if p = a = 2,3,5,7, -1, 13 mod 12). 

PROOF. By Theorem 8.63, Xo(p)F, = Co U Cy is connected. 
Thus, CoNC, = Y(1)§, is nonempty. Since the coarse moduli scheme 
Y(1)#, is reduced, we have degY(1)#, = #Y (1)¥ (Fp). 

We have {isomorphism classes of supersingular elliptic curves over 


Fp} = M()§ (Fp) = Y(1)¥,(Fp). By Corollary D.21(1) and the 
fact that go(1) = 0, we have go(p) = deg Y(1)—% — 1. By Proposi- 
tion 2.15 and Lemma 2.14, we have 


1 1 
go(p) =1+ (P+ 1)—-5°2 
: 0 (p = 2 mod 3) ; 0 (p= 3 mod 4) 
—3 )1 @=3) —7\1@=2) 
2 (p =1mod3) 2(p=1mod4). 


EXAMPLE 8.65. By Example 8.6, the elliptic curves E over F, 
whose j-invariant equals 1728 is supersingular if p = —1 mod 4, and 
the elliptic curves E over F, whose j-invariant equals 0 is supersin- 
gular if p = —1 mod 3. Thus, by Lemma 8.41 and Corollary 8.64, we 
obtain 

eee dots 
fAutE 24 © 


isomorphism classes of 
supersingular elliptic curves E 
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For a prime number p, the number of supersingular elliptic curves 
over F, and their j-invariants are as follows. 


f{ of s.s. curves® 


rer Gs 
S.S. j-invariant 


index° 


“number of isomorphism classes of supersingular elliptic curves 
6j-invariant of supersingular elliptic curve 
Sindex at each point = 3h Aut(E) 


THEOREM 8.66. Let N > 1 be an integer. 


(1) X1(N)z ts a normal projective curve over Z and each geometric 
fiber is connected. 

(2) Letp{ N. Then, X1(N)z is smooth at p. The fiber Xi(N)r, = 
Xi(N)z ®z F> is a smooth compactification of Y;(N)r,- 


In order to describe the compactification, we define the Tate 
curves. In Chapter 2, (2.34), we defined the power series 


Ex(q) =1 +t» 5 i(n)q” € Q{[a]], 


where o4_1(n) = Doala d*-1_ We then defined an elliptic curve over 
the field of power series Q((q)) by 


ag 8(a). 


(2.35) y? = 42° — SEa(g)n + 516 


By the change of coordinates x = x’ + on y = 2y'+ 2’, the equation 
(2.35) becomes 


7g (Bala) — 12! 


— apa (Fala) - 1) + garg (Bola) - 1). 


Let sk(q) = op oK-1(n)g” = sG—)(E,(q) —1) € Z[[q]]. Since 
¢(—3) = 335 and ¢(—5) = —g5, the coefficient of the degree 1 term 
of the right-hand side of (8.55) equals —5s4(q), and the constant term 
is — 75 (5sa(q) + 756(q))- 


(8.55) y? + zy’ = Prk - 
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QUESTION. Verify that 3,(5s4(¢) + 7s6(q)) € Z[[g]]. Let Z(q)) = 
Z{[g]][q~+]. Show that the equation 
1 
(8.56) y’ + ay = 2° — 5s4(9)a — 5 (58a(Q) + 756(9)) 
defines an elliptic curve over Z((q)). 


DEFINITION 8.67. The elliptic curve Ey over Z(q)) = Z[[g]][g7*] 
defined by (8.56) is called the Tate curve. 


LEMMA 8.68. The morphism e : SpecZ((g)) > Y(1)z = Az 
defined by the Tate curve Eq extends uniquely to € : Spec Z|[q]] - 
X(1)z =P}. Let X(1)z|4%, be the completion of X(1)z = P}, along 
co. Then é induces an isomorphism é : Spec Z[[q]] > X(1)z|%.- 


PRoor. As we have seen Example 2.37 in Chapter 2, the j- 
invariant of the Tate curve is 


: E4(q)° 1 2 
= —— =-4+744 ae 
5(@) May Gg + 744 + 196884q + 214937609? + 


Since we have A(q) = qg[[P,(1 — 9”)** € qZ[[g]]* and E,(q) € 
1+ Z[[g]] © Z[[g]]*, we have j(¢) € 7 - Z[[q]]*. The assertion now 
follows easily. O 


The following is a proposition concerning torsion points of the 
Tate curve, for which we omit the proof. 


PROPOSITION 8.69. Let N > 1 be an integer. The group scheme 
E,|N] of N-torsion points of the Tate curve Eq is isomorphic to the 
pullback of T[N] (8.14) by the inclusion Z[g, q~'] > Z((q)) of rings. 


From now on, we identify E,[N] and T[N] through the isomor- 
phism in Proposition 8.69. 

Let r > 1 be an integer. Define a ring homomorphism Z((q)) > 
Z[+,¢-](ar)) by q+ gf. Let Egr be the pullback of the Tate curve E, 
over Z[+,¢,]((g-)) by this ring homomorphism. We define an isomor- 
phism a, : (Z/rZ)? > Ege(r] = T[r] ®zjq,q-1) Zl, Cr] (qr) of group 
schemes over Z[+,¢,]((qr)) by ar((1,0)) = (0,¢-) and a,((0,1)) = 
(1,9¢,). The morphism e, : Spec Z[2, ¢,]((qr)) > Y(r)zi1) defined by 
the pair (Eyr,a,) is called the morphism defined by the Tate curve. 
We have e; =e. 

For a € (Z/rZ)* and b € Z/rZ, let oa,» = (32) € GL2(Z/rZ). 
Define a subgroup V(Z/rZ) = {oa, | a € (Z/rZ)*,b € Z/rZ} c 
GL2(Z/rZ), and define an action of V(Z/rZ) on Z[2,¢,](qr)) by 
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Oar(Gr) = C2 and oan(g,) = C2g,. We define an action of —1 € 
GL2(Z/rZ) as the trivial action. 


COROLLARY 8.70. Letr > 1 be an integer. The morphism defined 
by the Tate curve 


er : Spec Z a *) (Gr) + Y(r)ziay 


is compatible with the action of V(Z/rZ) - {41} C GL2(Z/rZ). The 
commutative diagram induced by e, 


Spec Z[C,, 2)(4r)) ae Y (r)z(2) 
o€GL2(Z/rZ)/V(Z/rZ)-{+1} 


(8.57) | | 


Spec Z[2](9)) —*> Y(1)zgjay 
is Cartesian. 
The morphism e, : Spec Z[¢,,+]((qr)) > Y(r)z z[2] uniquely ex- 
tends to é, : Spec Z(6,, +] [[g-]] > X(r)z 2[2]- 
PrRooF. It is easy to see that e, : Spec Z[¢-, +]((¢r)) > Y(r)z 2(4] 
is compatible with the action of the subgroup V(Z/rZ) - {+1} Cc 
GL2(Z/rZ). The morphism defined by the diagram (8.57) 


Spec Z (6, =] (ar) 


o€GL2(Z/rZ)/V(Z/rZ)-{+1} 


~+ Spec [=] [lall ayaa, ¥ ata 
is, by Corollary 8.40(3), a morphism of GL2(Z/rZ)/{+1}-torsors over 
Spec Z[+]((q)), and thus it is an isomorphism. 

The integral closure of Z[2][[al] in Z{G-, 21(ar)) is Z[G-, 2 lar. 
Thus, the morphism e, : Spec Z[¢,, +]((qr)) > Y(r)zja) uniquely ex- 
tends to é, : Spec Z[¢,, +] [[ar]] > X(r) zia}- oO 

The fibered product Spec Z[¢,, +](a-)) x Yo«(N,1)z/a] is 

ers¥(r)zi2) 7 
isomorphic to the spectrum of the ring 


ess) IT 2[6-, =] (ar) ©z¢qy ZlCar](a) (DVT — Gara") 
dd’= 


by Sepa ten 8.26(1). The integral closure of Z(¢,, +][[qr]] in this 
ring is calculated as follows. 
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LEMMA 8.71. Let m > 1 andr > 1 be integers, and let a,b > 1 
be relatively prime integers. 


(1) If we define a ring homomorphism Z{q,q~'] > Z[¢,, +](ar)) 6 
qt>q;, the tensor product 


(859) Z[t-,~| (ar) Saag ZlGmllas TLV (T? — Gna?) 


is isomorphic to 


1 , rt 
Z| Gar /m'a!s —| (Qe )(TI/(T% = Gage”). 
er hia m!)/Q) 
hEGal(Q(Sma!)/Q(Sm)) 


Here, m' = (m,r), d = (a,r), d’ = (d,r/m’), and we let a = 
a'd,r =r'd. Moreover, d = d,d2, where the prime factors of d, 
are prime factors of m and (m,dz2) =1. For a divisor e of de, 
s is the greatest common divisor of r/m' and dye. ete J 
md, th root of unity satisfying (G2/d2) do = = Cmdy- 

(2) Let n > 1, and let r| mn. The integral closure of Z[¢,, +][[gr]] 


in ZlCmn, 21) g,))[TV/(T2 — Gna?) is isomorphic to Z[Cmn, =][[S]]- 
The homomorphism Z[¢,, +][[ar]] 4 Z[Gmn, 2I[[S]] is given by 
gr +> C7 °S* for some positive integer c relatively prime to a. 


ProoF. (1) Since Z[¢,,4] ®z Z[¢m] is the integral closure of 
Z(+) in Q(¢,) QQ Q(¢m) = Tyecaa(c,,)/Q) Q(Cmr/m') it equals 
ToeGat(Q(cnr)/Q) Z[Smr/m's F]- Thus, the ring (8.59) equals 


1 
Z| Cmor/m's =] (ae) (T/(T2 — Gar”): 
9€Gal(Q(¢m)/Q) 


Moreover, we have 


2 Gnr/m's =] (ar )ITIMT? ~ Gna”) 
= (2G nn/m’s =] (ar)I01/ (U4 = Gm) ) (TCT — Veh") 
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Factorize d = d,d2, where prime factors of d, are prime factors of m 

and (m, dz) = 1. Then we have 

Q(Gmr/m!)[U]/(U4 — Cm) = Q(Gmr/m!) ®Q(6m) Q(Gm)[U]/(U4 — Gm) 
= QGrr/m!) ®Q(6m) Q(Gmas)[U]/(U% — mas) 


= Q(Gmr/m') SQ(om) II Q(Gmare) 


eld 
ee ee ee 
eldz h€Gal(Q(¢ms)/Q(¢m)) 


where s is the greatest common divisor of r/m’ and die. Since 
the ring Z[¢mr/m’ Zee ¢m) is the integral closure of Z[+] in 
Q(Gmr/m’)(T]/( (— Gm), it equals 


1 
Z ere ites =| . 
eldz hEGal(Q(Cms)/Q(Sm)) 
Let C4 i/ i be an md;th root of unity satisfying (7/4 cre aa = = Cmd,- Then, 
the (e, 2 -component of the image of U is ¢7"4 Ui da bg. Thus, we have 


Zlmne ims =l((Qe)(ZV/(T* — Sma”) 


=TI TL 2 [rerdre/m’ss =] (ar ITIM(T* oe? Coat’. 
eld, hEGal(Q(Sna’)/Q(Sm)) 
(2) Take positive integers c, d satisfying bc — ad = 1, and define 
a morphism of Z[Cmn,t]-algebras Z[Cmn, +} (ar))[T]/(T* — Gmab) > 
Z[Cmn, 2)((S)) by ar 4 67°S%, T + G7,48°. Then, since the inverse is 
defined by S +4 T‘q;4, this is an isomorphism. Since Z[¢mn, +][[S]] 
is finitely generated as a Z(¢,, +][[¢,]]-module, the integral closure of 
Zl, 4llael] 18 ZlGmns HIST) 0 
The compactifications of Yo,«(N,r)z,1) and Yi,«(N,r)zja; are de- 
fined similarly to Definition 8.62. 
DEFINITION 8.72. Let N > 1 be an integer, and let r > 3 be an 
integer relatively prime to N. 
(1) The scheme Xo,.(N, r)z(2) over Z[+] is defined as the integral 
closure of X(1)z/1) with respect to Yo,«(N,r)zj2) > ¥ (1)z,2)- 
(2) The scheme X;1,4(N,r)zj2] over Z(+] is defined as the integral 
closure of X(1)z(2) with respect to Vix (N,7)zy2) > Y(1)z,a- 
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If N = 1, Xo«(N,r)zj2) = X1,«(N,7)z2] is denoted by X(r)z11)- 

PROPOSITION 8.73. Let N > 1 be an integer, and let r > 3 be an 
integer relatively prime to N. 

(1) The scheme Xo,«(N,7)zj2) 18 @ regular projective curve over 
Z[2]. Xo+(N, T)z[a-] #8 smooth over Z[ yz). The field of con- 
stants of the curve Xo«(N,r)Q = Xo,«(N,r)z/21] @zj2]Q over Q 
equals Q(¢,). 
Let ptr be a prime number, and let N = Mp® with (p,M) =1. 
For 0 < a < e, the closed immersion jag : Yox(M,r)r, > 
Yo,«(N, r)z(2) extends to a closed immersion jq : Xo,x(M,r)r, > 
Xo,x(N,r)zia)- If Ca is the image of jg, we have CaN Ca = 
CaM Ca C You(N,r)zia) fora # a. Moreover, ife = 1, 
Xo,«(N,1)z/a} 18 semistable at p and the closed fiber Xo,x(N,r)F, 
is the union of Co and Cy. 


(2 


wa 


PROOF. (1) By Corollary 8.56, Yo.«(N,r)zj1) is regular, and 
Yow (N, 7) za] is smooth over Z[z=]. Let X(r)z12]|¢0 be the comple- 
tion of X(r)z;1) along the inverse image of oo = PZ — AZ. Then, by 
Lemma 8.68 and Corollary 8.70, we obtain an isomorphism 


(8.60) II SpecZ[6-,=|llarl] + X(r)aiayl6- 
o€GL2(Z/rZ)/V(Z/rZ)-{+1} 

Let i, : Spec Z[¢,, 4] > X (r)z[1} be the composition of the closed im- 
mersion defined by q, +> 0 and the extension é, : Spec Z[¢,, +)[[a-]] > 
X(r)z1j- Then i, is a closed immersion. Let D, C X(r)zj1) be 
the image of i,, and let Dy, = D, XX(r)giay Xo,«(N,r) za}: By 
Lemma 8.71, the scheme Xo,.(N, r)z(2) is regular on a neighborhood 
of Dy,r, and smooth over Z[3j-]. Moreover, for ¢ € GLe(Z/rZ), 
Xo,x(N, 7) z[2) is regular on a neighborhood of o* (Dy,r) and is smooth 
over Z[-]. By (8.60), we have 


Xo,«(N,7)z12) — Yox(N,7)zj2} = at o*(Dn,r): 
o€GL2(Z/rZ)/V(Z/rZ)-{+1} 


Thus, X0,«(N,7)z,1; is regular everywhere and smooth over Z[ yl: 
Since the field of constants of Yo,.(N,r)q is Q(¢,), the field of con- 
stants of Xo,.(N,7r)q is also Q(¢,). 
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(2) By (1), the projective curve Xo,.(M,r)p, over F, is asmooth 
compactification of Yo,.(M,r)r,. Define a reduced closed subscheme 
C, of Xo,«(N, r)zZ[2] as the closure of the image C, of the closed im- 
mersion ja : Yo,«(M,r)r, — Yo,«(N,r)z2] in Xo,«(N,7)z;1)- By the 
proof of (1), Cg is smooth on a neighborhood of the intersection with 
g* (Dn,r) over F, for each g € GL2(Z/rZ). Thus, C, is also a smooth 
compactification of Yo,.(M,r)r, and is isomorphic to Xo,.(M,r)r,- 
Furthermore, by the proof of (1), the reduced part of Xo,x(N,r)F, 
is smooth on a neighborhood of the intersection with the inverse im- 
age of g*(D,) for each g € GLo(Z/rZ). Thus, if a # a’, C. and 
C,’ do not intersect each other on a neighborhood of the inverse im- 
age of each g*(D,). Hence, the intersection CaM Cz is contained in 
Yow (NT) z)2)- 

The last assertion in the case of e = 1 follows easily from the 
above and Corollary 8.58. O 


PROPOSITION 8.74. Let N > 1 be an integer, and let r > 3 be an 
integer relatively prime to N. 
(1) The scheme Xi,(N,r)zj1) 18 a regular projective curve over 
Z[2]. X14(N, T)g[3-) #8 smooth over Z[yz]. The field of con- 
stants of the curve X1,«(N,r)Q = Xo,«(N,1r)z/2] ®@z2]Q over Q 
equals Q(<,). 
Let p{r be a prime number, and let N = Mp® with (p, M) =1. 
For 0 <a <e, let Ig(Mp*,r)g, be the smooth compactification 
of the smooth affine curve Ig(Mp*,r)p, over Fp. Then, the 
closed immersion ja : Ig(Mp*,r)r, + Yijx(N,7)z/1) extends 
to a closed immersion ja : Ig(Mp?,r)r, > Xix(Nr)z2)- Ff 
a #a’, the intersection of the image Ca of jg and the image Cy 
of jar 1s contained in Y1,4(N, T)z[4)- 


(2 


wa 


The proof of Proposition 8.74 is similar to that of Proposition 
8.73, and we omit it. 


PROOF OF THEOREM 8.63. (1) It is clear from the definition 
that Xo(N)z is a normal projective curve over Z. The geometric 
fiber Xo(N)q at the generic point is connected by Theorem 2.10(3). 
Thus, we have I'(Xo(N)q,O) = Q and ['(X0(N)z,O) = Z. Hence, 
by Theorem A.16, each geometric fiber of Xo(N)z is connected. 

(2) Xo(N)z is obtained by patching together the quotients of 
Xo,(N,1)z2) by GL2(Z/rZ). Thus by Propositions 8.73 and B.10(1), 
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Xo(N) 24] is smooth over Z[~]. Furthermore if p { N, Xo(N)r, is 
a quotient of Xo,.(N,r)r, and it is a smooth compactification of 
Yo()r,- 

(3) As in (2), if N = Mp with p{ M, then X0(N)z is weakly 
semistable at p by Proposition 8.73 and Corollary B.11(2). Since the 
closures Cp, C; of the images Co, Ci of the closed immersions jo, ji : 
Yo(M)r, — Yo(N)z are regular at the cusps, both are isomorphic to 
Xo(M)r,. Thus, the closed immersions jo and j; extend to closed 
immersions jo, j1 : Xo(M)r, > Xo(N)p,- The facts Xo(N)r, = CoU 
C, and Con, = Yo(M PF, follow easily from Proposition 8.73. O 


Since the proof of Theorem 8.66 is similar to above, we omit it. 
Similarly to Theorem 8.63, we have Theorem 8.76 below. 


DEFINITION 8.75. Let M > 1 and N > 1 be integers relatively 
prime to each other. 
Define a functor M1i,0(M, N) over Z by associating to a scheme 
T the set 
isomorphism classes of triples (FE, P,C), 
where £& is an elliptic curve over T, P is 
M1,0(M, N)(T) = a section of & of exact order M, and C is a 
cyclic subgroup scheme of order N 


For a prime number p | M, we define the restrictions of functors 
joi: Mi(M)r, > Mi o(M,p)r, by [(E, P)] > [(E, P, Ker F)] and 
[(E, P)] 6 [(E@), P®), Ker V)}. 


THEOREM 8.76. Let M > 1 and N > 1 be integers relatively 
prime to each other. 

(1) There exists a coarse moduli scheme Yi,0(M, N)z of the functor 
My1,0(M,N) over Z. Yi,0(M,N)z is a normal connected affine 
curve over Z, and the morphism defined by the j-invariant, 
j: Nio(M, N)z > Aj, 1s finite flat. 

(2) Let N =p be a prime number. The integral closure X1,0(M, p)z 
of Pi, with respect to the finite morphism j : Yi,0(M,p)z > AL 
is weakly semistable at p. The restrictions of functors Jjo,j1 : 
M1,0(M)r, > Mio(M,p)r, induce closed immersions jo, j1 : 
Y¥i(M)r, > Yi,o(M,p)z, and they extend to closed immersions 
Jo, Ii : Xi(M)r, eee X1,0(M, p)z. X1,0(M,p)r is the union of 
the image Co of jo and the image Cy of ji. 


P 


We omit the proof of this theorem, too. 
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The integral closure X1,9(M,N)z of Pz with respect to the fi- 
nite morphism j : Yi0(M,N)z — Az may also be denoted by 
Xo,i(N,M)z in this work. X1,0(M, N)z is the quotient of X;(MN)z 
by (Z/NZ)* Cc (Z/MNZ)*. The quotient of X10(M,N)z by 
(Z/MZ)* identified with (Z/MNZ)* /(Z/NZ)* is Xo(MN)z. For 
an integer r > 3 relatively prime to MN, Xi0,.(M, N,1)z{4) is also 
defined similarly. 

Unlike Theorem 8.63(3), X1(Mp)q, where p { M, may not have 
semistable reduction at p. However, the extension of the base change 


Xi(Mp)ac,) = X1(Mp)aq @Q Q(¢p) has semistable reduction at a 
prime ideal lying above p. 


THEOREM 8.77. Let p be a prime number, let M > 1 be an integer 
relatively prime to p, and let r > 3 be an integer relatively prime 
to Mp. Let X1»(Mp, rz 3 be the normalization of the scheme 

roP 

X1,+(Mp,r)z/2) Szl2] Z(2, Cp. Then, the curve X1,x(Mp, "BIE Co) 
over Z(2, Cp] is semistable at the prime ideal p = (Cp —1). There 
exists a closed immersion 
(8.61) Jor 1 : Ig(Mp, TF — X1,.(Mp, rat Cp] 
satisfying the following condition. Let Co, C, be the images of jo, ji- 
We have X1,«(Mp,r)oth - ) @z(¢] Fp = CoUCi and CoN Ci = Ce. 
The diagrams 
(8.62) 

Ig(Mp,r)r, —? X,.(M,r)r, = X,x(M,r)r, 


io| io| | 
X1x(Mp,r) 7h) —? X1,*(Mp, 7) 212) —? X1,0,«(M,p, 1) 2/2] 


and 
Ig(Mp,r)r, == Ig(Mp,r)p, —> X1(M,r)g(2) 
x | | | 
X1e(Mp,r)et — X1,.(Mp, ") (4) — X1,0,*(M, p,r)zi2] 
are commutative. 


We will not prove this theorem. 
Let p be a prime number, and let M > 1 be an integer relatively 
prime to p. Let r > 3 be an integer relatively prime to Mp, and let 
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a > 0 be an integer. The quotient of the Igusa curve Ig(M: P*,T)F, 
by GL2(Z/rZ) is denoted by Ig(Mp*)r,. If a = 0, then we have 
Ig(Mp*)r, = Xi(M)r,. 


COROLLARY 8.78. Let p be a prime number, and let M > 1 


be an integer relatively prime to p. Let X (Mp) 7) be the integral 


closure of X1(Mp)z in Xi(Mp)qc,) = X1(Mp)q ®q Q(G). The 
curve X1(M P) Bip] over Z[¢p] is weakly semistable at the prime ideal 
p= (¢p—1). The closed immersion (8.61) induces a closed immersion 


(8.63) Jo» di : Tg(Mp)r, —> X1(Mp)Zic,)- 


Let Co, Ci be the images of jo, j1. Then we have X1(Mp) zit @zI6p] 
F, = Co UC, and CoN Ci = C§®. For i = 0,1, the diagram 


Ig(Mp)r, ——> Xi(M)p 


(8.64) «| [x 


Xi (Mp) 3%.) —— > Xi 0(M,p)z 


P 


is commutative. 


PRoor. X1 (Mp) 7h c,] 8 @ quotient of X1,.(Mp, ") ar Gl by the 
action of GL2(Z/rZ). By Lemma 8.41(2), the inertia group at the 
generic point of the fiber X1,.(Mp,r)aqcc,) over Q(¢p) is 1 if Mp > 2, 
and {+1} if Mp < 2. Thus, the assertion follows from Theorem 8.77 
and Corollary B.11(2). O 


The morphisms sg : Yi(N)z — Yi(M)z and sa : Yo(N)z > 
Yo(M)z, which we defined in Lemma 8.60, uniquely extend to the 
compactification. 


LEMMA 8.79. Let N > 1 be an integer, and letdM | N. The mor- 
phisms of modular curves sg: Yi(N)z > Yi(M)z and sa: Yo(N)z > 
Yo(M)z extend uniquely to finite morphisms 
sa: Xi1(N)z — X1(M)z, 

Sq: Xo(N)z —>} Xo(M)z. 


OUTLINE OF PROOF. Let r > 3 be an integer relatively prime 
to N. Since sq : Vix (N17) (2) 77" .(M, ")Z[4] is a morphism of 
two-dimensional regular schemes, it uniquely extends to a morphism 
X" — Xy,x(N,7)zi1) from the scheme X’ > X1,x(M,r)zj1) obtained 
by blowing up finitely many times at finitely many closed points of 


(8.65) 


60 8 MODULAR CURVES OVER Z 


X1,*(N,1)zi2) — Yi,x(N,1)z[2]- We then show that a morphism szq : 
X1,%(N, 7) 22] > X1,.(M, ") 22] is obtained without taking blowups. 
Dividing these by the action of GL2(Z/rZ) and patching them up, 
we obtain the morphism sg : X;(N)z — X\(M)z. A similar proof 
works for sg: Xo(N)z 4 Xo(M)z. go 


QUESTION. Complete the proof of Lemma 8.79. 


CHAPTER 9 


Modular forms and Galois representations 


As we announced in Chapter 2, in this chapter we construct Ga- 
lois representations associated with modular forms. We show that 
these satisfy the required conditions using Theorems 8.63 and 8.66, 
which are fundamental properties of modular curves over Z, shown 
in Chapter 8. In addition, we will prove Theorem 3.52 and a part 
of Theorem 3.55, which concern ramifications and levels of Galois 
representations associated with modular forms. 

In §9.1, we define some fundamental objects such as Hecke al- 
gebras with Z coefficients, and then we study Galois representations 
associated with modular forms using properties of modular curves 
shown in Chapter 8. In §9.2, we show Theorem 9.16 about the con- 
struction of Galois representations associated with modular forms. 
The key fact here is the congruence relation (Lemma 9.18), which is a 
consequence of Theorem 8.63(3) concerning the semistable reduction 
of modular curves. In §9.3, we show the relation between the Hecke 
algebras with Z coefficients and modular mod @ representations. In 
§9.4, we prove Theorem 3.52, which is about the ramification of ¢-adic 
representations associated with modular forms and the level of mod- 
ular forms. In §9.5, we study the action of the Hecke algebras on the 
image of the space of modular forms of lower level. The proof of the 
statements in this section requires only the modular curves over C, 
and we do not need modular curves over Z. In §9.6, we study the 
reduction mod p of the Jacobian of Xo(Mp), p{ M. The results here 
will play a crucial role in the proof of a part of Theorem 3.55 in §9.7. 


9.1. Hecke algebras with Z coefficients 


Let N > 1 be an integer. Let Jo(N)q be the Jacobian of the 
curve Xo(N)q. Jo(N)q is an abelian variety over Q. In Chapter 2, 
we defined the space S(NV) of modular forms with Q coefficients as 
T'(Xo(N), 21). From here on, we write it as So(NV) instead of S(N) in 
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order to distinguish with the spaces of modular forms S,;(N) C S(N), 
which we will define later. By the natural isomorphism (D.16), 


(9.1) T(Jo(N)Q; %,(v)9/Q) —_ T(X0(N)aQ, (J 9/Q) = So(N), 


we identify as So(N) =T(Jo(N)qQ,2?). 

In Definition 2.31 we defined the Hecke operator T, : So(N) > 
So(N) for each integer n > 1. There, we used the finite flat morphisms 
8,t: Xo(N,n) > Xo(N)q of curves over Q and defined it as T;,, = $40 
t*. From now on, we change the notation to denote s,t : Xo(N,n) > 
Xo(N)q by Sn, tn : Io(N,n) > Xo(N)q instead. The curve Ip(N,n) 
over Q is the compactification of the coarse moduli scheme of the 
functor that associates to a scheme T over Q the set 


isomorphism classes of triples (FE, C, C,,), where 

__ ) E& is an elliptic curve over T, C a cyclic sub- 

Zo(N,n)(T) = group scheme C of order N, and C,, a subgroup 
scheme of order n such that CNC, =0 


The morphisms s,, tn : Ip(N,n) — Xo(N)q are defined by sending 
(E,C,C,) to (E,C) and (E/C,, (C + C,)/Cn), respectively. Define 
the Hecke operator T, : Jo(N)q — Jo(N)q as the endomorphism 
Tn = tn» 0 8% of J(N)q. If Ci (¢ € I) are connected components of 
Ip(N,n), then T;,, is the composition 


T](salo;)* 
Jo(N)q = Jac Xo(N)q ———> | J Jac; 
iel 
T(talo,)« 
—+——> Jac Xo(N)q = Jo(N)a. 


By the identification of (9.1), So(N) = I'(Jo(N)a,&!), the Hecke 
operator T;, : So(N) — So(N) coincides with the pullback by T,, : 
Jo(N )Q > Jo(N)a. 


DEFINITION 9.1. Let N > 1 be an integer. Define the Hecke al- 
gebra To(N)z, as the subring of End(Jo(N)q) generated by the Hecke 
operators T,, n = 1, 2,3,..., i-e., 


(9.2) To(N)z = Z|Tn,n = 1,2,3,.. ] Cc End Jo(N)a. 


The Hecke algebra To(N)z C End Jo(.N)q defined above can be 
identified with a subalgebra of the Hecke algebra T(N) C End So(N) 
as follows. 
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LEMMA 9.2. To(N)z is a commutative algebra and is finitely gen- 
erated as a Z-module. To T € To(N)z C EndJo(N)aq, we associate 
T* € EndI'(Jo(N)Q, 2!) = End So(N). Then, we obtain an isomor- 
phism of commutative algebras 


(9.3) To(N)z ®z Q=To(N)q — T(N). 


The isomorphism (9.3) sends the Hecke operator T, : Jo(N) > Jo(N) 
to the Hecke operator T;, : So(N) — So(N). 


PROOF. Since End Jo(N)q is a finitely generated free Z-module 
by Proposition A.51(1), so is the submodule To(N)z.- 

Since the Hecke operator T,, : So(N’)) + So(V) is the pullback T;* 
of the Hecke operator T;, : Jo(N)@ > Jo(N)q, we obtain a surjective 
homomorphism To(NV)z ®z Q — T(N). By Proposition A.51(3), 
this is injective. By Proposition 2.32, T(N) is commutative, so is 
To(N)z. 0 


From now on, we identify T(N) with To(.N))q through (9.3). 


COROLLARY 9.3. Let K be a field of characteristic 0, and let 
f € So(N)x be a primary form with K coefficients. The subfield 
Ky = Q(an(f),n > 1) of K is a finite extension of Q, and an(f) is 
an algebraic integer for each integer n > 0. 


Proor. Let ys : T(N) = To(N)q — K be the ring homomor- 
phism defined by the primary form f. Since Ky is the image of 
pf: To(N)q — &K, it is a finite extension of Q. Since an(f) = ys (Tn) 
is in the image of To(N)z, it is an algebraic integer. Oo 


EXAMPLE 9.4. If go(N) = 0, then To(N)z = 0. If go(N) = 1, 
then To(N)z = Z. If f = 7°, an(f)q” is the unique primary form 
of level N, then T, = an(f). 


The Atkin—Lehner involution w = wn : Xo(N)q 7 Xo(N)aq 
induces the involution of Jo(N)a@, w = wx : Jo(N)q > Jo(N)a. 


LEMMA 9.5. Let N >1 andn> 1 be integers. 
(1) The endomorphism T* = Sn» 0ot* of Jo(N)q satisfies woT, = 
Tow. 
(2) Ifn and N are relatively prime, then we have Tx = Ty. 
PRooFr. (1) Let T be ascheme over Q. For a triple (E,C,C,) € 


Ip(N,n)(T), let BE’ = E/(C+C,). If we let C’ be the kernel 
of the dual of E/C, — E’ and C?, be the kernel of the dual of 
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E/C — E’, then we have (£’,C’,Ci)) € ZIp(N,n)(T). Sending 
(E,C,C,) to (£’,C’,C!,), we obtain a morphism Ww : Ip(N,n) > 
Io(N,n). We have w? = id, and the diagram 


Xo(N)q —2— In(N,n) —-> Xo(N)@Q 


Xo(N)q <—— In(N,n) —2> Xo(N)aQ 
is commutative. The assertion follows easily from this. 
(2) Define a morphism v : Ip(N,n) — Ip(N,n) by sending 
(E,C,Cn) to (E/Cn,C + Cn/Cn, E[n|/C,). Then, we have v? = id, 
and the diagram 


Xo(N)q —— In(N,n) —— Xo(N)aq 


| | | 


Xo(N)q <— Io(N,n) —— Xo(N)aq 
is commutative. The assertion follows easily from this. O 


Let Xo(N)*" be the compact Riemann surface associated with 
the curve Xo(N)aq, and let Hi(Xo(N)*", Z) be its singular homol- 
ogy group. The complex torus Jo(N)*" defined by the abelian vari- 
ety Jo(N)q can be identified with Hom(So(N), C)/Hi(Xo(N)*", Z) 
through the isomorphism (D.9). Define the Hecke operator T, on 
Hi (Xo0(N)*", Z) by T, = ts 0 s*. Through the injective morphism of 
algebras 


End Jo(N)q — End Ai(Jo(N)*, Z) = End Ai(Xo(N)*, Z), 
Hy (Xo0(N)*", Z) is a To(N)z-module. 


PROPOSITION 9.6. Hi(Xo(N)*", Q) is a free To(N)q-module of 
rank 2. 


ProoF. By Proposition 2.55, Hom(So(N)q, Q) is a free To(N)q- 
module of rank 1. Thus, Hom(So(N)c, C) is a free To(N )c-module of 
rank 1 and a free To(N’)R-module of rank 2. The natural isomorphism 
(D.8) gives an isomorphism of To(V)R-modules 


Ay (Xo(N)*", Q) @Q R > Hom(So(N)c, C). 
Thus, Hi(Xo(N)*", Q) @q R is a free To(N)p-module of rank 2. 


Since To(N)r is faithfully flat over To(N)Q, H!(Xo(N)*",Q) is a 
free Ty(N)q-module of rank 2. O 
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Hy (X0(N)*", Z) is the dual of the singular cohomology group 
H1(X0(N)*", Z), and thus, by the Poincaré duality, it is naturally 
isomorphic to H!(Xo(N)#", Z(1)). The cup product of cohomology 
H*(Xo0(N)*, Z(1)) x H1(Xo(N)?", Z(1)) > Z(1) is nondegenerate, 
and it induces a nondegenerate alternating form 


(, ): Ai(Xo(N)™*, Z) x Hy (X(N), Z) > Z(1). 


For a € Hy(Xo(N)*",Z), define fa : Hi(Xo(N)*",Z) > Z(1) by 
fa(b) = (a, wb). By the Poincaré duality, the mapping 


(9.4) Ay (Xo0(N)*", Z) —> Hom(Ai(Xo0(N)*, Z), Z(1)) 


that sends a to f, is an isomorphism of Z-modules. We consider 
Hom(Ai(Xo0(N)", Z), Z(1)) as a To(N)z-module through Tf(b) = 
f(T). 


LEMMA 9.7. The mapping (9.4) is an isomorphism of To(N)z- 
modules. 


PRooF. It suffices to show that (9.4) is a morphism of To(N)z- 
modules. For a,b € Hi(Xo(N)", Z) and n > 1, we have (Tra, wb) = 
(a,T*wb). Thus, by Lemma 9.5(1), we have (T,a,wb) = (a,wT,)), 
and thus (9.4) is a morphism of To(V)z-modules. Oo 


COROLLARY 9.8. (1) The To(N)q-module Hom(To(N)q, Q) is 
isomorphic to To(N)q. 
(2) The To(N)aQ-module So(N)qQ is isomorphic To(N)aq- 


PROOF. (1) Since we have Homa(Ai(Xo(N)*", Q), Q(1)) = 
Hom, (1v)q(H1(Xo(N)*", Q), Homa (To(N)q, Q(1))), by Lemma 9.7 
and Proposition 9.6, Hom(To(N)q, Q(1))? is a free To(N)Qq-module 
of rank 2. The assertion follows immediately from this. 

(2) The To(N)q-module Homa(So(N)q, Q) is isomorphic to 
To(N)q. Thus, by (1), So(V)q = Home(Homa(So()aq, Q), Q) is 
isomorphic to To(N)q. oO 


DEFINITION 9.9. Let N > 1 be an integer. Define a positive 
definite Hermitian form on the space of modular forms So(N)c by 


Vad P 


fAG 
8n? J x.(N)(C) 


for f,g € So(N)o =T(X0(N)c,2'). (f,g) is called the Petersson 
product. 


(9.5) (f,9) = 
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LEMMA 9.10. Let N > 1 be an integer, and let n > 1 be an integer 
relatively prime to N. Then, the Hecke operator T, : So(N)c 7 
So(N)c its self-adjoint with respect to the Petersson product. 


PROOF. The adjoint operator of T, is T*. Thus, the assertion 
follows immediately from Lemma 9.5(2). O 


COROLLARY 9.11. Let N > 1 be an integer. 


(1) The reduced Hecke algebra with R coefficients Tj(N)r C To(N)r 
generated by T, with (n, N) = 1 is isomorphic to the product ring 
Rdim To(N)R . 

(2) The reduced Hecke algebra with Q coefficients Tj(N)q C To(N)aq 
is generated by T, with (n,N) = 1 is reduced. Let Bo(N) = 
SpecTo(N)Q, and K; the residue field for f € ®o(N). Then, 
we have To(N a = ITyca.iny) KF, and each Kf is a totally real 
field. 

(3) Let f € So(N)c be a primitive form with complex coefficients. 
Then, an is a real number for all integers n > 1. 


PROOF. (1) Commutative Hermitian matrices can be diagonal- 
ized simultaneously. 

(2) Follows immediately from (1). 

(3) If f is a primitive form, then by Corollary 2.61, we have 
Q(an(f);n > 1) = Q(a,(f); (n, N) = 1). Thus, the assertion follows 
immediately from (1). Oo 


So far we have treated modular forms defined as differential forms 
on Xo(N)q, but modular forms defined as differential forms on X;(N) 
also have similar properties. Let N > 1 be an integer. Let S|(N) = 
T(X1(N)q,1). Let Ji(N)q be the Jacobian of the curve X1(N)q. 
It is an abelian variety over Q. Through the natural morphism (D.16) 


(9.6) T(Ai(N)Q, 2) 3 T(X1(N)q,2?) = S1(N), 


we identify as $;(N) =I(Ji(N)q,'). All the properties of $,(N) 
and J\(V) we describe below are proved similarly to the properties 
of So(N) and Jo(N)q. So we omit the proofs. 

For each integer n > 1, the Hecke operator Tn, : Ji(N)q — 
Ji(N)q is defined as follows. Let I,(N,7) be the compactification of 
the coarse moduli scheme of the functor that associates to a scheme 
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T over Q the set 


isomorphism classes of triples (E, P,C), where F is an 
elliptic curve over T, P is a point of F of exact order N, }. 
and C is a subgroup of degree n such that (P) NC = 0. 


I,(N,n) is a proper smooth curve over Q. To (E,P,C), associat- 
ing (E, P) and (E/C,image of P), respectively, we obtain finite flat 
morphisms Sn,tn : 11(N,n) > X1(N)q of curves over Q. Define an 
endomorphism T;,, by T;, = tnx 0 s%. We call it the Hecke operator. 
We define the Hecke operator T,, : S;(N) — Si(V) as the pullback 
of Tr : Ji(N)q > Ji(N)q. For a € (Z/NZ)*, the diamond operator 
(a) : Xi(N)q — Xi(N)q induces an automorphism (a) = (a), on 
Ji(N)q and an automorphism (a) = (a)* on $i(N). 
The Hecke algebra T;(N)z is defined as the subalgebra 


(9.7) Ti(N)z = ZT,;n > 1, (a);a € (Z/NZ)*] 


of End J;(N)q. The Hecke algebra T;(N)z is commutative and we 
have 


(98) SoTan* = TT 0 - Typ + (opp?) 
n=1 


p:prime 
Here we defined (p) = 0 for p| N. By (9.8), we have 
T,(N)z = Z[Tp;p : prime, (a);a € (Z/NZ)*]. 


T,(N)z is a finitely generated free Z-module. 

Define a morphism w : X1(N)q¢ey) 7 X1(N) aren) as follows. 
For an elliptic curve FE, let ( , )w : N: E[N] x E[N] — un be the 
Weil pairing. Regard T as a scheme over Q(¢n). Let E’ = E/(P) 
for the pair (EF, P) € M,(N)(T), and let P’ be the image of Q € 
E|[N] satisfying (P,Q)n = ¢n. Then, we have (E’, P’) € M,(N)(T). 
Sending (E, P) to (E’, P’), we obtain a morphism w : X1(N)aq¢en) > 
Xi(N)accy): We have w? = (-1). 

Let n > 1 be an integer. We define an involution w : (N,n)accy) 
+ I(N,n)accy) as follows. Let T be a scheme over Q(¢y). For a 
triple (EZ, P,C) € Ti(N,n)(T), let E’ = E/((P) +C), let P’ € E’[N] 
be the image of a point Q@ in E/C satisfying (image of P,Q) = ¢n, 
and let C’ be the kernel of the dual of E/C — E’. Then, we have 
(E', P’,C’) € T,(N,n)(T). Sending (E, P,C) to (E’, P’,C’), we ob- 
tain a morphism w : )(N,n) > h(N,n). We have w? = (-1). The 
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Xi(N)g —2*— L(N,n) —-> Xi(N)@ 


“| al | 
Xi(N)qg —— (N,n) —> Xi(N)a 


is commutative. From this we have woT, = T7 ow. 

Let n > 1 be an integer relatively prime to N. Let vu: )(N,n) > 
I,(N,n) be the morphism defined by sending a triple (E,P,C) to 
(E/C, image of P, E/C). Then, v is an automorphism, and the dia- 
gram 


Xi(N)g —2— L(N,n) —-> Xi(N)e 


| zl | 

Xi(N)q —+— h(N,n) +> X(N)e 
is commutative. Thus, the endomorphism T* = s, 0 t* of Ji(N)q is 
equal to (n) o T,. We have w o (a) = (a) ow for a € (Z/NZ)*. 

For an integer n > 1, we define the Hecke operator T,, of the 
singular homology group Hi(Xi(N)",Z) by T, = t, 0 s*, and for 
a € (Z/NZ)* we define the diamond operator (a) by (a) = (a)«. 
Ay (Xi(N)*", Z) is a T1(N)z-module, and Hi(X1(N)", Q) is a free 
Ti(N)q-module of rank 2. Define an isomorphism of T; (V)z-modules 


(9.9) Ay (X(N), Z) — Hom(Ai(X1(N)?", Z), Z(1)) 


by sending a € H,(X1(N)?", Z) to the linear form Hi(Xi(N)*", Z)> 
Z(1) that send 6 to (a,wb). The T1(N)q-module Hom(Ti()q, Q) 
is isomorphic to Ti(N )q. 

The Petersson product on Si(N)c is defined by 


vail 


8x? J x,(N)(C) 


(9.10) (f,9) = 


FAG 

for f,g € Si(N)c =I (Xi1(N)c, 21). For an integer n > 1 relatively 
prime to N, the adjoint operator of the Hecke operator T, is (n)~} o 
Tn, and the adjoint of (n) is (n)—!. By the fact that commuting nor- 
mal matrices can be diagonalized simultaneously, the reduced Hecke 
algebra with complex coefficients T](N)c = C[Tn, (n); (n, N) = 1] Cc 
Ti(N)c is isomorphic to the product ring C#™71()c, The reduced 
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Hecke algebra with rational coefficients Tj(N)q = Q[Tn, (n); (n, N) = 
1] C Ti(N)q is isomorphic to the product ring of a finite number of 
number fields. 

The relation between S;(N) and So(V) and that between T,(N) 
and To(V) are as follows. The natural morphism X)(N)q > Xo0(N)q 
that sends (EF, P) to (E,(P)) induces a surjective morphism of Ja- 
cobians J;(N)qg — Jo(N)q. The pullback by this morphism de- 
fines a natural injective morphism So(V) > Si(N). Since Xo(N)q 
is the quotient of X,(N)q by the action of the diamond operators 
(Z/NZ)*, we identify So(N) with the invariant part S,(N)‘2/"2)* 
through the natural injection So(N) > S,(N). For an integer n > 1, 
the diagram 


Xi(N)q 2— L(N,n) —2+ Xi(N)e 


l t l 


Xo(N)q <“*— Io(N,n) —*> Xo(N)a 
is commutative. Moreover, the two squares induce isomorphisms 
I\(N,n) — (the normalization of Io(N,n) xx (w)q X1(N)qQ)), the 
natural surjection Ji(N)q — Jo(N)q is compatible with the Hecke 
operator T,. Thus, we define a ring homomorphism T,(N)z 7 
To(N)z by sending T, to T, for any integer n > 1 and (a) to 1. 
The natural surjection Ji(N’))q — Jo(N)q and the natural injection 
So(N) + S,(N) are compatible with Ti(N)z — To(N)z.- 

By Proposition 8.69, the pair (E,, P) of the Tate curve E, and its 
point P = (0, ¢n) of order N defines amorphism e : Spec Q(¢n)[[g]] > 
X1(N)q. For an extension K of Q(¢n), e* : Si(N)x > K[q]]dq is 
injective. If e*f = 77°, an(f)q" 4 for a modular form f € Si(N)x, 
we call the power series >>, an(f)q” the g-expansion of f. Since 
the diagram 


Spec Q(¢w)[[q]] ——> Xi(N)a 


! ! 


Spec Q{[q]] —— Xo()a 
is commutative, so is the diagram 
SoN)x —— K{fall 


| | 


Si(N)x —— K[[q]]- 
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Let K be a field of characteristic 0. A modular form f € S,(N)x 
= Si(N) @q K is called a primary form if f is an eigenvector of all 
T €T(N)z and a,(f) = 1 € K(¢y). Define a ring homomorphism 
pr : Ti(N)z > K by Tf = ¢;s(T)f, and we obtain a one-to-one 
correspondence between primary forms with K coefficients and the 
ring homomorphisms y+ : Ti(N)z — K. For a primary form f with 
K coefficients, each coefficient an(f) = ys(Tn) of the g-expansion is 
an algebraic integer. The subfield Q(an(f),n > 1) of K is a finite 
extension of Q. 

For a primary form f € S,(N)x with K coefficients, the character 
€ = ef : (Z/NZ)* — K™ defined by (a)f = e(a)f is called the 
character of f. ef is the composition of (_ ) : (Z/NZ)* > T,(N)Z 
and yy : Ti(N)z — K*. For an integer n > 1, we have ys(Tn) = 
an(f), and for a € (Z/NZ)*, we have y;+((a)) = €f(a). 

For relatively prime integers N, M > 1, the quotient of X,;(NM) 
by the subgroup (Z/NZ)* C (Z/NMZ)”* is denoted by Xo,1(N, M). 
Let Joi(N, M) be the Jacobian of Xo,1(N, M), and define the Hecke 
algebra Ty,1(N,M)z as the subring Z[T,;n > 1, (a);a € (Z/MZ)*] 
of End Joi (N, M) generated by the Hecke operators T,,, n > 1, and 
the diamond operators (a), a € (Z/MZ)*. 


9.2. Congruence relations 


In this section we construct Galois representations associated 
with modular forms. Let N > 1 be an integer, and let 2 be a 
prime number. Let TpJo(N) = lim Jo(N)[2"](Q) be the Tate mod- 


ule of the Jacobian Jo(N), and let VeJo(N) = TrJo(N) @z, Qe. 
These naturally possess the action of the absolute Galois group Gq = 
Gal(Q/Q). Define the action of T € To(N)z C End Jo(N) as Ty. 
Then, T;Jo(N) and VeJo(N) become the To(N)z @z Ze = To(N)z,- 
module and To(N)z @z Qe = To(N)aq,-module, respectively. The 
absolute Galois group Gq acts on TyJo(N) and VzJo(N) as an au- 
tomorphism of To(N)z,-module and To(N)q,-module, respectively, 
and these define é-adic representations of Ga. 

An isomorphism of To(V)z-modules H;(Xo(N)", Z) ® Z/L"Z > 
Jo(N)[£"] is induced by the natural isomorphism of complex tori 
So(N)c/HAi(Xo(N)*", Z) > Jo(N)*". It induces an isomorphism of 
To(N)z,-modules Hi(Xo(N)*", Z) @ Ze — TrJo(N) and an isomor- 
phism of To(N)q,-modules Hi(Xo(N)*", Z) @ Qe > VeJo(N). 

Similar facts hold for TyJ,(N) and VpJi(N). 
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LEMMA 9.12. Let N > 1 be an integer, and let £ be a prime 
number. 
(1) VeJo(N) ts a free To(N)Q,-module of rank 2. 
(2) VeJi(N) = TeJi(N) @z, Qe is a free T;(N)Q,-module of rank 2. 
(3) The natural morphism Xi(N)q > Xo(N)qQ induces an isomor- 
phism of To(N)a@,-modules 


(9.11) VeJi(N) ®r,()Q, To(N ae — VeJo(N). 
PROOF. (1) We have an isomorphism of To(V)g,-modules 
Hy (Xo(N)*", Z) ® Qe > VeJo(N), 
and the assertion follows immediately from Proposition 9.6. 
(2) Similar to (1). 


(3) The mapping (9.11) is a surjective morphism of free modules 
of rank 2, which ought to be an isomorphism. Oo 


Taking a basis of VeJo(N) over To(N)aq,, we obtain a continuous 
representation Gq > GL2(To(N)a,). The same is true for VeJ;(N). 
In this section we prove the following theorem. 


THEOREM 9.13. Let N > 1 be an integer, and let £ be a prime 
number. The £-adic representation VeJo(N) of Ga is unramified at 
primes p{ N&. The characteristic polynomial det(1—Ypt : VeJo(N)) € 
To(N)a, |t] of the Frobenius substitution pp is given by 


det(1 — Ypt : VeJo(N)) = 1 —Tpt + pt?. 


COROLLARY 9.14. Let € be a prime number, and let K be a finite 
extension of Qe. Let f € So(N)x be a primary form of level N with 
K coefficients. Let Vy be the tensor product VeJo(N) ®r9(n)q, K with 
respect to the ring homomorphism To(N)q, > K defined by f. The 
£-adic representation Vy of Ga is unramified at primes p not dividing 
Né, and we have 


det(1— Ypt : Vs) =1—a,(f)t + pt?. 


Theorem 3.18(1) follows immediately from Corollary 9.14 by tak- 
ing a lattice in Vs stable under the action of Gq. 


EXAMPLE 9.15. Let f = )-7°, an(f)g” be the unique primitive 
form of level 11, and let F = Xo(11). If 2 is a prime number, T?F is 
the é-adic representation associated with f, and we have 


det(1 — ypt : TeE) =1—ap(f)t + pt? 


72 9. MODULAR FORMS AND GALOIS REPRESENTATIONS 


for all primes p # £,11. The solution (5,5) to the equation y? + y = 
z* — x? — 10x — 20 is a point of order 5, and if p # 11, we have 
5|HE(F,). Thus, we have ap(f) = p+1 mod 5. 


By Lemma 9.12(3), Theorem 9.13 is reduced to the following 
theorem. 


THEOREM 9.16. Let N > 1 be an integer, and let £ be a prime 
number. The £-adic representation V2J;(N) of Gq is unramified at 
primes p not dividing N£, and we have 


(9.12) det(1 — Ypt : VeJi(N)) = 1 — Tot + p(p)t?. 


COROLLARY 9.17. Let £ be a prime number, and let K be a fi- 
nite extension of Qe. Let f € Si(N)x be a primary form of level N 
of character € with K coefficients. Define the tensor product Vz = 
VeJi(N) @ro(N)q, K by the ring homomorphism T;(N)Q, + K cor- 
responding to f. The £-adic representation V; of Gq is unramified at 
primes p not dividing N2, and we have 


det(1 — ypt : Vy) =1—a,(f)t+ e(p)pt?. 
The character det Vs of Ga is the product of the £-adic cyclotomic 
character and the composition Ga — Gal(Q(¢w)/Q) = (Z/NZ)* + 
ox: 

PROOF OF THEOREM 9.16. Let p be a prime number not divid- 
ing Né. By Theorem 8.63(2), X1(V)z has good reduction at p. Thus, 
by Lemma D.18, Ji(N) has good reduction at p and VjJi(N) is an 
é-adic representation good at p. 

We show (9.12). We regard VjJi(N)r, as a Ti(N)aQ,-module 
through the injection End J;(N) — End Ji(N)p, in Lemma D.11(2). 
The natural isomorphism V;Ji(N)q — VeJi(N)r, in Lemma D.18 is 
an isomorphism of Ti(V)q,-modules. Thus, we have 


det(1 — Ypt : VeJi(N)Q) = det(1 — ypt : Vesti (N)r,)- 


If F : J\(N)p, > Ji(N)p, is the Frobenius endomorphism, then as 
in the proof of Proposition 3.15, the action of Frobenius substitution 
Yp on VeJi(N)p, is the same as the action of F on VzJi(N)r,. Thus, 
it suffices to show 


det(1— Ft: VeJi(N)p,) = 1—Tpt + p(p)t?. 


Let V: Ji(N)r, — Ji(N)r, be the dual of F. V is the pullback F* by 
the morphism F : X;(N)r, > X1(N)r,, and we have FV = VF =p. 
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LEMMA 9.18. Let N > 1 be an integer, and let p be a prime 
number not dividing N. 


(1) The following relation of endomorphisms of Ji(N)r, holds 
(9.13) Tp = F + (p)V. 
(2) Let Cn be an Nth root of unity, and let w = wy be the Atkin- 


Lehner involution defined by Gy. Then the following relation of 
endomorphisms of Ji(N)r,(¢y) holds 


Vw = w(p)Vv. 
The relation (9.13) is called the congruence relation. 


PROOF. (1) Since p is a prime, we have I;(N,p) = X1,0(N,p). 
If s,t : Xi,0(N,p) > X1(N) are natural morphisms, we have T, = 
t, 0 s* : Ji(N) > Jio(N,p) — Ji(N) by the definition of Hecke 
operators. By Theorem 8.76, Xi,0(N,p) is semistable at p. Let 
Jr 0(N, P)F, be the abelian part of Ji,0(N, PE: By Theorem A.49(1), 
t, : Ji(N,p) > Ji(N) induces J; (N,P)é, — Ji(N)r,, and the Hecke 
operator T, : Ji(N)r, > Ji(N)p, is the composition Ji(N)r, > 
Jio(N, p)p, > A(N)r,- 

By Theorem 8.76 and Corollary D.21, the morphism 

(30:51) : A(N, Pp), —> Ai(N)r, x Ji(N)p, 

induced by jo, j1 : X1(N)r, > X1(N,p)r, is an isomorphism. Since 
the composition t, o (75,77) : Ji(N)r, x Ji(N)r, > Ji(N)r, equals 
(te © Joes te © ji), Tp = te 8* : Si(N)e, > Ji(N)r, equals (to jo). 0 
(s 0 jo)* + (to 51)» 0 ($0 91)*. Hence, it suffices show 


P 


$0 jo = id, soj=F, 
tojo=F, to ji = (p). 

Since jo : X1(N)r, > X1(N,p)r, maps [(E, P)] to [(E, P, Ker F)], 
we have $0 jo = id and to jo = F. Since j1 : X1(N)r, > X1(N,p)r, 
maps [(E, P)| to [((E®), P‘?), Ker V)], we have so j, = F, and since 
FV =p, we have to 7; = (p). 

(2) Each side is the pullback of an endomorphism of X1(V)r,, 
w-1oF and Fo(p)-!0w7!, respectively. Thus, it suffices to show 
woF = Fowo(p). For an elliptic curve E over F,(¢n) and its section 
P of order N, let @ be a section of order N satisfying (P, Q)n = Cn. 
Then, we have (P‘), Q(°))y = CR. Hence, we have wo F(E, P) = 
w(E®), P®)) = (E®)/(P)), p-1Q©)), and thus woF = (p)~oFow. 
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On the other hand, since we have Fowo(p) = Fo (p)-low = 
(p)-10 F ow, we conclude that wo F = Fowo (p). oO 


We now come back to the proof of Theorem 9.16. Since FoV = p, 

we have 
(1 — Ft)(1 — (p)Vt) = 1 — Tpt + p(p)e? 

by Lemma 9.18. Taking the determinant of each side, we obtain 
det(1—Ft : VeJi(N)r,) det(1—Vt : VeJi(N)r,) = (1—Tpt+p(p)t?)?. 
As in (9.9), the composition V2Ji(N)r, > Hom(V2Ji(N)r,, Qe) of 
the limit of the isomorphism (D.15) and the transpose of the Atkin- 
Lehner involution w}, is an isomorphism of T;(V)q,-modules. By 
Lemma 9.18(2), this isomorphism maps the action of F to the ac- 


tion of the transpose of (p)V, we have det(1 — Ft : VeJi(N)r,) = 
det(1 — (p)Vt: VeJi(N)r,). Thus, we have 


det(1 — Ft : VeJi(N)r,)? = (1 — Tpt + p(p)t?)?. 


If we regard det(1— Ft), 1—Tpt+p(p)t? € 1+T1(N)[[t]] c TN) [A], 
we obtain det(1— Ft) = 1—T,pt+p(p)t® by taking the square root of 
each side. O 


COROLLARY 9.19. Let £ be a prime number, and let K be a finite 
extension of Qe. For an £-adic representation p: Gq — GL2(K) and 
an integer N > 1, the following conditions (1) and (2) are equivalent. 

(1) p is modular of level N. 
(2) p is tsomorphic to a subrepresentation of VeJo(N) a, K. 


PROOF. The reduced Hecke algebra Tj(N)x is isomorphic to the 
product ring pean) x Ky. Thus, VeJo(N)®aQ,K is decomposed into 
the direct sum OD ycacny,, VeJo(N) @r(v)q, Kf- By Theorems 9.13 
and 3.18(2), the semisimplification of VeJo(N) @zy(v)q, Ky is the sum 
of £-adic representations associated with f. The assertion follows from 
this immediately. O 


As a matter of fact, we can prove that VzJo(N)@q, K is semisim- 
ple using Proposition 9.27 for example. However we do not prove it 
in this book. 

If we let p = @ in Corollary 9.17, the following holds. If V is a 
good p-adic representation of Ga,, a filtered Q,[F, V]-module D(V) 
is defined as in §C.2. If A is an abelian variety over Q, having good 
reduction at p and V = V,A, then we have D(V) = D(Ag,). 
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COROLLARY 9.20. Let p be a prime number, and let K be a finite 
extension of Q,. Let N > 1 be an integer relatively prime to p, f € 
Si(N)x @ primary form of lever N, character e, with K coefficients. 
Let Vy be the tensor product VpJi(N) ®r,(v)g, K with respect to the 
ring homomorphism Ti(N)q, > K defined by f. 

(1) The restriction of Vs to Ga, is a good p-adic representation, 
and we have 


det(1 — Ft : D(Vs)) =1—ap(f)t + e(p)pt?. 


The subspace D(V;)' C D(V;+) is one dimensional over K. 

(2) The restriction Vi lea, of V; to Ga, is ordinary if and only if 
ap(f) is a p-adic unit. Suppose ap(f) is a p-adic unit, and we 
write 1—ap(f)t+e(p)pt? = (1—at)(1—pBt), where a and B are 
also p-adic units. We denote simply by a and 6 the unramified 
characters of Ga, whose value at pp are a and B, respectively. 
Let x be the p-adic cyclotomic character. Then, Vilea, is an 
extension of a by B-x. 


PRooF. By Theorem C.6(3), the submodule D(V,J;(V))’ of the 
T,(N)aq,-module D(V;J;(N)) equals S;(N)q, as a T;(N)Q,-module. 
Also by Theorem C.6(3), the quotient D(V,Ji(N))/D(VpJi(N))’ is 
Hom(S;(N)q,,Qp) as a Ti(N)q,-module. Thus, both D(V,J;(N))’ 
and D(V,J;(N))/D(VpJi(N))’ are free T;(N)Q,-modules of rank 1. 
Hence, D(V,Ji1(N)) = D(Ji(N)) is a free T; (N)Q,-module of rank 2. 
By Lemma 9.18(1), we have 


det (1 — Ft: D(VpJi(N))) det(1 — (p)Vt : D(VpJi(N))) 
= (1- Tpt + p(p)t?)’. 
By Lemma 9.18(2), using Theorem C.2 for k = F,(Cn), we see 
det(1 — Ft: D(VpJi(N))) = det(1 — (p)Vt : D(V,Ji(N))) 
in the same way as the proof of Theorem 9.16. Hence, we have 
det(1 — Ft : D(VpJy(N))) = 1—Tpt + p(p)t?. 


Since D(V;) = D(V,Ji(N)) ®z, ()q, X, this is a two-dimensional 
K-vector space, and det(1 — Ft : D(Vs)) = 1 — ap(f)t + e(p)pt?. 
D(V;)’ = Si(N)a, ®7;(N)q, & is one dimensional. 

(2) Clear from (1) and Corollary C.8. 0 
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THEOREM 9.21. Let K be a field of characteristic 0, let f € 
Si(N)x be a primary form with K coefficients, let € be the char- 
acter of f, and let p{ N be a prime number. If we write 1—ap(f)t+ 
e(p)pt? = (1 —at)(1— Bt), then both a and B are algebraic integers 
and the absolute value of any of their conjugates is \/p. 


PROOF. Similarly to Corollary 9.3, ap(f) is an algebraic integer, 
and so are a and £. Replacing K by its subfield K¢=Q(an(f),n2>1), 
we may assume K is a number field. Take a prime number different 
from p. Replacing K by its completion at the place dividing 2, we 
may assume K is a finite extension of Qe. 

By Theorem 9.16, a and £ are the eigenvalues of the action of 
the Frobenius substitution y, on V;J;(N)p,. The eigenvalues of the 
action of the Frobenius substitution y, on VzJ;(N)r, are the eigen- 
values of the action of the Frobenius morphism F : X;(N)r, > 
Xi(N)p, on the étale cohomology group H*(X1(N)g , Qe). Thus, 
by the Weil conjecture, any of the complex conjugates of a and 6 has 
the absolute value ,/p. O 


Theorem 2.47 follows immediately from Theorem 9.21. 


9.3. Modular mod / representations 
and non-EFisenstein ideals 


In this section, we give relations between modular mod ¢ repre- 
sentations and maximal ideals of Hecke algebras with Z coefficients 
or the torsion points of the Jacobian of modular curves. We first 
give the correspondence between modular mod # representations and 
maximal ideals of Hecke algebras with Z coefficients. 


LEMMA 9.22. Let £ be an odd prime number, and let F be a finite 
extension of Fz. Let p: Ga — GLe(F) be an absolutely irreducible 
continuous representation, and let N > 1. Then, the following condi- 
tions (i) and (ii) are equivalent. 

(i) p is modular of level N. 
(ii) There exists a ring homomorphism @ : To(N)z — F’ to a finite 
extension F’ of F such that 


det(1 — p(yp)t) = 1— G(Tp)t + pt? 
for almost all prime numbers p{ N. 


ProoF. Let K be a finite extension of Qg, let f € So(N)x bea 
primary form, and let ys : Ig(N)q — K be the ring homomorphism 
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defined by f. If Fx is the residue field of K, ys : To(N)z 7 K 
induces a homomorphism ¢; : To(N)q > Fx and ¢s(Tp) = ap(f) 
for all prime numbers p. 

Conversely, let F’ be a finite extension of F, and let d : To(N)z 7 
F’ be a ring homomorphism. Let m be the maximal ideal Ker ¢ of 
To(N)z. Take a maximal ideal m’ of the integral closure A of To(N)z 
lying above m. Let O be the completion of A at m’, and let K be 
its field of fractions. K is a finite extension of Q,, and O is its 
ring of integers. Let f be a primary form corresponding to the ring 
homomorphism To(N)z — K, and replace F’ by the compositum 
with the residue field Fx of K. We have ¢+(Tp) = ap(f) for all prime 
numbers p. The assertion now follows immediately from this. O 


COROLLARY 9.23. Let £ be an odd prime number, let F be a 
finite extension of Fe, and let p : Gq — GLo2(F) be an absolutely 
irreducible continuous representation. Let N > 1 be an integer, and 
let  : To(N)z — F be a ring homomorphism such that p is unramified 
at almost all prime numbers p { N and satisfies det(1 — p(yp)t) = 
1 — G(Tp)t + pt?. Then, the following hold. 


(1) For all prime numbers p{ N£, p is unramified at p, and we have 
det(1 — p(yp)t) = 1 — G(Tp)t + pt?. 


(2) If 24 N, p is good at & If D(p) is the F-module obtained by 
applying Theorem C.6 to the restriction of p to Ga,, we have 


det(1 — Ft: D(p)) = 1— G(Te)t + £?. 


Moreover, if p is good and ordinary at é, then Tr(F : D(p)) = 
A(T) equals the value p1,(y~e) € F* at the Frobenius substitution 
ye of the unramified character py, defined by the coinvariant 
quotient of p by the inertia group Ie. 


PROOF. (1) Clear from the proofs of Lemmas 9.22 and 3.26. 
(2) Clear from Corollary 9.20 and the proof of (1). oO 


DEFINITION 9.24. Let N > 1 be an integer, and let m be a max- 
imal ideal of the Hecke algebra To(N)z. Let Fm = To(N)z/m. We 
say that m is an Evsenstein ideal if there exists an integer M > 1 and 
characters a, 8 : (Z/MZ)* — FX such that 

Tp = a(p) + B(p) mod m 


for almost all prime numbers p{ NM. 
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If m is not an Eisenstein ideal, we say that m is a non-Fisenstein 
ideal. 


EXAMPLE 9.25. The maximal ideal (5) of To(11)z = Z is an 
Eisenstein ideal by Example 9.15. If 2 > 3 and @ # 5, then by 
Proposition 4.3, the mod @ representation defined by the é-torsion 
points of F = Xo(11) is irreducible. Thus, by Proposition 9.26 below, 
the maximal ideal (2) of To(11)z is non-Eisenstein. 


A maximal ideal of a Hecke algebra with Z coefficients corre- 
sponds to a modular irreducible mod @ representation if and only if 
it is a non-Eisenstein ideal. 


PROPOSITION 9.26. Let N > 1 be an integer, and let £ be an odd 
prime number. Let m be a maximal ideal of the Hecke algebra To(N)z 
containing £, and let Fm = To(N)z/m be the residue field. Then, the 
following conditions (i) and (ii) are equivalent. 

(i) There exist a finite extension F of the residue field Fy and a 
modular irreducible representation p : Gq > GLoe(F) of level N 
satisfying 

(9.14) det(1 — p(yp)t) =1—Tpt + pt? modm 


for almost all prime numbers pt N. 
(ii) m is a non-Eisenstein ideal. 


PROOF. (i) => (ii). Let f : Gq — GLe(F) be a modular ir- 
reducible representation satisfying condition (i). Suppose m is an 
Bisenstein ideal and we derive a contradiction. If m is an Eisenstein 
ideal and the characters a, 6 : (Z/MZ)* — F% satisfy 


Tp = a(p) + B(p) mod m 


for almost all prime ideals p { NM, then, by Proposition 3.4(3), p 
is isomorphic to the direct sum of the characters a @ 8, which is a 
contradiction. 

(ii) > (i). As in the proof of Lemma 9.22, take a homomorphism 
To(N)z — O to the ring of integers of a finite extension K of Q, such 
that m is the inverse image of a maximal ideal of O. Let f € So(N)x 
be a primary form corresponding to To9(N)z > O C K, and let V be 
the é-adic representation of Ga associated with f. Take an O-lattice 
L of V stable under the action of Gq, and let F be the residue field 
of O. V = L@o F defines a mod £ representation f. f satisfies (9.14) 
for almost all prime numbers p{ N. It suffices to show that if m is a 
non-Eisenstein ideal, f is reducible. 
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Taking the contrapositive, we assume f is reducible and show m 
is an Eisenstein ideal. If p is reducible, the semisimplification of p 
is the direct sum of characters a, 8 : Gq — F%. It suffices to show 
the image of a and f are in FX. If og is the complex conjugate, 
we have aB(do0) = —1,a(d0) = +1, 8(o9) = £1, and thus we may 
assume Q:(0o0) = 1, 8(G00) = —1. By (9.14) and Theorem 3.1, we have 
det(1— p(c)t) € F(t] for any oo. Thus, for any 7 € Gal(F/F,), we 
have {r 0a,7 0 8} = {a, B}. Since To a(og) = 1, we have Toa =a, 
and to 8 = £. Thus, the image of a and £ are in F*, and m is an 


™m?) 


Eisenstein ideal. O 


In general, for a two-dimensional irreducible representation, we 
have the following. 


PROPOSITION 9.27. Let F be a field, let G be a group, and let 
p:G— GLo2(F) be an absolutely irreducible representation. Let V = 
F? be the representation space of p. Let W be a finite-dimensional 
representation of G over F,, and suppose the action of each g € G on 
W satisfies g? — Tr(p(g))-g +detp(g) = 0. Then, W is isomorphic 
to the product of copies of V as a representation of G. 


PROOF. The ring homomorphism from the group algebra p : 
F[G] — M2[F] induced by p : G > GLo(F) is denoted also by p. 
Since p: G > GLo(F) is absolutely irreducible, p : F[G] > M2(F) is 
surjective. Let J be the two-sided ideal (g? — Tr p(g)-g +det p(g);9 € 
G). The surjective homomorphism F[G]/J — Mo2(F) induced by 
p : F[G] > M2(F) is also denoted by p. Since the ring M2(F) is 
semisimple, and a simple M2(F')-module is isomorphic to F?, it suf- 
fices to show that the surjective homomorphism p: F[G]/J > M2(F) 
is an isomorphism. 

Define an anti-involution * of F[G] by g* = det p(g)-g~+. We 
have *” = 1. Since we have 


(9? — Tr p(g) -g + det p(g))* 
= det p(g)” - g~? — Tr p(g) - det p(g) - g~* + det p(g) 
= det p(g)(g? — Tr p(g) -g +det p(g))9~7, 


the anti-involution * preserves the ideal J. The anti-involution of 
F([G]/J induced by * is also denoted by *. Define an anti-involution 
* of M2(F) by A* = Tr(A) — A. Since we have 


9° — (Tr p(g) — 9) = (g* — Tr p(g)- 9 + det p(g))g~* € J, 
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the ring homomorphism p: F[G]/J > M2(F) is compatible with the 
anti-involution *. 

For any x € F[G]/J, we have z + x* = Tr p(x). We show rz* = 
det p(x) for x € F[G]/J. Since p(xz*) = p(x)p(x)* = det p(x), rxz* = 
det p(x) and xz* € F are equivalent. Since 


(zr+y)(xt+y)* =rz* + yy* +2ry* + (ry*)* = cz* + yy* + Tr p(zy"*), 


{x € F[G)/J|xx* € F} is a linear subspace of F[G]/J. This sub- 
space contains the image of G, which implies that it is the entire 
space. It follows immediately from this that the multiplicative group 
(F[G]/J)* equals {x € F[G]/J| det p(x) # 0}. 

We show p : F[G]/J — Mo(F) is injective. It suffices to show 
for x € Ker, that the annihilator Ann z = {y € F[G]/J|yz = 0} 
equals the entire F[G]/J. If x € Ker p, then x* = —z. Ify € F[G]/J, 
we have yx € Kerp and thus yr = —(yz)* = —2x*y* = ry*. Hence 
for y,z € F[G]/J, we have yzx = z(yz)* = xz*y* = zry* = zyz. 
This implies Ann x D {yz — zy | y,z € F[G]/J}, and thus Ann z is 
a two-sided ideal of F[G]/J. Since p(Ann 2) is a two-sided ideal of 
M2(F) containing {AB-— BA|A, B € M2(F)}, it is the entire M2(F). 
Thus, Ann x contains an element y satisfying p(y) = 1. Since this y 
is an invertible element of F[G]/J, we have Ann x = F[G]/J. This 
proves x = 0. O 


We now give the relation between modular mod £@ representations 
and the torsion points of the Jacobian of modular curves. 


LEMMA 9.28. Let N > 1 be an integer, let 2 be an odd prime num- 
ber, and let m be a non-Eisenstein maximal ideal of the Hecke algebra 
To(N)z containing . Let F be a finite extension of Fm = To(N)z/m, 
and let p: Gq > GLe(F) be a modular irreducible representation of 
level N satisfying 


det(1 — A(yp)t) = 1 —Tpt + pt? mod m 
for almost all prime numbers p+ N. Let V = F? be the representation 


space. 


(1) Jo(N)[m] = {x € Jo(N)(Q) | ax = 0 for all a € m} is not 0. 
(2) Jo(N)[m] @ry(w)z F is isomorphic to the direct sum of copies of 
V asamod £ representation of Ga. 
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PROOF. (1) Weshow Jo(N)[m] 4 0. If we let Hy (Xo(N)*", Fe) = 
Hy (Xo(N)*", Z) ®@z Fe, then Jo(N)[m] is isomorphic to 


Hy (Xo(N)™, Fe)[m] 
= {x € H\(Xo(N)*", Fe) | az = 0 for all a € m} 


as To(N)z-modules. Since H;(Xo(N)*", Z) is a finitely generated 
To(N)z-module and To(N)z — End Hy(Xo(N)*", Z) is injective, 
the localization H,(Xo(N)*",Fe)m is not 0. Since the localization 
(To(N)z/(2))m is a finite local ring, we have Hy (Xo(N)*", Fe)[m] 4 0. 

(2) Let g{ NZ be a prime number. By Lemma 9.18(1), we have 
the relation T; = F,+V, of the endomorphisms of Jo(N)r,. Thus, as 
endomorphisms of Jo(N)(Fq), we have y? — Typ, + q = F? —T,Fy + 
F,Vq = 0. Hence, for each prime number g { Né, the action of the 
Frobenius substitution y, on Jo(N )r, (m] satisfies ye —Typqgt+q = 0. If 
we let W = Jo(N)[m]@x,()zF, then by Theorem 3.1, the assumption 
of Proposition 9.27 is satisfied. Thus, W is the direct sum of copies 
of V. O 


9.4. Level of modular forms 
and ramification of ¢-adic representations 


In §3 of Chapter 3, we state the following theorem on the level of 
modular forms and ramifications of £-adic representations. 


THEOREM 3.52. Let O be the ring of integers of a finite extension 
K of Qe, and let f be a primitive form of level N with K coefficients. 
Let p¢ : Gq — GL2(O) be the £-adic representation associated with f. 
For a prime number p, the following conditions (i) and (ii) in each 
of (1) and (2) are equivalent. 

(1) (i) ptN. 
(ii) py is good at p. 
(2) (i) p? tN. 
(ii) pz ts semistable at p. 

PROOF OF (i) => (ii). By Theorem 8.63, X(N) has good reduc- 
tion at p if p { N, has semistable reduction at p if p? { N. Thus, 
the assertion follows from Corollary 9.17, Lemmas D.18, D.16, and 
Corollary D.22, and in the case 2 = p, together with the fact that 
det py is the @-adic cyclotomic character. O 


The rest of this section is devoted to the proof of (ii) => (i). It 
uses the detailed structure of Xo,.(N, 17) studied in Proposition 8.57. 
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Let N > 1 be an integer, and let p be a prime number. Write N = 
Mp*, where M > 1 is an integer relatively prime to p. If e = 0, we 
have nothing to prove. So, we assume e > 1. For an integer0 < k <e, 
the finite morphism of modular curves sj. : Xo(Mp°) > Xo(M) 
(8.65) is denoted by s, : Xo(Mp*) — Xo(M) in this section. If e = 1, 
80, $1 : Xo(N) — Xo(M) are the same as s,t : Ip(M,p) > Xo(M), 
which appeared in the definition of Hecke operators. Similarly, for 
an integer 0 < k < e, the morphism s,. : Xo(Mp°) > Xo(Mp) is 
denoted by ty : Xo(Mp*) > Xo(Mp). 

Let r > 3 be an integer relatively prime to N = Mp®. For an 
integer k € Z, let of, be the automorphism of Spec Z(2, Cr] defined 
by p* € (Z/rZ)* = Gal(Q(¢,)/Q). For a scheme X over Z[?,¢,], the 
fibered product X X Spec Z[2 C107 Spec Z[+, ¢,] is denoted by XP"), 


If X is a scheme over Z[?,¢,]/(p) and if k > 0, then this notation 
coincides with the one in §8.1. 
Similarly to s, : Xo(Mp*) — Xo(M), we define 


Sk: Xox(Mp*,r)z2) —> Xo.«(M,r)z(2) 

(E, (C, Cre), @) > (E/Cp,C, a) 
for 0 < k < e. Here, for a cyclic group Cye of order p*, Cp is 
its unique cyclic subgroup of order p*, and for a cyclic subgroup C’ 


of order M and a basis a of E[r], their images in E/C,« are also 
denoted by C and a For P,Q € E[r], the Weil pairing satisfies 


(image of P, image of Q)(z /C,x)ir] = (P, OVE: Thus, the diagram 


Xo,«(Mp*,r)zj2] 3 Xo~(M,r) 2:2 


(9.15) | | 


Spec Z[2,¢] —2+ SpecZ[},G] 


is commutative. By the commutative diagram (9.15), the horizontal 
k 
arrow 8, defines a morphism Xo,x(Mp*,r)z;1) + Xo,«(M, a of 
schemes over Spec Z(2, Cr]. 
Similarly, for 0 < k < e, define 


tk: Xo,*(Mp*, 7) 212) — Xo,*(Mp, 7)z/2) 
(E, (C, Cpe), a) i? (E/Cyx, (C, Corti /Cpe), a). 
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tx defines a morphism Xo,x(Mp*,r)z/2) > Xo,«(Mp,r ) ) of schemes 


Z 
over Spec Z[?,¢,]. Define a morphism (p) : Ha ")z2) > 
Xo,x(Mp°, 7) 2,2) by sending a triple (E,C,a) to the triple 
(E,C,aop). (p) defines a morphism (p) : Xo,«(Mp*,r) 212] = 
Xo,«(Mp*, are of schemes over Spec Z[?, ¢,]. 

In what follows, we choose a maximal ideal p of Z[¢,] lying 
above (p), and we denote by F,(¢,) its residue field Z[¢,]/p. 


PROPOSITION 9.29. Let p be a prime number, let M > 1 be an 
integer relatively prime to p, and let r > 3 be an integer relatively 
prime to N = Mp*. 


(1) To the abelian part Jo,.(Mp*, TRG)? the morphism of abelian 


varieties s* : Jox(M,r)®") + Jo,e(Mp*,r) over Q(¢,) induces 
an ey 


(9.16) Ds: Il Jo, «( (M, Tr) con ) ST Jo, «(Mp*, v)P p(Cr)* 
k=0 k=0 


(2) To the torus part Jo,.(M P°T) BC)? the morphism of abelian 


varieties st: Jo.(M,r)®") > Jox(Mp*,r) over Q(¢,) induces 
an isogeny 


oA 
k 
(9.17) Bt : II Joe (Mp, nr) 5) — Jo.»(Mp*,r)p F,(6,)° 
k=0 k=0 


PROOF. (1) Suppose a < e = a+b. The morphism j, : 
Xo,«(M,r)r, > Xo,«(N,1)r, is defined by 


(E, (C, Ker V°F°®), a) a 
(B®), (CC®) Ker V2F*), a") b 


b, then jg is a morphism over F,(¢,). If 6 < a, the 


(E,C,a)-> 


Thus, ifa < 
diagram 


Xo(M,r)r, oe Xo,x(Mp*,r)r, 


! ! 


a-—b 
Spec F,(¢-) sa ae" Spec F,(¢-) 
is commutative, and the closed immersion j, defines a morphism 
e—2a 
Xoe(M, rn) se Xo,x(N,r)r, over Fp(¢,). 
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By Proposition 8.73 and Corollary D.20, we obtain an isomor- 
phism from the abelian part 
(prin e- 2a)) 
Thus, it aie to show the ern S abelian varieties 
min(0,e—2a) 
Di sx ° ja)" T] Jon(Ming Ro + Toa (Mire) 
a,e 
is an isogeny. As in the proof of Lemma 9.18(1), s,% 0 ja is 


RF ifa<b,k<b,ie, 2a<eatk<e, 
(p)k-b po— (kb) 
= (p)otk-e pee-2a-k  ifa<b<k, ie, 2a<eatk>e, 


Panork — peatk—e ifk <b<a,ie., 2a>e,at+k<e, 
(pyb-b ra-b+b- (kb) 
=p ereepe-k ifb<a,b<k,ie., 2a>eat+k>e. 


As consequence, the determinant det(s,0j,) of the matrix (s,0ja) € 
M.+1(Z[F, (p)]) equals 


(p>? JT] (p)- Free x JT] (i) - FF. 
l<a<e/2 e/2<a<e 


Since (p) — F? : Jo,x(M,r)¥,(¢,) > Jo«(M, oe is étale, the de- 
terminant det(s; © ja) is an isogeny. Thus, @, .(sk °Ja)* is also an 
isogeny. 

(2) Let X, be the character group of the torus Jo,«(Mp*, TP, fp) 
Similarly, define X, for Jo,.(M Ps?) (¢,)° It suffices to show that 


the homomorphism of Z-modules @, tex : Xe + XP* induced by 
D,. th : f6 Jo,«(Mp, r)(P*) + Jo,x(Mp*,r) becomes an isomor- 
phism after tensoring ®Q. 

We describe X, and X, in terms of dual chain complexes. By 
Corollary 8.43, the field of constants of Xo,«(M,r)z/2) ®z/1) Q is 


Q(¢,). Thus, the proper smooth curve Xo,«(M,7r)z2(2) has a geo- 
metrically connected fiber Xo,.(M TG by Theorem A.16. Let 
= = Yo.(M T)E (Cp) be the reduced closed subgroup scheme con- 
sisting of supersingular points, and let © = U(F,(¢,)). By Propo- 
sition 8.73, the set of irreducible components of Xo,+(M. P°T ee 
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is identified with [0,e] = {a ¢ N | 0 < a < e}, and the set of the 
singular points of the reduced part Xo,«(Mp*,r)F, (¢,),rea is identified 
with ©. Furthermore, the inverse image of © in the normalization of 
Xo,x(Mp*,r)F,(¢,),rea is identified with = x [0,e]. Thus, if we let 


Zet! — Ker(Z2t! SZ), 


the dual chain complex of Xo,«(Mp*, ree is identified with 


(ze — Z*t 1), Thus, by Corollary D.20, the character group 
X, is identified with Ker((Z$t')* — Z¢t+!). Similarly, the character 


group X, can be identified with Ker((Z2)* — Z?). Since the rank 
of X_ and the rank of Xf are equal, it now suffices to show that 
Oz the : Xe > XP* is injective. 

Similarly to s, © jg, tk ° ja is calculated as follows: 


jo oO F* ifa<bhk<b,ie., 2a<e,at+tk<e, 
1 0 (py) R—b pro—(k—b)-1 ifa<b<k,ie, 2a<e,atk>e, 
_ i ° (prethoe peen2e—ko1 
joo Fe—'t* = jgo F%tk-e ifk <b<a,ie, 2a>e,at+k <e, 
jy, 0 (p)R-bpa—btb-(k-b)-1_— ifb <a,k, ie, 2a>e,atk>e. 
= ht ° (gor kre peak 


For a supersingular elliptic curve, we have [p] = F?. Thus, (p) : 5 > 
=(’) equals F?. Hence, the mapping tix. : © x [0,e] > X x [0,1] 
induced by t, is given by 

(F*(x),0) if2a<e,at+k<e, 
CREHha) 1) if2a<eat+k>e, 
(F2etk-e(z) 0) if2a>eatk<e, 
(P24tk-e-1g) 1). if 2a >e,a+ k Se; 


ty (z, a) = 


Since the Frobenius morphism F : © > r() is a bijection, 
the automorphism @,,<, id ® Ba, 22° of Z**(%4] and the au- 
tomorphism @, F* © @, Fe! of Z®*e- @ Z**l0e-1 are de- 
fined. The linear mapping Z!¢] — Z[0-1]x{0e—1] that sends the stan- 
dard basis eg € Z!%¢] to aikectue ce eee €1k € Ae 
is injective. The mapping @, tks : Z»x(0.e] _» Dino Z=x(01) — 
Z~*(0e-1] @ Z**[0e-1] is obtained by composing the above automor- 
phisms to the direct sum of injections. Thus, this is also injective. O 
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COROLLARY 9.30. Let p be a prime number, let M > 1 be an 
integer relatively prime to p, lete > 0 be an integer, and let N = Mp*. 
Consider the morphisms of abelian varieties over Q 


(9.18) D si: B Jo(M) — Jo(Mp’), 
k k=0 
e-1 
(9.19) Bei: B Jo(Mp) —> Jo(Mp’). 
k k=0 


(1) Let £ # p be a prime number. The linear mapping @, s% : 
VeJo(M)®et+! — VeJo(N) is injective and induces an isomor- 
phism 


(9.20) VeJo(M)eo** — Velo(N)p,- 


The mapping of the torus parts defined by the morphism (9.19) 
induces an isomorphism 


(9.21) VeJo(Mp)p.° — VeJo(N)r,- 
The invariant part Ve Jo(N)/* by the inertia group is equal to the 
image of 

(9.22) 


(@B sk, D th) : VeJo(M)®+1 © VeJo(Mp)!* ® —s VeJo(N), 
k k 


and it is the direct sum of the abelian part VgJo(N)* and the 
torus part VzJo(N)*. 
(2) The kernel of the morphism (9.18) is finite. The morphism 
(9.18) induces an isogeny @, si: By=o Jo(M)r, > Jo(Mp*)é.- 
(3) The morphism (9.19) induces an isogeny of the torus parts 
iti: Bix Jo(Mp)e, > Jo(Mp*)p, 


PRooF. (1) Let r > 3 be an integer relatively prime to N = 
Mp®. Since Q(¢,) is unramified at a prime ideal p lying above p, 
it suffices to show the assertion after extending the base field to 
Q(G,). Xo(Mp*)acc,) = Xo(Mp*)a @q Q(¢-) is the quotient of 
Xo,«(Mp*,r)q by SL2(Z/rZ). Thus, by Corollary D.14(2), the nat- 
ural mappings 


Veso(Mp*)# (c,) — (VeJo.»(Mp*, reese 


VeJo(MP* ip, (¢,) —? (VeJox (MP*, 1), (¢,)) 02" 
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are isomorphisms. By the isogenies (9.16) and (9.17), we obtain the 
isomorphism (9.10) and (9.21) by taking the SL2(Z/rZ) invariant 
part. The remaining assertions follow immediately from the exact 
sequence (A.5) 


0 > VeJo(Mp*)* > VeJo(Mp*)'? > VeJo(Mp*)* > 0. 


(2) By the isomorphism (9.20), VeJo(M)®*+! — V2Jo(N) is in- 
jective, and the kernel of the morphism (9.18) is finite. By the iso- 
morphism (9.20), QB, 8% : Jo(M gt — Jo(Mp*)%, is an isogeny. 

(3) Clear from the isomorphism (9.21). oO 


PROOF OF (ii) = (i). We show the case p # & The case p = £ 
is similar, and we omit the proof. 

(1) Suppose a modular é-adic representation V+ of level N is 
good at p, and we show V; is modular of level M. By Corollary 9.19, 
we may assume V; is a subrepresentation of VzJo(N) @ K. Let W 
be the image of @, sz : VeJo(M)®¢+! — VeJo(N). Then, we have 
ve = Vy, and thus Vs C VeJo(N)/? @ K. We show V} CW @ 
kK. By Theorem 9.21, the eigenvalues of the action of y, on W are 
algebraic integers, and their complex absolute value equals ,/p. By 
Corollary 9.30(1), the eigenvalues of the action of yp on VeJo(N)/?/W 
is p times a root of unity. On the other hand, we have det(y, : Vs) = 
p. Thus, we have Vj C W @ K. Hence, by Theorem 3.18(2), Vy is 
isomorphic to an irreducible subrepresentation of ViJo(M) @ K. By 
Corollary 9.19, V; is modular of level M. 

(2) Suppose a modular é-adic representation V+ of level N is 
semistable at p, and we show Vy is modular of level Mp. By Corol- 
lary 9.19, we may assume Vj is a subrepresentation of VzJo(N) @ K. 
Let W’ be the image of (@, sz, By, th) : VeJo(M)®**! @VeJo(Mp)®° 
—+ ViJo(N). Then, since Ve # 0, we have V 1(W’ @ K) # O by 
Corollary 9.30(1). Since Vy is irreducible, we have Vy; C W’@ K. 
Thus, V+ is isomorphic to a subrepresentation of VeJo(M) ® K or 
ViJo(Mp) @ K, and thus it is modular of level Mp. Oo 


Similarly to Theorem 3.52, we prove the following. 


THEOREM 9.31. Let p be a prime number N, let M > 1 be inte- 
gers relatively prime to each other and not divisible by p. Lete > 0 be 
an integer. Let £ be a prime number, and let K be a finite extension 
of Qe. Let f € Sio(Mp*, N)x be a primary form with K coefficients, 
and let Vs be the £-adic representation associated with f. 
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(1) The following conditions (i) and (ii) are equivalent. 

(i) Vy ts good at p. 

(ii) Vs 2s modular of level T1,9(M,N). More precisely, there 
exists a primary form g € Sio(M,N)x such that V; is 
isomorphic to the €-adic representation associated with g. 

(2) The following conditions (i) and (ii) are equivalent. 

(i) Vy ts semistable at p. 

(ii) V> ts modular of level T,9(M, Np). More precisely, there 
exists a primary form g € Si,0(M,Np)x such that Vy is 
isomorphic to the £-adic representation associated with g. 


ProorF. If f € S1,0(M,Np*)x, the proof is similar to that of 
Theorem 3.52, and we omit it here. 
We reduce it to the case f € S1,0(M, Np*)x. It suffices to show 
f € Si,0(M, Np*) if Vy is semistable at p. We show in the case ¢ # p. 
We omit the case £ = p. 
Suppose V; is semistable at p. Then, degpy is unramified at p. 
On the other hand, by Theorem 9.16, det p+ is the product of the & 
adic cyclotomic character and the character of f, e¢ : (Z/Mp°Z)* = 
Gal(Q(Curpe)/Q)  K*. Thus, the restriction of e¢ to (Z/p°Z)* C 
(Z/Mp*Z)”* is trivial. Hence, f is contained in the invariant part 
Sio(Mp*, N)(2/P°2)x. The invariant part S1,o(Mp®, N)(2/P°2)* is 
equal to Si1,9(M, Np*)x since the quotient of X19(Mp*, N) by the 
group (Z/p°Z)* is X1,0(M,Np*). This proves f € S1,0(M, Np*)x. 
oO 


As for the ramification at p of the Galois representation associated 
with a modular form of level [;(Mp), the following holds. 


THEOREM 9.32. Let p be a prime number, let M > 1 be an integer 
relatively prime to p. Let 2+ p be a prime number, and let K be a 
finite extension of Qs. Let f € Si(Mp)x be a primary form with K 
coefficient, let e : (Z/MpZ)* — K™* be the character of f, and let Vs 
be the £-adic representation associated with f. Assume the restriction 
€l(z/pz) 2s nontrivial. 

Then, we have a,(f) #0. Leta: Ga, > K” be the unramified 
character defined by a(yp) = ap(f), and let x: Gq > Q> be the é- 
adic cyclotomic character. Then, the restriction of Vs to Ga, is the 
direct sum of the unramified character a and the ramified character 
(x-e)leq, a7} 


We first show the consequence of Theorem 8.77 


9.4. LEVEL AND RAMIFICATION OF £-ADIC REPRESENTATIONS 89 


PROPOSITION 9.33. Let p be a prime number, and let M > 1 be 
an integer relatively prime to p. Define an abelian variety J over Q 
to be the cokernel of the pullback J = Coker(J1,9(M,p) > Ji(Mp)) 
of the natural map Xi(Mp) > Xi(M,p). 


(1) The base change Jayc,) = J ®q Q(¢p) has good reduction at the 
prime ideal p = (¢p—1). If Jp is the reduction mod p of Jacc,); 
the closed immersions jo, j1 : Ig(Mp)r, > X1(Mp) pr (8.61) 
induce an isomorphism 


] 


(9.23) (Jo, 51)” : Jp —> (Jaclg(Mp)r, /Ji(M)r,)”. 


(2) Let £ be a prime number different from p, and let Vode? be 
the invariant part by the action of the inertia group Ip = 
Gal(Q,(¢,)/Qp). Then, jf induces an isomorphism 


(9.24) ff: Ve?” —> Ve Jacle(Mp)r,/Vei(M)r,.- 


(3) The isomorphism (jo,31)* is compatible with the Hecke operators 
T, (¢# p) and the diamond operators (a) (a € (Z/MZ)*). The 
isomorphism jj sends the action of the Hecke operator T, to the 
action of the Frobenius homomorphism F. 


PROOF. (1) By Corollaries 8.78 and D.21, Ai(Mp)aqc,) has 
semistable reduction at p. Moreover, the character group of the 
torus part J;(M Pr, of the mod p reduction J;(Mp)r, is naturally 
isomorphic to the character group of the torus part Jio(M, PP, 
of the mod p reduction of J;,9(M,p)r,. Thus, the natural mor- 
phism Ji0(M, p)p, > Ji(Mp)p, is an isomorphism, and Jay¢,) = 
Coker(Ji,0(M, p)ace,) > Ji(Mp)qcc,)) has good reduction at p. By 
the diagram (8.64), the isomorphisms from the abelian part jj ® jj : 
J,(Mp), > Jaclg(Mp)%, and J§ © if : Jio(M,p)%, > Ai(M)S, 
induce the isomorphism (9.23). 

(2) By Theorem 8.77 and Corollary D.21, we obtain a commu- 
tative diagram 


Jioe(M,p,r)k, Jue(Mbsr)h, > h.(Mp,r)B, 
Gori)* | (ori) | | Goa) 


Jix(M,r)e, —> Jix(M,r)e, x Jaclg(Mp,r)r, —> Jaclg(Mp,r)F,, 
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and the vertical arrows are isomorphisms. Taking the SL2(Z/rZ) 
invariant part of Ve of these abelian varieties, we obtain the commu- 
tative diagram 


VeJio(M,p)e, — Vedi (Mp)e, — Veli(Mp)p, 


(ous) | ous) | | ois) 


Veti(M)e, —> Veli(M)r, x VeJacIg(Mp)r, —> Ve Jaclg(Mp)F,, 
and the vertical arrows are isomorphisms. By Corollary D.13(3), the 
natural morphism V,Ji(Mp)—, = (Ve (Mp)}, )"” is an isomorphism. 


Hence, we obtain the isomorphism 
VeJp? Vi (Mp), /VeJi,o(M, p) B33 Ve Jacle(Mp)r,/Visi (M)r,- 
(3) We omit the proof. O 


PROOF OF THEOREM 9.32. By Theorem 9.16, under the nota- 
tion of Proposition 9.33, we may assume Vy is a subrepresentation 


of VeJ @q, K. Thus, by Proposition 9.33(2), we have V,? = Ven 
(Ve(Jaclg(Mp)r,/Ji(M)r,) ®q, K), and V; = V;? @ V;/V;". If 
we write T;(Mp)q, = Ti,o(M,p)aq, x A, then by Proposition 9.33 
and Lemma 9.12(2), Ve(JacIg(Mp)r,/Ji(M)r,) is a free A-module 
of rank 1. Thus, both V; > and V;/ Ve ? are one dimensional. The 
action of the Frobenius substitution yp on Vp JacIg(Mp)r, ®q, K 
is the same as the action of the Frobenius homomorphism F, and in 
turn, the same as the action of the Hecke operator T, by Proposi- 
tion 9.33(3). Thus, the action of yp on the invariant part Vv, P=VeN 
(Ve(JacIg(Mp)r,/Ji(M)r,) @q, K) is the multiplication by ap(f). 
Hence, ap(f) # 0. Since det py = x - €, the representation Vy leq, is 
the sum of the characters a: Ga, + K™ and (x -€)|Ga, -at, 0 


9.5. Old part 


Let p be a prime number, and let M > 1 be an integer relatively 
prime to p. In the proof of Theorem 3.52, the natural morphisms 


®x 8%: QD Jo(M) — Jo(Mp*), 
(9.25) aie 


e-1l 
x te : BD Jo(Mp) — Jo(Mp*) 
k=0 
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played an important role. In this section we study these morphisms 
in more detail. In general, if M is a proper factor of N, the image of 
the natural morphism ®, $3 : Baywjm Jo(M) > Jo(N) is called the 
old part of Jo(N). 

We first study the action of s4 on the q-expansion. 


LEMMA 9.34. Let d, M,N > 1 be integers, and suppose dM | N. 
The image of f = 377°. ang” € So(M)c by 84: So(M)c > So(N)c 
is given by 


(9.26) sif= x danq*”. 
n=1 


Proor. Let e : A — Xo(N)'" be the morphism in Proposi- 
tion 2.68(1). The morphism e is defined by the family of elliptic 
curves E, = CX /q* over A* = A — {0} and its cyclic subgroup pn. 
We denote the dth power mapping A —> A also by sg. By the dth 
power mapping C*/g4% + C*/q%, the quotient E4/pq is isomorphic 
to the pullback of E, by sq: A— A, and pa/a is mapped to uy. 
Thus, the diagram 


A —— X(N)" 


A —2-> Xo(M)™ 


. . . d 
is commutative. Hence, we obtain s*(f a) = anes a, O 


From now on, as in the previous section, let p be a prime number, 
and for an integer M > 1, we denote simply by s, the morphism of 
modular curves spk : Xo(Mp*) + Xo(M). 


LEMMA 9.35. Let p be a prime number, let M > 1 be an integer 
relatively prime to p, and let e > 0 be an integer. Let N = Mp*. 


(1) There is an isomorphism of curves a: Xo(Mp*t1) — Ip(Mp*, p) 
that makes the diagram 


Xo(Mp*t!) —°-+ Xo(Mp*) 
(9.27) a| st Ie 
Xo(Mp*) <—-— Io(Mp*,p) 


commutative. 
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(2) Suppose e > 2. Then, the diagram 
Xo(Mp**?) —°+ Xo(Mp*) 

(9.28) a| |» 
Xo(Mp*) —° Xo(Mp*-?) 


is commutative, and it induces an isomorphism Xo(Mp*t) > 
(the normalization of Xo(Mp°) X x.(mpe-1) Xo(Mp*)). 

(3) Suppose e > 1, and let w = wp : Xo(Mp) > Xo(Mp) be the 
Atkin-Lehner involution. Then the diagram 


So,id 
Xo(Mp**) I Xo(Mp*) S2, xo(Mp*) 
(9.29) (se,wose-1) | |» 
Xo(Mp) —*+ Xo(M) 


is commutative, and it induces an isomorphism Xo(Mp°*') I 
Xo(Mp°) — (the normalization of Xo(Mp*) x x,(m) Xo(Mp)). 


PROOF. (1) Define a morphism a : Xo(Mp*t!) -> Ip(Mp*,p) 
by sending (E,Cm,Cpe+1) to (E/Cp,Cu, Cpeti/Cp, Elp]/Cp). The 
inverse morphism Ip(Mp*,p) — Xo(Mp°t") is obtained by sending 
(EZ, Cu, Cpe, C) to (E/C, Cm, [p]~*Cpe/C). 

The lower left triangle of (9.27) is clearly commutative. Since the 
image of Cpe+1/C, in E = (E/Cp)/(E[p|/Cp) is Cpe, the upper right 
triangle is also commutative. 

(2) The commutativity is easy to prove. Since Xo9(Mp*t!) > 
(normalization of Xo(Mp*) x x,(mpe-1) Xo(Mp*)) is a morphism of 
coverings of degree p of Xo(Mp‘°), it is an isomorphism. 

(3) Since sgow : Xo(Mp) > Xo(M) equals sg, the diagram (9.29) 
is commutative. The proof of the isomorphism is similar to (2). O 


PROPOSITION 9.36. Let p be a prime number, and let M > 1, 
e > 1 be integers. Let N= Mp*. Define Up € Me+i1(End Jo(M)) by 


0 O 0 O 

D os 

(9.30) Up=|o0 0 O 
0 -1 
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ifp{ M, and 
0 0 O 
Pp 

(9.31) Ur=|o 
: *.. 0 0 
0 0 p T 


if p| M. Then, the diagram 


k=0 
(9.32) Uex| |= 
® Jom) Sey Jy(Mp*) 


1s commutative. 


PROOF. It suffices to show 


D*Shiy if0<k<e, 
(9.33) Tp°8, = 4 st0T,-—st_, ifk=eandp{M, 
st oT, ifk =e and p|M. 


By Lemma 9.35(1), we have T, = So © 8} for $0, 81 : Xo(Mp*t') > 
Xo(Mp*). 

First, we show the case k < e. Since sz, 08, : Xo(Mp*t!) > 
Xo(M) equals 5,41 © 89, we have 


Tp © 8% = Sx 0 Sj 0 Sp = Sx 0 89 O Shu =D: Shay. 


Next, we show the case k =e. If p{ M, then by Lemma 9.35(3) and 
S09 = $1 0 w, we have 


820 Ty = 8% 0 80x 0 ST = (Sox 083 + 83_, 9") O08} 
= 80x 0 S241 + Se_1 = Tp0 82 + 82-1. 
If p| M, then by Lemma 9.35(2), we have 
820 Tp = S82 0 Sox OS] = Sox 9 S508] = 89498;985 =T,o83. O 


COROLLARY 9.37. Let p be a prime number, let M > 1 be an 
integer relatively prime to p, and lete > 1. Let N = Mp*. Let 
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P,(U) € To(M)z[U] be the characteristic polynomial of the matrix 
P 


(9.34) P,(U) = det(U — U,) = U*-1(U? —T,U +p). 


(1) Sending T; € To(N)z to T, ifq # p, and toU ifq = p, we 
obtain a ring homomorphism 


(9.35) To(N)z — To(M)z(U]/(Po(V)). 


(2) Regard Qy— Jo(M) as a To(M)z[U]/(Pp(U))-module by defin- 
ing the action of U as the multiplication of the matrix Up in 
(9.30). Then, @B, 8% : Bk=o Jo(M) — Jo(Mp*) is compatible 
with the ring homomorphism To(N)z — To(M)z[U]/(Pp(U)) 
(9.35). 


PRooF. Let T be the polynomial ring Z[T,, q : prime] of infinite 
variables. Define a surjective homomorphism T — To(N)z by Tg > 
T,, and T + To(M)z[U]/(P,(U)) by Tz + Ty (q # p) and Tp + U,. 
By Proposition 9.36, @, 5; : By—o Jo(M) — Jo(N) is T-linear. By 
Corollary 9.30(2), the kernel of @, si : By» Jo(M) > Jo(Mp*) is 
finite. Thus, the kernel of T — To(N)z C End Jo(N) is contained 
in the kernel of T -> To(M)z[U]/(Pp(U)) C End(@j~o Jo(M)). The 
assertion follows from this. Oo 


Let N = M[],<gp°, where p { M if p € S. Applying Corol- 
lary 9.37 repeatedly, we obtain the ring homomorphism 


(9.36) To(N)z —> To(M)z[Up; p € S]/(Pp(Up);p € S). 


PROPOSITION 9.38. Let p be a prime number, and let M > 1 be 
an integer relatively prime to p. 


(1) The action of the Hecke operator T, on the cokernel 
Coker(s} ® sj : Jo(M)* — Jo(Mp)) equals —1 times the action 
of the Atkin-Lehner involution wp and satisfies 7? = 1. 

(2) Let e > 2 be an integer. The action of T§~' on the cokernel 
Coker(),, s% : Jo(Mp)* > Jo(Mp*)) equals 0. 


PROOF. (1) By Lemma 9.35(1) and (3), we have T, + wp = S0%0 
s{+wp = 8[°8 9%. Thus, the image of T,+wp is contained in the image 
of sf ® st : Jo(M)? > Jo(Mp), and Tp + wp induces the 0 morphism 
on the cokernel J = Coker(s§ ® st : Jo(M)* - Jo(Mp)). Therefore, 
we have T, = —wp as an endomorphism of J. Since w? = 1, we have 
T? =1. 
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(2) By Lemma 9.35(1), we have T, = $1,085. Thus, we have 
Tp = 5} © 81 by Lemma 9.35(2). Repeating this, we obtain T~? = 
89 © Se-1». Hence, as in (1), T£~* induces the 0 morphism on the 
cokernel Coker(@, sj : Jo(Mp)* > Jo(Mp*)). Oo 


COROLLARY 9.39. Let p be a prime number, and let M > 1 be 
an integer relatively prime to p. Let K be a field of characteristic 0. 
(1) If f € So(Mp)x is a primitive form of level Mp, then we have 
ap(f) = +1. 
(2) Let e > 2 be an integer. If f € So(Mp*)x is a primitive form 
of level Mp*, then we have ap(f) =0. 


PROOF. Clear from Proposition 9.38. O 


THEOREM 9.40. Let N > 1 be an integer. For a primitive form 
f € B(N)(C), we denote its level by Ns | N. Then, we have 


SiMc= GQ GQ Cosi. 
FfEP(N)(C) d|N/N; 

PROoF. For a primitive form f € &(N)(C) of level N;y|N, we 
only show that s4f (d|N/N,) are linearly independent, and the other 
part of the proof is omitted. 

Let f = 0°, ang” € ®(N)(C) be a primitive form of level 
N;|N. Suppose there is a nontrivial relation > 74) n/n, Ca8gf = 0, and 
let d be the smallest integer d | N/Ny such that cq # 0. By (9.26), 
the coefficient of g? is dcga; = 0. Since f is primitive, a; = 1, which 
is a contradiction. O 


Let N > 1 be an integer, let K be a field of characteristic 0, 
and let f be a primitive form of level Ny | N over K. For a prime 
number p | N/Ny, let ep = ord, N/N;, and define a polynomial 
Psp(Up) € Ks [Up] of degree ep +1 by 


Us? "(Up —ap(f)Up +p) if pt Ny, 
(9.37) Ps,p(Up) = 4 Up” (Up — ap(f)) if ord, Nf = 1, 
Ugo if p?|Ny. 
By Corollary 9.39(2), Pyp(U,) is the characteristic polynomial of the 
matrix Up in Proposition 9.36 with T, replaced by a,)(f). 


COROLLARY 9.41. Let N > 1 be an integer, and let ®(N) be 
the finite étale scheme over Q consisting of primitive forms of level 
dividing N, defined as SpecTj(N)q. For f € ®(N), let Ky be its 
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residue field, and let Ny be the level of f. Then, we have Tj(N)q = 
Ilpeacwy) Kf, and we obtain a ring homomorphism 


(9.38) To(N)q—> J] KylUp.plN/Ns]/(Pr.o(Up),PIN/Ns) 
fEB(N) 

by defining the f component of the image of Tp equal to ap(f) if 

p{ N/Ny, and U, if p| N/N;. 


PRooF. We have To(N)q = [I seacwy Ky since To(N)qQ is re 
duced. Therefore, we have To(N)Q = [Teac To(N)Q Sr(w)q Ky. 
We define a ring isomorphism 
(9.39) 

K5(Up, PIN/Ny]/(P5,p(Up), PIN/N¢) — To(N) x ®t ny, Ke: 


For subrings T5(NV)[Tp : p{ N/Ny] CTo(N) and To(N¥)[Tp : pt N/Ny] 
C To(Ny), the natural surjection T5(N) — To(N;-) induces an iso- 
morphism Té(N;) @rscxy [Tp : Pt N/Ny] -¥ THN s)(Tp : vt N/Ny]. 
Thus, by Corollary 2.61, we obtain an isomorphism 


Kf Orn) x T[Tp : pt N/Ny] > Ky. 
Thus, we have 
To(N) x @19()_ Kf = Ky [Tp, p|N/N 3] C End(So(N)Q 4.) Ks). 


Consider the polynomial ring K's (Up, p|N/Ny], and define a surjection 
K;[Up, p|N/Ny] > To(N) x @rny,, Kf by Up ++ Tp. We prove that 
its kernel is generated by Py.»(Up) (p|N/Ny). It suffices to show it 
after tensoring C over Kf. 

We have So(N)Q @rminjg7v; C = Dany; C-s*f by Theo- 
rem 9.40. By Proposition 9.36, Dann; C.-s%f is generated by sif 
as a C(T,, p|N/Ny]-module. Moreover, Dann; C.-sif is a basis of 
the free C[U,, p|N/N¥]/(P,p(Up), pIN/ N+ )-module Bann, © 8af- 
Thus, we obtain the isomorphism (9.39). It is clear that the product 
of the inverse of (9.39) gives the isomorphism (9.38). Oo 


COROLLARY 9.42. Since go(11) = 1 and go(22) = 2, we have 
To(11)z=Z and the surjection To(22)z + To(11)z[U2]/(U3-T2U2+2) 
is an isomorphism. If f = > 7-1 4n(f)q” is the unique primitive 
form of level 11, we have ao(f) = —2, and thus To(22)z = 
Z[U2]/(UZ + 2U2 + 2) is isomorphic to Z[/—1] by letting Uz = -1+ 
/-I. 
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9.6. Néron model of the Jacobian Jo(Mp) 


In this section, p is a prime number, M > 1 is an integer relatively 
prime to p, and N = Mp. As a preparation of the proof of Theo- 
rem 3.55 in the next section, we study the mod p reduction Jo(Mp)r, 
of the Néron model of Jo(Mp). By Theorem 8.63(3), Xo(Mp) has 
semistable reduction at p, so does Jo(Mp) by Corollary D.22. Thus, 
Jo(Mp)r, is a successive extension of the group © of the connected 
component, the abelian part Jo(Mp)%, , and the torus part Jo(M. PF: 
In what follows, we denote the Hecke algebra To(Mp)z by T. ©, 
Jo(Mp)%, and Jo(M. P)r, are naturally T-modules. 

The goal of this section is to prove Proposition 9.44, which is 
about the group ® of connected components, and Proposition 9.45, 
which is about the character group X = Hom(Jo(M Pe G,,) of the 


torus Jo(Mp)p,. Let T = [[1 — To] be the dual chain complex of 
Xo(N)r, (see Definition B.5). We identify the group © of connected 
components with H1!(I'*)/@,(H,(I')) by Corollary D.21(2). Also, 
by Corollary D.20, we identify the character group X with H,(T). 
First, we give a concrete description of the dual chain complex T = 
(Ti > To]. 

By Theorem 8.63(3), we identify the reduced closed subscheme © 
of ordinary double points of Xo(N)r, with the reduced closed sub- 
scheme Xo(M PF, of supersingular points of Xo(M)r,. Moreover, we 
identify the normalization of Xo(N)r, with Xo(M)r, Il Xo(M)r, 
through (jo, 71) : Xo(M)r, U Xo(M)r, > Xo(N)r,, and Xo(M)s, 
is connected. Thus, the set P of irreducible components of Xo(N)r, 
is identified with {0,1}, and the inverse image of © in Xo(M)r, U 
Xo(M)r, is identified with © x {0,1}. Hence, Po is identified with 
Z{01} Also, Ty is identified with Ker(Z™(»)*{01} _, Z=@s)), Fur- 
thermore, by identifying ez — ez, with e, for z € X(F,), T; is 
identified with Z™(F >). 

Tp and TI; naturally have structures of T-modules, and the nat- 
ural mapping [9 — Io that defines the dual chain complex [ is 
a homomorphism of T-modules. Let [§ = Hom(Io, Z) and Ij = 
Hom(T,Z). These are also T-modules, and the dual Tf > Ij is 
also a homomorphism of T-modules. For x = [(E,C)] € ©(Fp) = 
Xo(M)# (Fp), let G, = Aut(E,C)/{+1}. The natural injection 
a, : I; — Ty is defined by letting the image of the standard ba- 
sis e, be equal to {G, times the dual basis e*. @, : H,([) > H1(I*) 
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is induced by a, : T; — Tj}. These are also homomorphisms of 
T-modules. We identify [) with a submodule of Ij through a : 
Tl, — Ty. We denote Hi([) = Ker(T; > To) by T9. By Corol- 
lary D.21(2), the group ® of connected components is identified with 
H(P*)/ay (Hy (L)) = 14 /(02 +19). 


EXAMPLE 9.43. Let p = N = 11. By Example 8.65, the only 
supersingular points of Y(1)r,, are 7 = 0 and 1, and their indices are 
3 and 2, respectively. If we let [) = Zep ®Ze1, we have Hy (I) =T? = 
Z(eo — €1). If we let Tj = Zeg @ Zej, we have a, :T, + Tj, defined 
by €o +> 3e4, e1 + 2et. We have H1(I'*) = Ze and ét = —&}. Thus, 
@ : H,(C) > H1(I*) sends a basis eo — e1 of Hi (I) to 5é. Thus, in 
this case we have ® ~ Z/5Z. 


PROPOSITION 9.44. If r is a prime number relatively prime to 
Mp, the Hecke operator T, acts on the T-module ® as the multipli- 
cation byr+1. 


ProoF. Let [=(['1—1o] be the dual chain complex of Xo(N)r,- 
We identify the group of connected components ® with 


® = HY (I*)/a(Ai(L)) =Tt/(2 +19). 
Consider the diagram of T-modules 


0 —> 1r,/Tr? —> Cire — Ti/T1 — 0 


(9.40) | | 
To ri/(2+1T$) =. 
The upper row is exact. Define an ideal J of T' by 
J = (T, — (r +1);r is relatively prime to Mp). 


We now show that all the T-modules in (9.40) are annihilated by J. 
If r is a prime number relatively prime to Mp, then T, acts on Tp = 
Z{°.1} by the multiplication by r+ 1, and thus J-To = 0. Since 
T,/T? — Io is injective, we have J -T,/T? = 0. 

Next we show J -Tj/I, = 0. Let r be a prime number relatively 
prime to Mp. It suffices to show (T; — (r + 1))ej € Ty for each y € 
%(F,). In other words, it suffices to show that ((T,—(r+ 1))e%)(€x) = 
ex((T; — (r + 1)) - ez) is divisible by 1G, for each z,y € X(F,). If 
xz = [(E,C)], we have Tper = ycgl(E/H,C + H/H)], where H 
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runs all the subgroups of F of order r. Since 


ys ey ((Tr aa (r a 1) . ex) = 0, 


yEX(F,) 


it suffices to show that e7((T; —(r+1))-ex) = e}(T; - ez) is divisible 
by Gz for x #4 y. If r= [(E,C)] Ay = [(E’,C’)], then e}(T;, - ez) is 
the number of elements of the set 
i { HCE i is a subgroup of F of order r such | 
HY, (E/H,C + H/H) is isomorphic to (E’, C’) 


Thus, it suffices to show the natural action of G, = Aut(E£,C)/{+1} 
on I, y is a free action. 

We show that the action of Gz on I;,y is a free action. Suppose 
a # +1 € Aut(E£,C) and H € I;,, satisfy a(H) = H. Then, by 
Lemma 8.41(1), a € End(E, C) satisfies one of the relations a? +1 = 
0, a +a+1=0 and a —a+1 = 0, and the subring Z[a] Cc 
End(E, C) is isomorphic to either Z[V—I] or Z[=2+¥3). Moreover, 
the group E[r] of r-torsion points of E is a free Z[a]/(r)-module of 
rank 1 and H is asubmodule of order r. Thus, if such an H exists, r is 
decomposed to the product r = m7’ of prime elements in the principal 
ideal domain Z[a], and we have H = Ker(7: E —> E). In this case, 
the multiplication by 7 induces the isomorphism (E'/H,C+H/H) > 
(E,C), and it contradicts the assumption. Hence, we proved the 
action of G; on I;,y is a free action. Thus, we proved J -T'{/Ty = 0. 

We now prove J-T't/T? = 0. Since J-T7/T = 0, J-T%/T9 is a sub- 
group of r;/T'9. By Lemma 8.41, the order of G, = Aut(E,C)/{+1} 
is a divisor of 12 for each zx € ¥. Thus, 't/Ti is a finite abelian 
group, and 12-Tt/T'; = 0. Thus, we have 12P7/T? c Ti/P9, and 
12J -T7/T? c JT: /F$ = 0. Thus, J-T}/T9 is a subgroup of 
T/T? CT o = Z{%!} that becomes 0 after multiplying by 12, which 
implies J -T't/T'? = 0. Since the vertical arrow I't/I'? — © in (9.40) 
is surjective, we conclude J -® = 0. O 


PROPOSITION 9.45. The action of the Frobenius substitution pp € 
Gr, on the character group X = Hom(Jo(Mp)s Gm) of Jo(Mp)p, 


Pp 

equals the action of the Hecke operators T,, and ye = 1 holds. 
PROOF. Since the Atkin-Lehner involution wp satisfies w? = 1, 

it suffices to show Y, = —wy, by Proposition 9.38. The action of the 

Frobenius substitution y, on X equals the action of the Frobenius 

endomorphism F’. By Corollary D.20, X is identified with H,(T) c 


100 9. MODULAR FORMS AND GALOIS REPRESENTATIONS 


T, = Ker(Z=(F)x{0.1} _, Z*(Fe)). Thus, it suffices to compare the 
actions of the Atkin—Lehner involution w, and the Frobenius homo- 
morphism on ©(F,) x {0,1}. 

Let (E,C,C"’) bea supersingular point of X9(Mp)r,. Since C’ = 
Ker F, the action of the Atkin—Lehner involution wy, is given by 
wp(E,C, Ker F) = (E®),C?), Ker F). Thus, the action of w, on the 
set ©(F,) of supersingular points equals the action of F. Moreover, 
Wp permutes irreducible components of Xo(Mp)r,, and F preserves 
irreducible components. Hence, the action of wp on X CT; coincides 
with that of —F. Oo 


COROLLARY 9.46. Let p be a prime number, let M > 1 be an in- 
teger relatively prime to p, let e > 1 be an integer, and let N = Mp*. 
If£A#p is a prime number, then the action of the Frobenius substitu- 
tion Yp on the cokernel Coker(@,, 5% : Biro VpJo(M) > VeJo(N)!”) 
is the multiplication of pTp, and its eigenvalue is +p. 


PROOF. The morphism @ t;, induces a surjection VeJo(Mp)p, > 
Coker(@, st: Bfxo VeJo(M) > VeJo(N)/*) by Corollary 9.30(1). If 
X is the character group of the torus Jo(M PF, then VeJo(Mp)p, is 
isomorphic to Hom(X, Q,(1)). Thus, by Proposition 9.45, the action 
of the Frobenius substitution y, on VeJo(M P)r, is the multiplication 
by pT,, and its eigenvalue is +p. O 


From Proposition 9.45, we have the following proposition on the 
properties of ¢-adic representations associated with modular forms. 


PROPOSITION 9.47. Let p be a prime number, let M > 1 be an 
integer relatively prime to p, and let N = Mp. Let @ be a prime 
number, and let O be the ring of integer of a finite extension K of 
Qz. Let f € So(N)x be a primary form of level N with K coefficients. 
Suppose the t-adic representation Vs of Gq associated with f is bad 
at p. Then, Vy ts ordinary at p. The coinvariant quotient V;,1, of 
the restriction of V; to the decomposition group Ga, by the inertia Ip 
defines a one-dimensional representation of Gr,, and the action of 
the Frobenius substitution yp € Gr, on Vy,7, is the multiplication by 
ap(f) = +1. 


PROOF. Since p? { N, the £-adic representation V+ is semistable 
at p by Theorem 3.52(2) (ii) = (i). Since V; is bad at p, Vy is ordinary 
at p. By Corollary 9.19, We may assume Vy; is a subrepresentation 
of VeJi(N) @q, K. Moreover, since V+ is not good at p, it is not 
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modular of level M and is a subrepresentation of 
Coker(s* @ t* : VeJo(M)®? > VeJo(N)) @q, K 


by Theorem 3.52(1)(ii) > (i). 

We deal with the case p # @. The case p = @ is similar, and we 
omit it. Since V+ is ordinary and it is not unramified, the J, invariant 
part V; ” C V; is one dimensional, and the coinvariant quotient Vy,z, 


equals V;/ V} ? We have 
V7? = V;M Coker(s* @ t* : VeJo(M)® > VeJo(N)’*) @q, K. 


By Corollary 9.46, the action of y, on Coker(s* 6 t* : VpJo(M)®? > 
VpJo(N)‘*) is the multiplication by pT. Thus, its action on V; ? is 
the multiplication by ap(f)p = +p. The action of Ga, on V;/V;? 
is also unramified, and det(y, : V7) = p. Thus, the action of yp on 
Vy / V, ? is the multiplication by ap(f) = +1. 0 


COROLLARY 9.48. Let £ be an odd prime number, and let F be 
a finite extension of Fe. Let p a prime number, and let N = Mp, 
p{M. Let p: Ga > GL2(F) be a modular mod £ representation of 
level N. 


(1) Suppose p is not good at p. Then pis ordinary at p. The coin- 
variant quotient pr, by the inertia group Ip defines a character 
of Gr,, and we have 


Ply (Pp) = p(Tp) = +1 
for the Frobenius substitution yp. 

(2) Let K be a finite extension of Qe, and let f € So(N)x be a 
primitive form of level N. Let F be a finite extension of the 
residue field of K, and suppose Tr(yq) = aq(f) for almost all 
q{ Né. Then, p is ordinary at p. Furthermore, suppose p = £ 
and p is good at p = &. Let D(p) be the F-module obtained by 


applying Theorem C.6 to the restriction of p to Ga,. Then, we 
have 


Tr(F : D()) = B1,(Yp) = ap(f). 


PROoF. (1) Let K be a finite extension of Qe, and let f € 
So(N)x« be a primary form of level N satisfying ps = p. If A is not 
good at p, then neither is py. By Proposition 9.47, py is ordinary, and 
thus so is p. Since the coinvariant quotient f;, is not the entire space, 


102 9. MODULAR FORMS AND GALOIS REPRESENTATIONS 


it is one dimensional and py,7, = P7,- The assertion now follows from 
Proposition 9.47. 

(2) Since the ¢-adic representation V+ is semistable but not good 
at p, it is ordinary by Theorem 3.52. Thus, f is also ordinary. 

Suppose p = @ and # is good at p = & Since det f is the mod @ 
cyclotomic character x, the restriction of f to Ga, is the extension 
of the unramified character p;, by x - Dr, - Thus, the F[F, V]-module 
Dp is an extension of an F[F,V]-module on which F acts as the 
multiplication by f7,(y~p) by an F[F,V]-module on which F acts as 
the multiplication by p-f1,(~p)~ = 0. This shows the equality. The 
congruence relation is clear from Proposition 9.47. O 


9.7. Level of modular forms 
and ramification of mod @ representations 


In §3.8 in Chapter 3, we stated the following theorem of the level 
of modular forms and the ramification of mod @ representations. 


THEOREM 3.55. Let £ be an odd prime, let F be a finite extension 
of F¢ and let p: Ga :> GLo2(F) be an irreducible continuous repre- 
sentation. Suppose p is modular of level N, and M is the prime to p 
part of N. Then, the following conditions (i) and (ii) in each of (1) 
and. (2) are equivalent. 

(1) (i) pf is modular of level M. 
(ii) f is good at p. 

(2) (i) p is modular of level pM. 
(ii) fp is semistable at p. 


PROOF OF (i) => (ii). Similar to the proof of Theorem 3.52 
(i) > Gi). Oo 
In this book we do not prove Theorem 3.55(2) (ii) = (i). We prove 
(1) (ii) > (i) in the case p # 1 mod @, assuming (2) (ii) > (i). In 
other words, we prove the following theorem in the case p # 1 mod £. 


THEOREM 9.49. Let £ be an odd prime number, and let F be a 
finite extension of Fz. Let p be a prime number, and let M > 1 be an 
integer relatively prime to p. Suppose p: Ga — GL2(F) is a modular 
irreducible continuous representation of level N= Mp. Then, if p is 
good at p, p is modular of level M. 


In this book we give a proof of Theorem 9.49 only in the case 
p #1. In this case the proof uses results of §9.6, which are derived 
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from Theorem 8.63(3) on the structure of the modular curve Xo(Mp). 
We regret we are unable to include the proof of the case p = 1 in this 
book because it requires more preparation. 

For the proof of Theorem 9.49, we introduce notation for Hecke 
algebras. Define 


(9.41) T=To(Mp)z, = T! = To(M)z[Up]/(Up — TpUp + P). 


The natural surjection T — T’ (9.35) which was defined in Corol- 
lary 9.37 is compatible with 


(9.42) (s*,t*) : Jo(M) x Jo(M) —7 Jo(N). 


We give a sufficient condition for a mod @ representation to be modular 
of level M in terms of the ring homomorphism T > T”. 


LEMMA 9.50. Let fp : Gq — GLe(F) be a modular absolutely 
irreducible continuous representation of lever Mp, and let 6:T > F 
be a ring homomorphism satisfying 


det (1 — p(yq)t) = 1— G(Ty)t + qt? 


for almost all prime numbers q. If there exist a finite extension F’ of 
F and a ring homomorphism g : T' > F that makes the diagram 


Pe AP 


L | 


a 
commutative, then p is modular of level M. 


PROoF. Clear from Lemma 9.22 (ii) = (i). O 


PROOF OF THEOREM 9.49 IN THE CASEp #1. Let p : Gq — 
GL2(F) be a mod @ representation that satisfies the assumption of 
Theorem 9.49. Replacing F by its finite extension if necessary, take 
a ring homomorphism ¢ : T = To(N)z — F corresponding to p by 
Lemma 9.22. Let m be the maximal ideal of T that is the kernel of @: 
T > F. Let Jo(Mp)[m] = {2 € Jo(Mp)(Q) | az = 0 for all a € m}. 
Jo(Mp)|m] defines a mod @ representation of Ga. The finite étale 
group scheme over Q corresponding to the mod @ representation 
Jo(Mp)|m] is also denoted by Jo(Mp)[m]. 

By Lemma 9.28, Jo(Mp)[m] is nonzero, and Jo(Mp)|m] @r F is 
isomorphic to the direct sum of copies of p as a mod @ represen- 
tation of Ga. By assumption, pf is good at p, and the finite étale 
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group scheme Jo(Mp)[mJq, over Q, extends to a finite étale group 
scheme Jo(Mp)[m]z, over Zp. If p # 4, then Jo(Mp)[m]z, is finite 
étale, the inclusion Jo(Mp)[m] — Jo(Mp) extends to a morphism 
Jo(Mp)[m]z, — Jo(Mp)z, over Zp by the properties of Néron mod- 
els. By Proposition D.12(2), this is a closed immersion. In the case 
p = £ also, the inclusion Jo(Mp)[m] > Jo(Mp) extends to a closed 
immersion Jo(Mp)[m]z, - Jo(Mp)z,. Taking the reduction mod p, 
we obtain a closed immersion Jo(Mp)[m]r, > Jo(Mp)r, over Fp. 

Here, Jo(Mp)r, denotes the reduction mod p of the Néron model 
of Jo(Mp). Let & be the group of connected components of Jo(Mp)r,, 
let Jo(M P)E, be the abelian part, and let Jo(M P)e, be the torus part. 
The T-module scheme Jo(Mp)r, over Fp is a successive extension of 
three T-module schemes 


®, Jo(Mp)p,, Jo(Mp)s,. 
Using this fact, we prove the theorem in the following order. 

(1) Show that the composition Jo(Mp)|[m|r, > Jo(Mp)r, > © is 
the 0 morphism using Proposition 9.44 and Lemma 9.28(3). 

(2) By (1) a morphism Jo(Mp)[mJp, — Jo(Mp)p, is induced. If 
this is not the 0 morphism, show that p is modular of level M 
using Lemma 9.50. 

(3) If Jo(Mp)[mJr, > Jo(Mp)%, is 0 morphism, show that p = 
1 mod é using Proposition 9.45 and Lemma 9.28(1), (2). 

(1) We show that the composition Jo(Mp)|m|r, > © is the 0 
morphism. Jo(Mp)|m|r, is a T/m-module. If we define an ideal J’ 
of T by J’ = (T, — (r +1);r { Mpé), then © is a T/J’-module by 
Proposition 9.44. 

We show T =m-+ J’. Since m is a maximal ideal, if T = m+ J’ 
does not hold, we have J’ C m. If x : (Z/@Z)* — F* is the mod £ 
cyclotomic character, we have T, = r+1 = x(r) +1 mod m for all 
prime numbers r { Mpé. This implies m is an Eisenstein ideal, which 
contradicts Proposition 9.26. 

(2) We show Jo(Mp)F., is a T’-module. By Theorem 8.63(3), 
(30,51) : Jo(Mp)r, > Jo(M)r, x Jo(M)r, induces an isomorphism 
Jo(Mp), — Jo(M)r, x Jo(M)r,. Since 


(s*, t*) : Jo(M)r, x Jo(M)r, — Jo(Mp)e, 


is an isogeny by Corollary 9.30(2), the T-module Jo(Mp)%, is a T". 
module. 
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By (1), a morphism Jo(Mp)[m]r, > Jo(Mp)#, is induced. The 
m-torsion part Jo(Mp)[m]r, is a T/m-module, and Jo(Mp)j, is a T’- 
module. Thus, if the morphism above is not the 0-morphism, T’/m is 
a quotient of T” since m is a maximal ideal. In this case p is modular 
of level M. 

(3) If Jo(Mp)[m|r, > Jo(Mp)%, is the 0 morphism, a morphism 
Jo(Mp)(m|r, > Jo(Mp)p., is induced and we have Jo(Mp)[m|r, = 
Jo(Mp)p, [m]. If X is the character group of the torus Jo( Mp), we 
have Jo(Mp)p, [m] = Hom(X/mX, ye). Thus, we obtain an isomor- 
phism Jo(Mp)p [m] = Hom(X/mX, ye) of a finite flat commutative 
group scheme over Zp. 

We first show the case p # £. By Proposition 9.45 the action of 
the Frobenius substitution y, on Jo(Mp)|m] is the multiplication by 
+p. By Lemma 9.28, Jo(Mp)[m|@rF is not 0 and is isomorphic to the 
direct product of copies of p. Thus, A(yp) is also the multiplication by 
+p, and det fp(y,) = p*. On the other hand, since we have det p(yp) = 
:p, we have p* = p mod &, which implies p = 1 mod £. 

Assuming p = £, we derive a contradiction. Let a: Ga, + F* be 
an unramified character defined by a(y,) = (Tp mod m) = +1, and 
x the mod p cyclotomic character. By Proposition 9.45, the action 
of Ga, on Jo(Mp)|(m] is the product of a~' = a and x. Thus, as 
in the case p # £, the restriction of p to Ga, is also (a- x)® and 
det p = (a- x)? = x”. On the other hand, since we have det p = x, 
we obtain y = 1, which is a contradiction. Oo 


We state one consequence of Theorem 3.55. 


LEMMa~ 9.51. Let @ be an odd prime number, and let F be a fi- 
nite extension of Fy. Let fp: Ga + GLe(F) be a modular semistable 
absolutely irreducible representation. If L is the quadratic subfield 


Q(4/ (-1) 2) of Q(¢e), then the restriction plc, is absolutely irre- 
ducible. 


PROOF. We prove it by contradiction. Suppose the restriction 
ple, is absolutely reducible. Then, there exists a character x : Gp > 
F, such that p ~ Inde? x. Thus, the order of the image Im / is 
relatively prime to & Since f is semistable, it is unramified at all 
primes except @. If it is ordinary at @, the restriction plz, is the direct 
sum of the trivial character and the cyclotomic character. Thus, f is 
good at all primes. Hence, by Theorem 3.55, 6 is modular of level 1. 
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However, there is no modular form of level 1 and weight 2 other 
than 0. This is a contradiction. O 


CoROLLARY 9.52. Let p be a semistable absolutely irreducible rep- 
resentation. If n > 1 is an integer, then the restriction Pleaccgn) is 
absolutely irreducible. 


PRooF. We prove it by contradiction. If Aleatcyns is not abso- 
lutely irreducible, Plog ee9) is a direct sum of the characters x and 
x’, and y and y’ are conjugate under the action of Gal(Q(Cen)/Q). 
Taking CL as in Lemma 9.51, the character y is invariant under the ac- 
tion of Gal(Q(¢en)/Q) and defines a stable subspace of the restriction 
ple,. This contradicts Lemma 9.51. O 


CHAPTER 10 


Hecke modules 


As we announced in Chapter 5, we will define Hecke modules 
as the completion of singular homology groups of modular curves. 
Then, we show that the families of liftings and RT M-triples satisfy the 
conditions of two theorems we proved in Chapter 6. In Chapter 5, we 
stated Proposition 5.30, which is about the surjectivity of morphisms 
of Hecke modules, Theorem 5.32(2), which says Hecke algebras are 
free modules over group rings, and Proposition 5.33, which is about 
the multiplier of the surjection of RTM-triples. These propositions 
will be proved as Propositions 10.11, 10.37, and 10.14. The main 
result of Chapter 5 that says the deformation ring R coincides with 
the Hecke algebra T (Theorem 5.22) will thus become a consequence 
of the computations of Selmer groups in the following chapter. 

We will first define full Hecke algebras and Hecke modules in §10.1 
and §10.2, respectively, and we will construct RTM-triples. We then 
compute the multiplier of a surjection of RTM-triples constructed out 
of Hecke modules in Proposition 10.14 in §10.2. The proof of Proposi- 
tion 10.11 on the surjectivity of the morphism of RTM-triples defined 
in §10.2 will be given in §10.3. In §10.4, we will study the relation 
between the deformation ring and the group ring that is defined from 
a set of prime numbers satisfying certain conditions. In §10.5, we will 
define another kind of full Hecke algebras and Hecke modules, and 
construct a family of liftings. The fact that these Hecke modules de- 
fine a family of liftings follows from Proposition 10.37. The proof of 
Proposition 10.37 will be given in 810.6. In §10.7, we put these results 
together, and reduce the proof of Theorem 5.22 to Theorems 5.32(1) 
and 5.34, which concern Selmer groups and will be proved in Chap- 
ter 11. 

The properties of Hecke algebras presented in this chapter mainly 
follow from the properties of Hecke algebras with Q coefficients, and 
are proved using the ramification of Galois representations associated 
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with modular forms and properties of old forms. On the other hand, 
the properties of Hecke modules depend essentially on the fact that 
the coefficients are in Z, and these are proved by topological prop- 
erties of modular curves and the fact that some maximal ideals are 
non-Eisenstein. The proof of the main result is given by combining 
these elements in an appropriate way. 


10.1. Full Hecke algebras 


We review briefly the notation we used in Chapter 5. Throughout 
this chapter @ is an odd prime number, and K is a finite extension 
of Qz. We denote by OQ its ring of integers and by F the residue 
field. 6 : Gq — GLe(F) is an irreducible modular semistable ¢-adic 
representation, and S; is the set of prime numbers p at which p is not 
good. By Corollary 3.56, is modular with level Nz = Ne = []p< S;P- 

Let & be a finite set of prime numbers such that S,N X = 2. 
In Chapter 5 we defined the deformation ring Ry, a positive inte- 
get Nx = No - [1c pve?” *Tpes,paeP; the set of primitive forms 
®(Ns)x,s C ®(Ns)x, the Hecke algebra Ty, and the surjective ring 
homomorphism fs : Ry — Ts. Definition 5.13 states that a prim- 
itive form f € ®(Ns)x satisfies f € ®(Ns)x,, if and only if T, = 
Tr ~(~p) mod my for any prime number p { Nyé. Here, my is the 
maximal ideal of the valuation ring Ky. We have Ty @0 K = Tz,x = 
peswves)x., Ky. 

Let V = F? be the representation space of p. If p is good at 
p = 4, the restriction of V to Gq, defines an F[F, V]-module D(V) by 
Theorem C.1. Regard the action of F on D(V) as a representation of 
F, and denote it by D(f). By Corollary 9.23(2), we have Tr(F' : D(f)) 
= G(T»). 

In this section, we denote the Hecke algebra To(N)z simply by 
T(N)z. We define the full Hecke algebra T2 as the completion of the 
Hecke algebra T(Nzs)o = T(Nz)z ®z O at some maximal ideal. We 
first find the maximal ideal at which we take the completion. 


PROPOSITION 10.1. There exists a unique O-algebra homomor- 
phism Gs : T(Ns)o = T(Nz)z ®z O > F satisfying the following 
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condition: 
Tr p(p) fp#l,€SzUX, 
a Tr(F:D(e)) ifp=l€S;, 
10.1 T,) = 
(10.1) Ps (Tp) Be) ifp € Sp, 
0 ifp#l,EX. 


PROOF. Since T(Ns)o is generated by T, (p: prime), the unique- 
ness is clear. We show the existence. 

First, we show it when © = @. By Corollary 3.56, p is modular 
of level Nz = Ng. Thus, by Lemma 9.22 and Corollary 9.23(1), there 
exists a ring homomorphism @ : To(Ng)z — F’ to a finite extension 
F’ of F that satisfies 

det(1 — p(yp)t) = 1— G(Tp)t + pt? 
for all prime numbers p { Ngf. If £ ¢ S5, we have £ { Ng, and 
by Corollary 9.23(2), @ is good at @ and det(1 — Ft: D(p)) =1- 
P(Te)t + £t?. If p € S5, then f is ordinary at p and bad at p. Thus, by 
Corollary 9.48(1), we have f7,(Y~p) = G(Tp). Hence, 9: T(Na)o > 
F’ satisfies the condition (10.1), and its image is contained in F. This 
proves the case L = @. 


Next, we show the general case. For p € &, define a polynomial 
P,(U) € T(Ng)o[U] as in (9.34) by 

U(U2—-T,U +p) ifp#é 

10.2 P,(U) = @ , 

ae) »U) fees ifp=2. 


Define a ring homomorphism 
T(Ns)o > T(Ne)o[Up, p € ©)/(Pp(Up), p € &) 

using Corollary 9.37 repeatedly, and sending T, to T, if p ¢ X, and 
Tp to U, if p € ©. We denote by P,(U) € F[U] the image of P,(U) 
by the ring homomorphism Gg : T(Ng)o > F. If 2 € ©, we have 
P,(U) = U(U - Ga(Tr)). : 

Define a ring homomorphism F[U,, p € 4]/(P,(Up),p € &) > F 
by sending the image of U, to 0 if p ¥ £, and to Gg(Ty) ifp =f Ed. 
It is clear from the definition that the composition 


Py : T(Ns)o —> T(No)olUp,p € £)/(Fp(Up),p € &) 
£8, FlUp,p € EI/(Pp(Up),p € E) 4 F 
satisfies condition (10.1). O 


110 10. HECKE MODULES 


DEFINITION 10.2. Let ms be the kernel of the surjective ring ho- 
momorphism T(Ns)o — F. The completion T(Ns)om, of T(Nzs)o 
at the maximal ideal mz is called the full Hecke algebra, and we 
denote it by T2. 


Since T(Ns)o is finitely generated as an O-module, it is a com- 
plete semilocal ring and decomposes into the product of local rings. 
Thus, the completion T(Nz)o,ms equals the localization of T(Ns)o 
at the maximal ideal ms. 


LEMMA 10.3. The full Hecke algebra Te, is a finitely generated 
free O-module. 


PROOF. The O-module T(Ns)o is finitely generated and free 
since the Z-module T(Ns)z is finitely generated and free. Since the 
O-module T?, is a direct summand of T(Ns)o, it is also finitely gen- 
erated and free. Oo 


We now study the relation between the full Hecke algebra Te and 
the reduced Hecke algebra Ty defined in Definition 5.16. Let T(Ns)& 
be the subring of T(Ns)o generated by Tp, p{ Nz, 


T(Ns)o = OTp, pt Nzé] C T(No)o, 


and define a maximal ideal my, of T(Ns) as the inverse image of mp 
by the inclusion T(Nz), > T(Nz)o. By Corollary 2.60, T’(Ns)« = 
T’(Ns)o @o K coincides with the reduced Hecke algebra T’(Ns)K 
in Definition 2.57. 


PROPOSITION 10.4. (1) As a subset of the set ®(Ns)x of prim- 
itive forms over K defined as Spec T(Nzs)'x, the set ®(Ns)x,p is 
equal to Spec T(NE)0,mi, @o0 K. The reduced Hecke algebra Tz 
coincides with the localization T(NS)0mi, of T(Ns)o at my: 


(10.3) T(Na)o ms, = To: 
(2) The morphism of O-algebras induced by the inclusion T(Ns)o > 
T(Ns)o 
(10.4) iz: Te =T(Nz)om, —> Te =T(Ne)o,ms 


is injective and induces an isomorphism Ts, x — Te x. 


In Theorem 10.46, we will show iz : Ts > fa is an isomorphism. 
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PROOF. (1) We show ®(Ns)x,5 = Spec T(Ns)o,m4, @o K. Let 
f € ®(Ns)x be a primitive form. The image of the homomorphism 
T(Ns)o > T(Ns) — Ky is in the ring of integers Oy, and the 
inverse image my of the maximal ideal Oy is the unique maximal 
ideal of T(Ny)@ containing Ker(T(Ns)% — Ky). Thus, we have 
SpecT(Nz)om, @0 K = {f € ®(Nz)x | mp = mp}. 
On the other hand, by Definition 5.13, we have 


2 Tp = Trp(yp) mod ms 
®(Ns) x5 = {fF € ®(Nz) x for all prime p { Ny@ 


The restriction T(Nz)> — F of Gs is determined by G5(T>) = 
Trp(yp) for p { Nzé, and mf, is its kernel. Thus, the right-hand 
side of the above two formulas are equal. 

Since T(Nz) x is reduced by Proposition 2.58, its subring T(Ns)6 
is reduced and so is its localization T(Nz)0 mi," Thus, T(Ns)o,ms, > 
T(N3) 0 mi, 20K = [peavey Xs i8 injective. T(N2) 6 ms, is a sub- 
ting of T(Nz)om, 80 K = I[Tyeowvs)xg Xs generated by 
T,p(p{ Nzé) over O. Thus, by Definition 5.16, Ts = T(N5)om‘," 

(2) Since Ty is a finitely generated free O-module, it suffices to 
show that iz : Ts > T2 induces an isomorphism Tp,x > Ty K- Since 
Tsk = []seas) x, Mf» it suffices to show that Ky > TE x OT5,x Ky 
is an isomorphism for each primitive form f € ®(Ns)x,z. 

Let f be a primitive form belonging to ®(Ns)x,5, and Ny|Nz the 
level of f. By definition, Ng is the product of p at which # is bad. 
The mod ¢ reduction of ps is isomorphic to p, and py is bad at the 
prime p where f is bad. By Theorem 3.52(1), a prime p at which py 
is bad divides Ny, and we have Ng | Ny. Thus, if p | Np/Ny, then 
p € ¥. Fora prime p | Ns/Ny, define a polynomial P;,,(U) € O;[U] 
as in (9.37) by 


U(U2 —ap(f)U+p) if ordy N=/Ny = 2, 
P;(U) _ U(U Fi ap(f)) ord, Ns/Ny¥ =1 and p | Ny, 
U* —a,(f)U+p ord, Ny/Ny =1 and pt Ny. 
By Corollary 9.41, we have 
T(Nz)Q ®r/(s)q Ks = KsUp, P|Ne/N5]/(P7p(Up), P|Nz/Ny). 


Thus, if we let As = O;[Up, p|Ns/N¢]/(Pi,p(Up), pIN=/Ny¢), we ob- 
tain a morphism of O-algebras T(Ns)o — Ay by sending the image 
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of Tp to ap(f) if p{ Ns/Ny, and U, if p|Ns/N;. Moreover, we have 
TEx @Te,% Ky 
= Tex @7(Nz)x Ks (Up, pINz/Ny]/(P3,p(Up), PINe/N5) 
= (Ty @r(wz)o Af) @0 K. 


Thus, it suffices to show that Of > T}.@z7(nz)o Af is an isomorphism. 

Since A, is finitely generated as an O-module, it is a complete 
semilocal ring, and it decomposes to the product of local rings. ya is 
by definition the localization of T(Nz)o at my. Thus, it suffices to 
show that there is a unique maximal ideal m of Ay lying above my, 
and the local ring Asm is isomorphic to Or. Let Fy be the residue 
field of Oy. By the definition (10.1) of ms, a maximal ideal m lies 
above my if and only if for each prime number p € © 


Tr(F: D(p)) modm ifp=L¢€S;, 
0 mod m ifpA4E%, 
if p{ Ns/Ny, and 
(10.6) ia Tr(F: D(p)) mod m sa arco g 
0 modm ifpALZEX, 


if p|Ns/Ny. Thus, if m exists, it is unique. 

Ifp=f¢€ Nandl{ Ns/Ny, then é ¢ S; and £|.N;. In this case, by 
Corollary 9.48(2), we have ap(f) = Tr(F : D(p)). lip #24 ped and 
pt Ns/Ny;, then ord, Nf = 2. Thus, by Corollary 9.39(2), we have 
ap(f) =0. If p= £|Ns/Ny, then p{ Ny. Thus, by Corollary 9.23(2), 
we have Py ¢(U) = U(U — Tr(F': D(f))). In this case, p is ordinary 
at £, and again by Corollary 9.23(2), we have Tr(F' : D(p)) # 0. Thus, 
in this case, the multiplicity of the root Tr(F : D(f)) of Pse(U) = 
U(U — Tr(F: D(p))) € Fy(U] is 1. Suppose p|Ns/Ny and p # &. If 
p|Ny, then ap(f) = +1 by Proposition 9.47 and the multiplicity of 
the root 0 of Pp s(U) = U(U — ap(f)) € Fs[U] is one. If p{ Ny, the 
multiplicity of the root 0 of P,,;(U) = U(U? — a,(f)U +p) € F;(U] 
is 1. 

Thus, the only maximal ideal m of 


Ayr, =F s(Up,p|Nx/N¢]/(P3,p(Up), DIN=/Ns), 


whose pullback equals my, is m@ = (Up (p # £,p\|Nz/Ny), Ue — 
Tr(F : D(p)) (if £|Ns/Ny)). Moreover, the local ring As,F,m is 
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isomorphic to Fy. Hence, there exists a unique maximal ideal m of 
Af lying above ms, and the local ring Asm is isomorphic to O;. UO 


COROLLARY 10.5. The full Hecke algebra sae is also reduced. 


Proor. By Lemma 10.3 and Proposition 10.4(2), we have T2 c 
Ty, = Tx,« = Wyea ne) s Kt - 


Let ’ be a finite set of prime numbers that does not intersect with 
S;. If £ ¢ x’ and p is good and ordinary at p = @, Ty is an invertible 
element of T}, by Corollary 9.48(2). By Hensel’s lemma, there exists 
a unique root of U? —T2U + £ that is an invertible element of To In 
what follows, we denote it by q. 


PROPOSITION 10.6. Let © = DY’ I {p}. There exists a unique 
morphism of O-algebras thy» : Te > Te satisfying the condition 


Ty ifq # dD, 
(10.7) ty s(Tg)=(0 ifg=p#é, 
T iffq=p=é. 

PRooF. The uniqueness is clear. Let P,(U) € T(Noe)[U] be the 
polynomial we defined by (10.2) in the proof of Proposition 10.1. Let 
As, =T(Ny )o[U]/(Pp(U)). Define a ring homomorphism T(Ns)o > 
As by sending T, to U as in Corollary 9.37. Define a ring homomor- 
phism Te @T(Ng)o Ax > Te by letting the image of U equal to 0 
if p # @, and hy if p = & The inverse image of the maximal ideal of 
T2, by the composition 


(10.8) T(Ns)o — Az — a ST(Nz/)o As — Te, 


is my, and a ring homomorphism T2 > T%, is induced. It is clear 
that this homomorphism satisfies the condition. O 


The restriction of ¢ mt T2 — T2, to Ts is nothing but typ : 
Ts — Tz defined in §5.5 in Chapter 5. 


10.2. Hecke modules 


In this section we define the Hecke module My as the completion 


of the singular cohomology of a modular curve, and we construct 
RT M-triples. 
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DEFINITION 10.7. We regard the T2-module 
My = H,(Xo(N)*", Z)o ®7(Nz)o Te 


as a Ty-module through the ring homomorphism 7 : Ts > Te. and 
we call it Hecke module. 


In this chapter we may omit the superscript *” to indicate a com- 
plex manifold. For example, we sometimes write H1(Xo(N),Z)o in- 
stead of Hy(Xo0(N)*", Z)o. 


PROPOSITION 10.8. Let f € B(Ng)K,s(K) be a primitive form 
with K coefficients, and let ty : Ts — O be the ring homomorphism 
defined by f. Then, the RTM-triple 


Rs = (Rs, Ts, Ms, fs >Rs7 Tz, 7 :Ts 7 O) 
is an RTM-triple of rank 2. 


PROOF. We verify the conditions of Definition 5.26. For the first 
three objects, Ry is a profinitely generated complete local O-algebra, 
Ts is a local O-algebra, and My is a Ts-module. As we remarked 
after Definition 5.16, Tz is finitely generated as an O-module. Since 
Hi (X0(N), Z) is a finitely generated free Z-module, My is a finitely 
generated free O-module. Since Ts, x = ‘ee x» Myx is a free Ts, x- 
module of rank 2 by Proposition 9.6. If we let pr, = Ker 7, we have 
PTs /Prs ®o K =0 since Tz is reduced. Thus, the finitely generated 
O-module pr, /p7,, has finite length. O 

We will show in Theorem 10.46 that Mz is a free Ts-module of 
rank 2. 

Let © = DI {p}, and we define morphisms of Hecke mod- 
ules my 5 : Ms — My and My > : Mz — My. First we de- 
fine m}, 5 : Mz — My as follows. Let st: Hi(X0(Nx), Z)o 7 
Hi (Xo0(Nzs), Z)o be the pullback of the morphism of modular curves 
Spi as in §§9.4-9.5. 


LEMMA 10.9. Let © = ©’ I {p}. Define an O-linear mapping 
m* : Ms > Hi(Xo0(Ns), Z)o by 


86|Myy — sila o Tp: +p- $3|My ifpFé, 
(10.9) : : f ; 

80|Mgr — SilMg, © Ty: ifp= 2. 
The O-linear mapping m* : My > H,(Xo(Nz), Z)o induces an O- 
linear mapping m3, 5 : Mx: + Mz compatible with the ring homo- 
morphism th sy : Te, > TR. 
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ProorF. As in the proof of Proposition 10.6, define a polynomial 
P,(U) € T(Ng)[U] by (10.2), and let Ay: = T(Nz’)o[U]/(P,(U)). 
We first show the case p # . As in (9.30), define a matrix Up € 


00 0 
M3(T(Ns’)o) by Up = (38 = ), Considering the action of U as the 


multiplication-by-U,, we regard H1(Xo(Nz_), Z)% as an Asy-module. 
By Proposition 9.36, the morphism (s}, si, 83) : Hi1(Xo(Nz’), Z)3 > 
H,(Xo0(Nszs), Z)o is compatible with the ring homomorphism T(Ns)o 


1 
— Ay. Since U, =a = 0, the O-linear mapping (1,—T>,p) : 


My: > Hi(Xo(Nz’), Z)% is compatible with the ring homomorphism 
Ay -> T2, @7(Ny)o As’ > TR, defined by letting the image of Up be 
equal to 0. The linear mapping m* : Myy -> H1(Xo0(Ns), Z)o is the 
composition of these linear mappings, and thus it is compatible with 
the ring homomorphism T(Ns)o > As > Tey. ths :T2 + T%, is 
induced by this composition of ring homomorphisms. This shows the 
case p # £. 

In the case of p = @, define the action of U on Hi (Xo(Nx), Z)% 
by the multiplication of the matrix Up = (9 7) € M2(To(Nz)o). 


Since Up( _tt Ve asi 7 ), the rest of the proof is similar to the case 
pH. O 


COROLLARY 10.10. Let © = DY’ I {p}. We denote by 3; the 
composition of natural surjection Hi(Xo(Nx’),Z)o 7 My and six: 
Ai (Xo0(Ns), Z)o > Ai(Xo0(Nz’),Z)o, and define a morphism of O- 
modules mx : Hi(Xo0(Nz), Z)o > Mz by 


(10.10) ee ee eee 
—Ty + Sox + 51% ifp =. 


Then, the morphism m, : H1(Xo(Ns),Z)o — Ms induces a mor- 
phism of O-modules mys : My — My, that is compatible with the 
ring homomorphism th, 5 : Tz > Tey. 


ProoF. The isomorphism of T(Ns)z-modules 
(9.4) 
Hy (X0(Nz), Z) + Hom(Hi(Xo(Nz),Z), Z); 2+ (y > (2, wy)) 


induces an isomorphism of T2-modules Ms — Homo(My, O), and 
similarly, an isomorphism of T®,-modules My — Homo(Mz,, 0). 
Let m$Y 5, : Homoe(Mz, O) + Homo(Mz,, ©) be the dual of m§, 5 : 
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My -+ My. It suffices to show that the mapping (10.10) induces the 
composition 


(10.11) Ms —> Homo(Mp, 0) 22> Home (Ms, O) — My. 


We show the case p # 2. By the definition of m$, 5, the compo- 
sition (10.11) is induced by w o (So. — Tp} - 51x + P- 52x) ow. Since 
p{ Ns, we have TS = T, by Lemma 9.5, and w oT, = T, ow. More- 
over, Since wo 8; = s2-;0w : Xo(Nx) > Xo(Nz-), (10.11) is induced 
by 52x — Tp: 51% +p: 59x. This shows the case p # &. 

In the case of p = 4, we prove it similarly using the fact that 
wo (3o — TH - 31%) ow = 51x — T! - 5. Oo 


PROPOSITION 10.11. If © = D’ I {p}, then my 5 : My -> My 
is surjective. 


The proof will be given in the next section. Proposition 5.30 in 
Chapter 5 follows from Proposition 10.11 by the induction on the 
number of elements in © — ’. 


COROLLARY 10.12. If © = D/ Il {p}, then My 5: My > My is 
injective, and its image is a direct summand as an O-module. 
ProoF. By the proof of Corollary 10.10, m}, 5 : Mx > Mg is 


the dual of my 5 : Ms — My:. Thus, the assertion follows immedi- 
ately from Proposition 10.11. O 


PROPOSITION 10.13. Let f € ®(Nga)K,a(K) be a primitive form 
with K -coefficients, and let mp : Tx —> O be a ring homomorphism 
defined by f. If 5=X' Il {p}, then the quadruple 

Fos = (rs: Rp > Ry, toy: Ts To, 
my D: Ms > My, my > : My = Ms) 
is a surjection of RTM-triples Ry > Ry’. 

PROOF. Ty7 5: Ry — Ry and ty» : Ts — Te: are surjective 
local morphisms of local O-algebras, and the diagram 


Rg Se 


| Jeo | 


Rs — Ty — > O 
fo Ty 
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is commutative. mp5: Ms 7 My and My! My — My are O- 
linear mappings compatible with ts, 5. By Proposition 10.11, mz) : 
Ms — My is surjective. By Corollary 10.12, M3 5: My > Mz is 
injective, and its image is a direct summand as an O-module. O 


PROPOSITION 10.14. Let U = X/ I {p}. Define an element A, in 
Te, by 
_ J@-1(~t+1?-T?)  ifp Fé, 
Ap , i 
(Te -1erk-t) —ifp=4. 


Suppose also Ay € Tx when p= &. Then Ap, is the multiplier of the 
surjection Fs 5 of RTM-triples. 


Proposition 5.33 in Chapter 5 follows from Proposition 10.14. 


PRooF. It suffices to show that the composition my,» om} » : 
Ms — My; is the multiplication-by-A, mapping. We show the case 
p#é. By the definition of my,,5 and My» the composition my,» ° 
M5, » is induced by multiplication by 


80x98 SOx°S] Sox 9 83 1 
(p -Tp 1) | S1x05$ Six08] 514083] | -Tp 
82x89 S2x OST S249 S85 Pp 
We show 
p(p + 1) ifi =, 
Six 08; = 4 pT, ifi=j+1, 


T-(p+1) ifi=j+2. 


If 7 = j, then s;.os* = degs; = p(p +1). Let to,t1 : Xo(Ns) > 
Xo(Nsyp) and 79,171 : Xo(Nsyp) > Xo(Nz-) be morphisms s and sp 
in (8.65). By Lemma 9.35(1), we have sox 9 8} = Tox Oto. 0t§ OT] = 
deg to-rox°rt = pTp. By Lemma 9.5(2), we have 81.08 = pT} = pTp. 
Similar statements hold for so, 0 sj and 51,985. By the proof of 
Proposition 9.38(1), we have to. ot? + w= rf oros«. Thus, we have 


SOx © 85 =T0x OTT OTOx OTT —TOx O We OTT 


= ie — degrox = a —(p+1). 
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The same is true for s2, 0s}. Thus, in the case p # @, the assertion 
follows from the equality 


p(p + 1) pT, TT) -(p+1) 1 
(> -Tp 1) pip p(p + 1) pre -T, 
T?-(p+1) ply p(p +1) 


0 
= (p -T, » 0 
(p? —1)(p + 1) —(p—-1)TF 
= (p—1)((p+1)? - Tp). 


Similarly, in the case p = @, since we have p = T#T, — T/?, the 
assertion follows from 


_Th p+1 1) _ pi _ d 
(rt 1) ( A) pti) (rt) <1 +7 - 20+ 07 
= (T?? — 1)(2T} -7,). Oo 
For general ©’ C &, we define the morphism of Hecke algebras 
ths : T2 — T2, and the morphisms of Hecke modules my,5 : Mp > 
My and m3, 5 : My > Msg inductively, but we omit the details here. 
10.3. Proof of Proposition 10.11 


In this section we prove Proposition 10.11 while admitting the 
following Theorem 10.15. Let p be a prime number, and let N > 1 
be an integer relatively prime to p. Define 


T'(N) = Ker(SL2(Z) > SL2(Z/NZ)), 
a b S 
To,«(p, N) = { & ) eT(N) 


T'(N) = Ker(SL2(Z[4]) > SL2(Z/NZ)). 
In addition, define 


E(N) = (4(5 7 A 
B(N) = (4 G a A|Ae SL2(Z{=1) ) cP). 


Let so : To,«(p, N) — T'(N) be the inclusion, and let s; : To,.(p, N) > 
I'(N) be the conjugate A > (2°) A(2°). Let jo : M(N) > 
T'(N) be the inclusion, and let j, : P(N) > I'(N) be the conjugate 


c= 0 mod p} 


Aé sL,(Z)) CIN), 
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Ar+(B°)A (Ga The amalgamated sum of 80, $1 : T'0,«(p, N) > 
I(N) is denoted by P(N) *r,.(p,n) P(N). For a group I, = 
T/(I',T] is its abelianization. 
THEOREM 10.15. Let p be a prime number, and let N > 1 be an 
integer relatively prime to p. 
(1) The homomorphism I(N)*ry .(p,ny P(N) > T'(N) defined by the 
commutative diagram 


T(N) —2%> fi) 


so] |x 
To,«(p,N) —*> T(N) 
is an isomorphism. 
(2) T(\N) = E(N). 
We do not give a proof of Theorem 10.15 in this book. 


COROLLARY 10.16. (1) E(N)?> > T(N)*> is surjective. 
(2) 80 ® 81 : To,«(p, N)*> — (I(.N)**/E(N))? is surjective. 


Proor. (1) Let A be any element of SL2(Z[Z]), and M = 
A(3 4) A~?. By Theorem 10.15(2), it suffices to show that M is con- 
jugate to an element E(N) by an element of [(N). If p? =1 mod N, 


then (3 47) is conjugate to ($ N yp by G4 ay) e€I(N). Thus, M 


is conjugate to M Pr” by I'(.N). Therefore, it suffices to show that 
MP é E(N) for sufficiently large n > 0. 

Since (M —1)? =0 and M-1le M2(Z[5)), we have MP” = 
1+ p’"(M — 1) € SL2(Z) for sufficiently large n > 0. Since 
(M ears 1)? = 0, there is an integer b € Z such that M P°” is conjugate 
to (4°) by an element of SL2(Z). Since MP” = 1 mod N, we have 
N|b and thus M?” € E(N). 

(2) By Theorem 10.15(1), we obtain an exact sequence 

s0@51 jo-j. = 
T0,«(p, N)*® ——> [(N)?® 2? ——> IN)? — 0. 
The assertion is clear from this and (1). O 


Let p be a prime number, and let N > 1 be an integer relatively 
prime to p. Modular curves X(N) and Xo,«(p, N) over Q are curves 
over the cyclotomic field Q(Cy). $0,581 : Xo,«(p,N) > X(N) are 
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defined just as s9,s, : Xo(Np) > Xo(N). Embed Q(¢yn) into C by 
Cn = exp (=), and let X(NV)*" and Xo,.(p, N)®" be the compact 


Riemann surfaces defined by X(N) @qic¢y)C and Xo,«(p, N) @q¢ew)C, 
respectively. 


PROPOSITION 10.17. Let p be a prime number, and let N > 1 be 
an integer relatively prime to p. Then, 


50x ® 81% : Hi(Xo,«(p, N)*™, Z) —> Hy(X(N)*", Z)? 


is surjective. 


ProoF. If N = 1,2, then the genus of X(N) is 0, and thus we 
may assume N > 3. If N > 3, then, by Lemma 8.37, I'(N) acts 
freely on the upper half-plane H = {r € C | Im7z > O}, and we 
have [(N)\H = Y(N)*" and [o«(p,N)\H = Yox(p,N)*". Thus, 
we obtain isomorphisms of fundamental groups I'(N) > m(Y(N)*") 
and To,«(p, N) > 71(Yo,«(p,.N)*"). Moreover, the inertia groups at 
the cusps of Y(N) are conjugate to ((47)) =T'(.N) 1 ((31)), these 
isomorphisms define a commutative diagram 


Tox(p, Ne = 2825, (T(.N)*>/ E(N))? 


! ! 


Fy (Xo,«(D, A, Z) Sox@sis, Hy (X(N), Z)?. 


The left vertical arrow is surjective, and the right vertical arrow is 
an isomorphism. Thus, the assertion follows immediately from Corol- 
lary 10.16(2). O 


COROLLARY 10.18. Let p be a prime number, and let N > 1 be 
an integer relatively prime to p. Then, 


Sox B Six : Ay (Xi0(N, p)*, Z) — Ay (X1(N)™, Zz)? 


is surjective. 
This is a more precise version of an analog of Corollary 9.30(2). 


PROoF. Consider the subgroups [(N) Cc T',(N) of SLo(Z). By 
the isomorphisms of Riemann surfaces (8.47) and (8.40), the ho- 
momorphism H)(Y(N)*",Z) — Hi(¥i(N)*", Z) is identified with 
that of abelianizations T(N)#> — I,(N)?>. Hi (X(N)?", Z) and 
H,(X1(N)*", Z) are the quotients by the images of inertia groups 
of Hi(Y(N)*", Z) and H,(Y,(N)", Z), respectively. The cokernel 


10.3. PROOF OF PROPOSITION 10.11 121 


of [(N) > T\(N) is generated by the images of the inertia group 
((4+)) at the cusp, and H,(X(N)",Z) > Hy(Xi(N)?", Z) is sur- 
jective. Hence, the assertion follows from Proposition 10.17 and the 
commutative diagram 


Hy (X,,0(N, p)*", Z) ———? A, (X(N), Z) 


! ! 


Ay (X1,0(N,p)*", Z) ——> Hi(Xi(N)?*, Z). O 


PROPOSITION 10.19. Let p be a prime number, and let N > 4 be 
an integer relatively prime to p. Then, 


(10.12) Ay (Yi,0(N, p”)*”, Z) Lieto), Ay (¥1,0(N,p)*, Z)? 
sevttie, Hy (¥4(N)*,Z) 0 
is an exact sequence of Z-modules. 
PROOF. By the assumption N >4, Y,(N) is a fine moduli scheme. 


Similarly to Lemma 9.35(3), the commutative diagram of finite étale 
morphisms of curves 


sid 
¥i0(N,p?) UV o(N,p) 2223 VY o(N,p) 
(10.13) (to,woto) | |» 
¥:,0(N,p) — iy, “YG(N) 


is Cartesian. Therefore, the commutative diagram 
mi(Yi,o(N,P?)) +> m(Ki,o(N,p)) 

(10.14) toe | | 
m™(Yio(N,p)) <*> m(Yi(N)) 


induces an isomorphism 7 (Y1,0(N, P)) #93 (¥1,0(N,p2)) 71 (¥1,0(N, p)) > 
m™1(Y,(N)). We obtain the exact sequence (10.12) from this. Oo 


LEMMA 10.20. Let N > 5 be an integer, and let p be a prime 
number that does not divide N. The action of the Hecke operator Tp 
on the kernel of Hi(Y,(N)*", Z) > Hy(X1(N)*, Z) is multiplication 
by (p) + p. 
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PrRoor. Let Z(N) = Xi(N)®" — ¥{(N)*" be the set of cusps. 
Then, we have an exact sequence of T,(N)z-modules 


27x") + Hy (¥i(N)*", Z) —+ Hi(Xi(N)™",Z) — 0. 


Thus, it suffices to study the action of the Hecke operator T, on the 
free Z-module Z7:‘%) generated by the cusps. 

By the assumption N > 5, X1(N) is a fine moduli scheme of gen- 
eralized elliptic curves with level structure. Thus, Z, (JV) is identified 
with the set 


isomorphism classes of pairs (Pj, P), where Pz (d| N) is 
the Néron d-gon over C, and P is a point of exact order 
N of the smooth part P}™ ~ Gm x Z/dZ such that (P) 
intersects with all the connected component of P3™ 


Similarly, Z1,0(N,p) = X1,0(N, p)*” — Yi,0(N,p)* is identified with 
the set 


isomorphism classes of triples (Pu,P,C), where Py 
(d| Np) is the Néron d-gon over C, P is a point of ex- 
act order N of the smooth part P§™ ~ G,, x Z/dZ, and }. 
C c P§™ is a cyclic subgroup of order p such that (P)+C 
intersects with all the connected component of P}™ 


The mappings s,t : Z,,9(V,p) + 2(N) are described as follows. For 
a triple (Pu, P,C), let Q be the Néron polygon obtained by contracting 
the irreducible components of Py that do not intersect with (P). Then 
we have s(Py,P,C) = (Q, image of P). Also we have t(P3,P,C) = 
(Pa/C, image of P). 

The inverse image of the point (Pa,P) by s : 210(N,p) > 
Z;(N) consists of two points (Pa, P, up x 1) and (Pap, P,1 x dZ/dpZ), 
and their ramification indices are 1 and p, respectively. Here, we 
identified Pj" = G,, x Z/dZ with the subgroup of Pi? = Gm x 
Z/dpZ through the multiplication-by-p mapping Z/dZ > Z/dpZ. 
Furthermore, the images of (Pa, P, Up x 1) and (Pap, P,1 x dZ/dpZ) 
by t : Z1,0(N,p) > Z1(N) are (Pa,pP) and (Pa, P), respectively. 
Hence, the image of {(P,, P)] € Z71(%) by Tp = t. 0 s* is [(Py,pP)|+ 
pl(Pz, P)] = ((p) + )[(Pa, P)] O 
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LEMMA 10.21. Let N > 1 be an integer, and let p be a prime 
number that does not divide N. The action of the Hecke operator Tp 
on Coker(Hy(X1(N)@", Z) > Hi(Xo(N)*, Z)) is the multiplication 
by p+. 


PROOF. X(N) is the quotient of X,(N) by (Z/NZ)* acting as 
the diamond operators. Since H,(X,(N)*", Z) and Hy(Xo(N)*", Z) 
are the abelianizations of the fundamental groups 71(X,(N)*") and 
m™1(Xo(N)*"), Coker( Hy (X1(N)*, Z) > Hy(Xo0(N)*", Z)) is identi- 
fied with the quotient of (Z/NZ)* corresponding to the maximal un- 
ramified intermediate coverings of X;(N) > Xo(N). Since the mor- 
phisms s,t : X1,9(N,p) — Xi(N) are compatible with the action of 
(Z/NZ)*, the induced mappings s,,t, : Coker(Hi(X1,0(N, p)*", Z) > 
Hy (Xo(Np)*", Z)) > Coker (Hy (Xi (N)*, Z) > Hy(Xo(N)*", Z)) are 
equal. Thus, we have T, =t,0s* = s,08s* =degs=p+l. O 


Let O be the ring of integers of a finite extension K of Qz, let 
M > 1 be an integer, and let O[T,,p { M] be the ring of polyno- 
mials with infinite number of variables. Let m be a maximal ideal 
of O[Tp,p { M] such that the residue field F = O[T,,p { M]/m is a 
finite fold. If there do not exist characters a, 8 : (Z/MZ)* — F* 
such that T, = a(p) + 6(p) mod m for all p { M, then m is said 
to be non-Hisenstein. For a factor M' of M, H,(X9(M’)*", O) and 
Hy (X1(M")*",O) are O[T,,p { M]-modules, and for a maximal ideal 
m, the localizations H,(Xo(M’)®",O)m and Hy(X1(M')*",O),_ at m 
are defined. 


PROPOSITION 10.22. Let p be a prime number, and let N > 1 be 
an integer relatively prime to p. Let m be a non-Eisenstein maximal 
ideal of the polynomial ring O[T,,q + Np*]. Then, 


(10.15) Sox ® Six @ Sox : Hy(Xo(Np?)*™, O)m —> Hi(Xo(N)*”, O)3, 


is surjective. 
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ProoF. If N < 4, then the genus of X,(N) is 0, and thus we 
may assume N > 5. Consider the following diagram. 


0 
| 
Hy (X10(N,p?)*, O)m Sor PS2=B52", (X41 (N)*", O)3, 


0 1 0 
0 0 1 
taa-to- | | -1 0°40 
ie} -1 oO 


(018) y(Xo(N,nye,0)%, 2222, a cxi(N), O)4 
sonts1. | |@ 0 0 1) 
Hy (X1(N)*", O)m === = A, (X,(N)*",O)m 
\ \ 
0 0. 


The right column is clearly exact. Since m is non-Eisenstein, we 

may replace X by Y in the left vertical column by Lemma 10.20. 

Thus, by Proposition 10.19, the left column is exact. Furthermore, 

by Corollary 10.18, the middle horizontal arrow is surjective. Thus, 

by the snake lemma, the upper horizontal arrow is also surjective. 
Consider the commutative diagram 


Hy (X1,9(N, p2)®", O)m ore O82, Hy (X4(N)*, O)3, 


(10.17) | | 


Hy(Xo(Np2)*, O)m_ Sor B= O82", Hr (X(.N)*", O)3. 


Since m is non-EHisenstein, the right vertical arrow is surjective by 
Lemma 10.21. Thus, the lower horizontal arrow is also surjective. O 


PROOF OF PROPOSITION 10.11. By Proposition 9.26, the maxi- 
mal ideal my is non-Eisenstein. Thus, the inverse image of my by 
O[T,,p {| M] > T(Nz)o is also non-Eisenstein. In the case of p  £, 
the assertion follows immediately from Proposition 10.22. The case 
p= £is similar, but we omit the details. O 
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10.4. Deformation rings and group rings 


As a preliminary for the construction of the family of liftings of 
(R, M) = (Rg, Mg) in the next section, we study the relationship 
between deformation rings and group rings. 


Let © be the set of all the prime numbers satisfying the conditions 


(10.18) q¢S5 q# and Trp(yq)#+(q+1). 


The condition Tr D(¥q) # +(q+1) can also be stated as (Trf(pq))? # 
(q+1)?. For q € Q, let @q and £, be the eigenvalues of p(pq). Since 
q = Gq, the condition &g8,+(@q+f,)+1 # 0 in (10.18) is equivalent 
to the condition @, # +1 and 6, # +1, or Qq/Bq # q*!. Thus, if 
q = 1 mod £, we have G, # Bq. In what follows, we assume that a, 
and Bg belong to F for each g € © after replacing K by its unramified 
quadratic extension if necessary. 

For q € Q, let Ag be the maximal th power quotient of (Z/qZ)* 
identified with Gal(Q,(¢,)/Q,). If¢ #1 mod £, then we have A, = 1. 
We identify A, with a quotient of the inertia group J, through the 
surjection Iz > Gal(Qq(¢,)/Q,) = (Z/qZ)*. Ag is identified with 
the maximal th power quotient of the image in the abelianization 
Im(Ig > Ge). 

The condition Trp(y,) # +(q +1) is made for the following 
proposition. 


PROPOSITION 10.23. Let q € 9, and let R be a profinitely gener- 
ated complete local O-algebra. Let Fr be the residue field of R. Let 
Pq: Ga, > GLo(R) be a lifting of the restriction of p to Ga,. 

(1) Suppose ag # Bo: There is a unique pair of characters Aq, Bg : 
Ga, > R* such that pq is isomorphic to the direct sum aq @ Bq, 
and the composition Ga, > RX — FX are unramified charac- 
ters whose values at pq are determined by Gq and By, respec- 
tively. The restriction of the characters Qq, Bg : GB, — R* to 
the inertia group Ig induces characters A, > R* of the quotient 
group Ag. 

(2) Ifqg#1mod £, then pg is unramified. 


PROOF. Let F € Ga, be a lifting of the Frobenius substitu- 
tion y, € Gr,. Replacing the basis of R? if necessary, we may as- 
sume p,(F) = P = & a): If o € Iq is any element of the inertia 


group, we have Pp,(o)P-* = p,(c)% and pg(c) = 1 mod mp. Thus, 
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if A = (28) (a,b,c,d € mp) satisfies PAP-+ = (1+ A)? —1, it 
suffices to show that b = c = 0. Since PAP™! = (1+ A)% -1, 
there exist polynomials f snd g of four variables with Z coefficients 
whose constant terms are 0 that satisfy @G—1b = (q¢ + f(a,b,c,d))b 
and Ba-!c = (q¢+9(a,b,c,d))c. By assumption, we have &6-! and 
Ba! £q and f(a,b,c, d) = g(a,b,c,d) =0 mod mp. Thus, we have 
=c=0. 

As above, we identify A, with the maximal /th power quotient of 
the image in the abelianization Im(I, > G@,)- Since 1+mpM2(R) C 
GL2(R) is a pro-£ group, the restriction of ag, 8, to Ig passes through 


of 

(2) We first show it in the case G, # By. From (1) we see that 
there exist characters ag, By : GB, — R™ satisfying pg ~ Aq © Bg. 
By the assumption g #1 mod @, ra image A, of the inertia group is 
trivial, and a, and fy are unramified. 

We show it in the case @, = B,. We show that the image p,(I;) 
of the inertia group J, is trivial. Replacing R by R/m* if necessary, 
we may assume R is finite. Suppose the order of the image pg(I,) C 
1+mprM2(R) is 2”. We want to show m = 0. Since £ # q, pg(Iq) is 
a cyclic group of order @”. Let A be a generator of the cyclic group 
Pq(I,). Suppose F € Ga, is a lifting of yp, € Ga,. Let de Rbea 
root fee unity of order prime to @ that satisfy @ = @, mod mp. If we 
let p(F') = &@P, we have PAP~! = A’. If the order of P is N, then we 
have A?” = A, and thus g” = 1 mod 2”. Since the only eigenvalue 
of P mod mp is 1, N is a power of @, and we have q¥ = q mod £. 
Since gq # 1 mod £, we conclude that m = 0. O 


As we noted above, if q = 1 mod £, we have a, # Bas and thus 
the condition of Proposition 10.23(1) is satisfied in this case. 


COROLLARY 10.24. The notation is as in Proposition 10.23. As- 
sume furthermore that ¢ = 1 mod é and that the restriction of det pg 
to the inertia group I, is the £-adic cyclotomic character. Then pg ts 
unramified if and only if ag|z, is trivial. 


PROOF. Since q # £, det pg = ag, is unramified and we have 
alr, = Bly. 0 


Let D={geE a) | g = 1 mod £}. In what follows, we identify a 
finite subset Q C Q with the integer Taco q. For a finite subset Q 
in Q, define Ag = [],¢q Aq. Through the identification (Z/QZ)* = 
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I],<q(Z/9Z)*, we identify Ag with a quotient group of (Z/QZ)*. 
For each g € Q, choose one of two eigenvalues of 6(y,) and denote it 
by @, € F*. We define a ring homomorphism 


(10.19) O[Ag] — Ra. 


Let pg : Gq — GL2(Rqa) be the universal representation. For each 
q € Q, apply Proposition 10.23(1) to the restriction py : Ga, > 
GL2(Rg) of pg to the decomposition group Ga,, and we define a 
character a, : GB, — Rg. By Proposition 10.23(1), the character 
Qq to the inertia group I, induces a character Ag + RO. Define 
O[Ag] — Ra as the ring homomorphism induced by the product of 
these characters, Ag > Ro. 


LEMMA 10.25. Let Q be a finite set of prime numbers in Q = 
{q € Q| q =1 mod 4}, and let O[Ag] — O be the augmentation 
morphism. Then, the diagram 


O[Ag] ——> Re 


! ! 


O —> Rg 


is commutative, and the induced morphism Rg @o{Aq] O > Rg is an 
isomorphism. 


PROOF. Since the universal representation pg : Gq — GL2(Ra) 
is unramified at Q, the commutativity of the diagram is clear from the 
definition of O[Ag] > Rg. If p is a lifting of p of type Dg, then, by 
Corollary 10.24, p is a lifting of type D if and only ifa,: Ga, > R* is 
unramified for any q € Q. Thus, Rg @o{aQ] O represents the functor 
Defz,p, over O. Hence, Rg @o[aQ] O > Re is an isomorphism. O 


QUESTION. Let Q be a finite subset 9, and let Q = ale Q. Show 
that the natural morphism Rg — Rg is an isomorphism. (Hint: You 
may prove this similarly to the proof of Lemma 10.25.) 


PROPOSITION 10.26. There exist infinitely many odd prime num- 
bers q € QO such that q#1 mod 2. 


PROOF. det is the mod @ cyclotomic character and is of even 
order. Thus, by Theorem 3.1 and Lemma 9.51, the assertion is now 
reduced to the following lemma of group theory. O 
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LEMMA 10.27. Let F be a finite field of characteristic 2 > 3, let 
p:G— GLo(F) be an absolutely irreducible representation of a finite 
group G, and let x : G > F* be a character. Suppose the order of 
x is an even integer 2d. In case 2d = 2, we assume further that the 
restriction of p to H = Kery is absolutely irreducible. Then, there 
exists an element o of G satisfying the condition 


(Tr p(o))? , (L+x(2))? 
10.20 x(o) 41 and ——— 4 
oe ie det p(o) x(o) 
We deduce the above lemma from the following theorem. 


THEOREM 10.28. Let ¢ be a prime number, let F, be an algebraic 
closure of Fe, and let G Cc GLo(Fe) be a finite subgroup. Suppose 
V= F, is absolutely irreducible as a representation of G. Then, 
the image G of G in PGL2(Fr) = GLo(Fe)/F, satisfies one of the 
following conditions (i), (ii), and (iii). 

(i) There exists a finite extension F of Fe such that G is conjugate 
to either PGL2(F) or PSL2(F). 
(ii) G is isomorphic to the symmetric group G4, the alternating 
group 2X4, or As. 
(iii) G is isomorphic to the dihedral group Don of order 2n with n 
and £ relatively prime to each other. 


We omit the proof of Theorem 10.28. 


PROOF OF LEMMA 10.27. We prove it by contradiction. Let 
2 
a(c), B(o) be eigenvalues of p(o oo Then the condition ((9+8(e)" y 


a(c)B(o) 
dexter is equivalent to a+ aS eal #x(o)+ ey y? and in turn equiv- 


alent to ea # x(c)*!. Suppose the negation of condition (10.20), 
that is 
a(o) 


Bla) = x(o)*? 


holds, and we derive a contradiction to the assumption of Lemma 
10.27. 

Let Z = {0 € G| p(c) is scalar matrix}. By (10.21), we have 
ZC Kerxy =H. Thus, we have Ker p Cc Z C Ker y, and replacing G 
by p(G), we may assume G C GLa(F). 

Take an element o € G such that x(c) is a generator of x(G). 
Let :G—>G=G/Z be the natural surjection, and let H = H/Z. 
We show that G = (G) x H and Hi is an abelian group. By (10.21), 


(10.21) if o € G, then x(o) =1lor 
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replacing F by its quadratic extension and changing bases if necessary, 
we may assume o = (9 ,(,)) mod F*. From this G = (¢) x H follows 
immediately. Suppose tr € H. Since we have x(a?7T) = x(a)? = 
—1, the eigenvalues of o%7 is of the form a,—a, and (a4)? € Z. 
Hence, we have 7~! = o470~4 mod Z. Thus, rt +> 77? defines an 
automorphism of H = H/Z, H is an abelian group. 

Since G = () x H, the order of & is even, and H is abelian, it 
follows from Theorem 10.28 that G C PGL»(F) satisfies condition 
(iii) of Theorem 10.28. Suppose G is a dihedral group of order 2n 
(tn). Since (G)2 = 1, the order of x is 2. Since the order of any 
element of G—H is 2, H is a cyclic group of order n. Thus, H is 
an abelian group of order prime to @, and the restriction of p to H is 
absolutely reducible, which is a contradiction. O 


10.5. Family of liftings 


Q={qeE a) | q =1 mod ¢} is the set of all the prime numbers q 
satisfying the condition 


(10.22) q¢553, q=l1modé and Trp(y,) # +2. 


Condition (10.22) is the same as condition (5.19). Choose a prime 
number qg’ € Q—Q satisfying the condition of Proposition 10.26, 
and fix it once and for all. For a finite set Q of prime numbers in 


Q, we define variants Th, M, 2 of the full Hecke algebra T) and the 
Hecke module Mg and a homomorphism fa : Rg > su. from the 


deformation ring to the Hecke algebra, and we will show that these 
form a family of liftings. 


As in the previous section, for each g € Q, choose an eigenvalue 
of p(y~q) and denote it by @,. By Hensel’s lemma, for each g € Q, 
there exists a unique root in T%, of U? — T,U + q = 0 whose image 
in F is @. We write it T!. We identify a finite set Q C Q with the 
integer |] qeQ 4 In what follows, the Hecke algebra Tp,1(No, Qq’”)z = 
Zin (n > 1), (a)(a € (Z/Qq’?Z)*)] C End Joi(Na, Qq) will be 
written by T(Ng, Qq’2)z. Let T(Ng, Qq”)o = T(Na, Qq”)z @z O. 
Just as Proposition 10.6, we show the following. 


PROPOSITION 10.29. Let Q be a finite subset of QO, and let q’ be 
a prime number satisfying the condition in Proposition 10.26. Then 
there exists a unique ring homomorphism tg,g : T(Na,Qq’)o > TY 
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satisfying the conditions 


Tp ifpé QU {q'}, 


(10.23) ta,q(Tp)= (Ti ifp=qeQ, 
0 fp=q, 
(10.24) ta,q((a)) =1 a € (Z/Qq’?Z)”. 


PROOF. The uniqueness is clear. We show the existence. The 
natural mapping X0,1(Ne,Qq2) > Xo(NeQq’) induces a ring ho- 
momorphism T(Ng, Qq’*)o > T(NeQq’*)o. For a prime number p, 
the image of T, is Tp, and for a € (Z/Qq’?Z)*, the image of (a) is 1. 
Thus, it suffices to give a ring homomorphism T(NgQq”)o — T3 
satisfying condition (10.23). For g € QU {q’}, we define a polynomial 
P,(U) € T(Ng){U] as in the proof of Proposition 10.1 by 


P,(U) = U? -T,U +4 if qe Q, 
Ow lu? -TyU +) ifq=d. 

Let A’ = T(Ne)o[Uq,9 € QU {a'}]/(Pa(Uq),9 € QU {q'}). Define 
a ring homomorphism T(NgQq)o — A’ as in Corollary 9.37 by 
letting the image of T, be equal to T, if p ¢ QU {q’} and equal to U, 
ifp = q € QU{q}. Define a ring homomorphism A’ @r(Ne)o lo > Ti, 
by letting the image of U, equal to T} if g € Q, and equal to 0ifg = q’. 
Then, the composition 
(10.25) T(NoQq")o — A’ 3 A’ ®7(Nz)o TZ — Te 


satisfies condition (10.23) O 


DEFINITION 10.30. Define a maximal ideal mi, of T(Ng, Qq')o= 


T(No, Q¢?)z ®z O to be the inverse image of the maximal ideal mg 
by the ring homomorphism tg,9 : T(Na,Q¢”)o > Ti. We call the 
completion T(Ng, Qq’”) o.mt, of T(Ng, Qq’?)o at the maximal ideal 


mi, the full Hecke algebra, and denote it by Te: The ring homomor- 
phism induced by tg,g is denoted by 


(10.26) th 9: Th TS. 


We can define an isomorphism Tg —> sek Tp (p)—1/?T,,, 
pt NsQq’é, but we do not use it in this book. 


PROPOSITION 10.31. Th is reduced. 
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ProoFr. The proof is similar to that of Proposition 10.4. Define 
a subring T’(Ng, Qq’”)o of T(Nga, Qq’”)o as the subring generated 
over O by Ty (p{ NaQq”) and (a) (a € (Z/Qq’?Z)*). Let 


(Nz, Qq")x = SpecT’ (No, Q¢?) x. 


T(Ne, Qq)o is reduced and T(Ng,Qq")k = THWyca(ne 992) x KF: 
Let Mo be the maximal ideal of T(Ng,Qq’”)@ defined as the in- 
tersection T(Ng, Qq’7)6N mf). It suffices to show that the natural 
mapping T (No, Q47)6 mi, = cs a T(No, 29") 6 at, becomes an 
isomorphism after tensoring ®oK. 

Define a subset ®(No, Qq”) K,,aq C ®(No, Qq”)K by 


{f € ®(Ng,Qq”)x|Ker(T(No,Q¢7)o > Ks) C mo}. 


Since we have T (No, 09) en', GokK= Tyee e,09)x,.80 Ky, it 
suffices to show that the natural mapping Ky > TS, K &T(No,Qq2)' 
Ks is an isomorphism for each primitive form f € (Ng, Qq’”) x, pao: 

Let f € ®(Ne,Qq")K za. Since the level Ny of f satisfies 
Noa|Ns|NoQq?, if p|NoQq?/N+, we have p|Qq’. As in the proof of 
Proposition 10.4, for a primitive form f € ®(Ng,Qq’”)k,p,a9 and a 


prime number p|NgQq’*/Ny, define a polynomial P;,,(U) € O;[U] 
in U by 


U(U?—ap(f)U +p) if ordp NaQq?/N; =2, 
P7p(U) = ¢ U(U-a,(f)) if ord, NgQq’?/N;=1 and p|N;, 
U?—a,(f)U +p if ord, NaQq’?/N;=1 and p{ Ny, 


and let Ar = O;(Up, p]|NaQaq?/Ny)/(Py,p(Up), pI NoQq’?/Ny). There 
is an isomorphism T(Ng, Qq) k @T(No,Qq?)'x Ky — Aj @o, Ky over 
K, and it induces a morphism of O-algebras T(Na,Qq)o — Aj. 
TS x @1(No,Qq),, Ky can be identified with (T3 @7ws,Q¢2)o Af) 
®oK through the isomorphism above. An ideal 


m! =(U,—Gq(qEQ and q|NeQq’?/Ns),Uy (a'|NoQq?/Nj)) 
of As,r, = Af Go, Fy is a maximal ideal of A;,r,, and it is a unique 


one whose inverse image in T(NgQq”)o is mb). From this we see 


that O; > ys @T(Nz,Qq'2)o Af is an isomorphism, as in the proof of 
Proposition 10.4(2). Oo 
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By (10.24), the image of ( ) : (Z/Qq’2Z)* > oy is contained 
in 1+ my). Thus, the order M of this image is a power of £ Since 
£42, M is odd. For a € (Z/Qq?Z)*, define (a)~1/? = (a)(M-D/2, 
The character ( )~!/? : (Z/QqZ)* > 1 + mi, a se satisfies 
()-(( )7¥?)? = 1. Let pg : Gq > Gle(Rg) be the universal 
representation. 


PROPOSITION 10.32. (1) There exists a unique ring homomor- 


phism 
(10.27) fA7Ro 31) 
that satis fies 
(10.28) F4(Tr(2Q(¥p))) = (P) 7 Tp 


for any prime number p{ Ng Qq’ é. 

(2) The image of a € (Z/QZ)* by the mapping (Z/QZ)* — Ag > 
0 induced by the composition O[Ag] — Re > Tr is (a)—1/2 € 
rey 

Q 


PROOF. (1) We define a ring homomorphism ta :Rg7- ies By 


the proof of Proposition 10.31, Th @0K > [Tyeawng Q9)K pag K; is 
an isomorphism. We identify yack @o K with [] sea. s 09) x 
through this isomorphism. 

Let ps : Gq > GL2(Of) be the é-adic representation associated 
with f € ®(Ng,Qq)K3,a0- By Proposition 10.23(2), py is unrami- 
fied at p = q’. Let es : (Z/Qq’?Z)* O; be the character of f. e¢ is 
the composition of ( ) : (Z/Qq’Z)* > T. and yy — OF. Let 6; 
be the composition of ( )~1/? : (Z/QqZ)* > Te and Te — OF. 
Then, we have ¢ 157 = 1. Since py is unramified at q’ and det py is 
the product of €, and the cyclotomic character, the conductors of é 
and dy are divisors of Q. From now on, we regard e€s and 6; as char- 
acters of (Z/QZ)* = Gal(Q(¢g)/Q). Regarding 6; as a character 
Gq — OF, we define an ¢-adic representation py : Gq — GL2(O7) 
by py = pr @ 6. 

By Corollary 9.17, the é-adic representation b's = pp@bs:GQqr 
GL2(Of) is unramified at p { No Qq’é, and we have det(1—p'(yp)t) = 
1 — 5;(p)ap(f)t + 5s (p)?e¢(p)pt? = 1 — 55 (p)ap(f)t + pt?. Thus, p'; : 
Ga > GL2(OF) is a lifting of p, and det p is the f-adic cyclotomic 


Ky 


PaQ 
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character. Furthermore, by Theorem 9.31, p's is semistable at p € 
Sp U {8}, and if £ ¢ 35, pis good at p = &. By Proposition 10.23(2), 
p; is unramified at p = q’. Thus, p : Gq > GL2(O,) is a lifting of 
p of type Do. 

The lifting p; : Gq + GL2(O;) of p of type Dg defines a ring 
homomorphism Rg > O;. For p { NaQq’é, we have Tr(p}(p)) = 
e; /*(p)ap(f). On the other hand, by Proposition 10.31, Auk > 
yee e.0¢)x.p0g Oy is injective, and the image of (p)~1/?T, is 


(e;‘/"(p)ap(f)). Thus, for p t NaQa’é, the image of Tr(pq(¥p)) by 
the product Ra > [Trcacny Q4)K,p.ag O; coincides with the image 
of (p)~1/?T,,. 

By Theorem 5.8, the subring O[Tr(pa(Yp)), pt NaQq’4] of Ra is 
dense. Thus, the image of the product Ra > [| reawy,Q9'2) x mee O; 


is a subring of Ti , and the ring homomorphism fo >:Reg- TA, has 
been constructed. The equation (10.28) has already been shown. The 
uniqueness is clear. 

(2) Let f € ®( Nz, Qq) K,p,40; and let a € (Z/QZ)*. It suf- 
fices to show that the image of a by the composition O[(Z/QZ)*] > 
Rg > Td - Ky coincides with the image 5;(a) of (a)~1/? in Ky. 
Suppose g € Q, and it suffices to show it in the case a € (Z/qZ)* Cc 
Iqeq(Z/aZ)* = (Z/QZ)*. First, we show it in the case where 
the restriction €7,¢ = €f\|(z/qz)x is trivial. In this case, by Theo- 
rem 9.31(2), py is semistable at g. Thus, by Proposition 10.23(1), ps 
is unramified at g. Hence, in this case, the images of a € (Z/qZ)* in 
Ky both equal 1. 

Suppose the restriction ey is not trivial. Let x be the ¢-adic 
cyclotomic character. By Theorem 9.32, the restriction Pla, is the 
direct sum of the unramified character ag : Ga, > K; defined by 
Qq(‘Pq) = ag(f) and the ramified character (x -€f)|Gq, ° az’. By the 
definition of ®(Ng, Qq”) x,p,a9, we have aq(~q) = aq(f) = Gq. If 55g 
is the g-component of 67, the product of characters ag - df,q : Ge, > 


1& 


O} is a direct summand of the restriction p,,, and we have aq-;,q = 
Q . Since the composition Rg > ip — O; is determined by p;, re 
the g-component of the composition (Z/QZ)* — Ag > as > O; 
is 67g. This completes the proof in this case also. 
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COROLLARY 10.33. ee : Th — T%, induces an isomorphism of 
O-algebras T3, ¢ ®0[Aq] O > Ta,K =Th,x. The diagram 


fi 
Ra —*> 7%} 


mol [be 
R aa Te 
is commutative. 


PROOF. We identify as Tee = [yee 2,097) x,e.46 K;,T2,x = 
yeaa) x.s K;. By Theorem 9.31(1) and Proposition 10.32(2), we 
have ®(Ne)x,5 = {f € ®(No, Qa”) k,2,a0 | pf is unramified at each 
q € Q}. By the proof of Proposition 10.32(2), that py is unramified 
at q € Q is equivalent to that the restriction ef, is trivial, which 
is in turn equivalent to that p; is unramified at gq € Q. By Corol- 
lary 10.24, this is still equivalent to that the composition O[Ag] > 
Ky passes through the augmentation morphism O[Ag] — O. This 
shows Th @o[Ao] O = yeacna)s.s Ks = To,x. The commuta- 
tivity of the diagram follows immediately from Theorem 5.8, and 
Propositions 10.29 and 10.32(1). O 


DEFINITION 10.34. Consider the T}-module 
Mé = H(X0,1(Ne, Qq”), Zo ST (No .Qq’2)o us 


as an Rg-module via the ring homomorphism (10.27) fd :RgQ-7 a 
We also call this the Hecke module. 


We show that the Hecke module Mg and the ring homomor- 
phism (10.19) O[Ag] — Rg form a family of liftings of (R,M) = 
(Rg,Mge) along O[Ag]. For a divisor d of Qq’”, the composition of 
Xo,1(No,Qq”) + Xo(NoQq?) and sa : Xo(NeQq”) > Xo(No) 
is also denoted by sq : Xo1(No,Qq’) — Xo(Ng). For diQq”, 
we define ag € T5. For q € Q, define Q0,q = —T!, a1,9 =le 
T,, and define Aq = V,A1,q° = —Ty,42¢ =1¢€ Ty. Ifd = 
Ice q°7q’°s' |Qq’”, define ag = yee egg * Ge,r,q' E TS The com- 
position of sa : Hi(Xo0,1(No,Q¢"),Z)o > Hi(Xo0(Na),Z)o and 
Hi(X0(Ng),Z)o — Mga is denoted by Sq. Similarly to Corol- 
lary 10.10, we can show the following. 
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PROPOSITION 10.35. The O-linear mapping 
(10.29) Ss aaSdx : Hi(Xo0,1(No, Qq”), Z)o —>+ Mo 
d|Qq’? 
is compatible with the ring homomorphism tg,q : T(Ng,Qq’”) > T 
in Proposition 10.29. 


The proof is similar to that of Corollary 10.10, and we omit it. 
The O-linear mapping induced by homomorphism (10.29) is de- 
noted by 


(10.30) mig : Ma — Mo. 


LEMMA 10.36. (1) Tf and M3 are finitely generated free O- 
modules. 
(2) Mb x = M3 @o K is free TS, x-module of rank 2. 
(3) mis o : MA — Mg is surjective. 
The proof of (1) is similar to that of Lemma 10.3, the proof of (2) 


is similar to that of Proposition 10.8, and the proof of (3) is similar 
to that of Proposition 10.11. Thus, we omit all these proofs. 


PROPOSITION 10.37. Let Q C Q be a finite subset. Through the 
homomorphism O[Ag] > Ra > Te, we consider Mé as an O[Ag]- 


module. Then, Mé is a free O[Ag|-module. 


This is Theorem 5.32(2) in Chapter 5. We will prove Proposi- 
tion 10.37 in the next section. 


PROPOSITION 10.38. The RTM-triple Ri, = (Re, Mg, O[Aa] > 
Ra,7T2,9 : Re > Ra,me,q : Mh > Mz) is a lifting of (R, M) = 
(Rg, Ma) along (O[Ag], O[Ag] > 0). 

Proor. We verify the conditions of Definition 5.24. R, Ro are 
profinitely generated complete local O-algebra, and the residue field 
of R is the same as that of O. M is an R-module, and M3 is an Ro- 
module. O[Ag] is a profinitely generated complete local O-algebra, 
and O[Ag] > O, O[Ag] > Rg and rg,q : Rg — R are morphisms 
of local O-algebras. By Lemma 10.25, the diagram 


O[Ag] —— Roa 


| |re.2 
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is commutative, and Rg @o[aQ] O > RF is an isomorphism. my o : 
Ms — M = Mg is an O-linear mapping compatible with rg : 
Rg — R by Proposition 10.35 and Corollary 10.33. 

We show M3 ®0[A9] O > M is an isomorphism. By Proposi- 
tion 10.37, the O-linear mapping Md is a free O[Ag]-module. By 
Lemma 10.36(3), M3 @o[Aq] O > Mea is a surjection of free O- 
modules. Thus, it suffices to show ranko M3 ®o[Ag] O = ranko Mg. 
Through the isomorphism 10 K ®0[Aq]O > Ta,x in Corollary 10.33, 
we consider Mb, K®O[Ao] OasaTg,x-module. It suffices to show that 


both Mb x ®o[Ag] O and Mg,x are free Tg,x-modules of rank 2. By 
Proposition 9.6 and Lemma 10.36(2), Mg x is a free Tg,x-module 
of rank 2, and M3, x is a free Te x-module of rank 2. By Corol- 
lary 10.33, we have Mb x Bo[Aq] O = Mb x Ort Tg,K, and this is 
also a free Tg ~-module of rank 2. O 


10.6. Proof of Proposition 10.37 


We give a brief summary of perfect complex. Let A be a commu- 
tative ring. 


DEFINITION 10.39. A complex of A-modules 
C = (Cq, dg : Cg 9 Cg-1) qez 


is said to be right bounded if there exists a such that Cy = 0 for gq < a. 

A complex of A-modules bounded below is called a perfect com- 
plex if there exist a complex P = (P,,dq)q of finitely generated 
projective A-modules such that P, = 0 except for finitely many q 
and a morphism f : P > C of complexes of A-modules such that 
fx: Hy(P) — H,(C) are isomorphisms for all g. 


In this section we assume A to be a commutative noetherian ring. 


LEMMA 10.40. Let C' be a right-bounded complex of A-modules, 
and let a < b be integers. The following are equivalent. 


(i) There exist a compler P = (Py,dq)q of finitely generated pro- 
jective A-modules such that Py = 0 except fora < q < b and 
a morphism f : P - C of complexes of A-modules such that 
fx: Hq(P) > H,(C) are isomorphisms for all q. 
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(ii) For any integer q, H,(C) is a finitely generated A-module, and 
except fora <q <b, H,(C) =0 and Tor (C, A/m) = 0 for any 
mazimal ideal m of A. 


PROOF. (i) = (ii) is clear. We show (ii) => (i). Since A is 
noetherian, there exist a complex L of finitely generated free A- 
modules and a morphism of complexes of A-modules f : L > C 
such that Lg = 0 for g < a and f, : Hy(L) — H,(C) are isomor- 
phisms for all g. Let P, = Coker(d,41 : Ly41 > Ly), and let P be 
the complex obtained by replacing Ly by P, and Ly (¢ > b) by 0. 
Then, for all g, Hg(P) — H,(C) are isomorphisms. P, is a finitely 
generated A-module, and for any maximal ideal m of A, we have 
Tor?(P,, A/m) = Tor, a (C, A/m) = 0. Thus, P, is a finitely gener- 
ated projective A-modules, and P — C satisfies the condition. O 


COROLLARY 10.41. Let B be a commutative A-algebra, and let 
C be a right-bounded compler of B-modules. Let m be a mazimal 
ideal of A, let E be a flat B-module, and let q, be an integer. If 
H,(C) @B E is a finitely generated A-module for any integer q and 
forg#q, Hq(C)m =0, and Tor? (C, A/m) = 0, then Hg, (C)m®eE 
is a finitely generated free A-module. 


PROOF. Since E is a flat B-module, we have Hy(C @g E)m = 
H,(C)m ®B E and Tor} (C®p E, A/m) @g E for any integer g. Thus, 
applying Lemma 10.40(ii) > (i) to the complex of Am-modules Am®a 
C®pE anda=b=q, we see that Hg, (C)m@p E = Py, is a finitely 
generated projective A-module. Since Ap is a local ring, this is a 
free module. Oo 


For a locally constant sheaf F on a topological space X, the 
singular chain complex C(X,F) = (C,(X,F), dq) is defined. For any 
integer q > 0, we have Cy(X,F) = @y.nc4x P(A’, f*F). Here, A? is 
a standard q-simplex, and f : A? > X runs all continuous mappings. 
If g < 0, we define C,(X,F) = 0. dg : Cq(X,F) + Cg-1(X,F) is the 
alternating sum of the pullbacks by face mapping A?~! > A%. For 
any integer g, we have H,(X,F) = H,(C(X,F)). 


LEMMA 10.42. Let G be a finite abelian group, let Y be a complex 
manifold, and let 7: X + Y be a G-torsor. Let R be a commutative 
noetherian ring, and let R[G] be the group algebra. 


(1) With the action of o € G defined as o,, the singular chain com- 
plex C(X,R) is a complex of R[G]-modules. For an ideal I in 
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R[G), let F be the sheaf 7.R @riq RIG]/I on Y. F is a locally 
constant sheaf, and H,(Y,F) = Tor Zl] (C(x, R), R[G]/I) for 
any integer q. 

Furthermore, let s),t, : ¥, > Y,rA € A be families of finite étale 
coverings, let X, > Yy,rA € A be families of G-torsors, and let 
8y,t, : X, > X,rA € A be finite étale coverings of G-torsors. 
For A, HE A, let ing > Xu = Xa\2, XX suv Xp > Xp,r be a 
homeomorphism that makes the diagram 


— 
bo 
Rat 


S)oOpr ty,opr2 
xX ACPT1 Xai we x 


| | | 


SpOPT1 ty opr: 
XA X,, Ax 


commutative. 

Let T be the polynomial ring R[G][T,,» € A]. Then the 
singular chain complez C(X, R) is a complex of T-modules, the 
multiplication by Ty defined as ty. 8} forXE A. 

PROOF. (1) It is clear that C(X, R) is a complex of R[G]-mod- 
ules. We show it is a perfect complex. 

Since 7 : X — Y is a G-torsor, 7, is a locally constant sheaf of 
invertible R[G]-modules on Y. Thus, ¥; is a locally constant sheaf 
on Y. Since C(Y,Fr) = C(Y,7.R) @pIg] R[G]/I and C(Y,7.R) = 
C(X, R), we have H,(Y, Fr) = Tor®!9l(C(X, R), R[G]/I). 

(2) For A,u € A, we have ToT, = tx 08} Oty. 08% = (f,0pr2)x 0° 
(s,opri)*. Similarly, we have T,,oT) = (t, opr2)«°(s,0pri)*. Thus, 
by the assumption, we have T, 0 T, = T,, 07). Similarly, we have 
ox 0T) = T) o0,, and thus C(X, R) is a complex of T-modules. O 


COROLLARY 10.43. Let the notation be as in Lemma 10.42. Let E 
be a flat T-module, and let q, be an integer. Let m be a maximal ideal 
of R[G], and let Fm be the locally constant sheaf 7.R® R{g] R[G]/m 
on Y. Suppose H,(X,R) @r M is a finitely generated R[G|-module 
for any q and for any integerq #, Hy(X,R)@rq R[G]lmOrM =0 
and H,(Y,Fm) ®r M =0. Then, Hq,(X,R) @rIc] R[G]m @r M isa 
finitely generated free R[G]m-module. 

ProoF. Let A = R[G], B = T, and C = C(X,R). The singu- 
lar chain complex C(X, R) is a right-bounded complex of T-modules 
by Lemma 10.42. Since Tor Bll (C(x, R), R{[G]/m) = H,(Y,Fm), it 
suffices to apply Corollary 10.41. Oo 
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LEMMA 10.44. Let N,M > 1 be relatively prime integers, and 
let p be a prime number not dividing NM. The action of the Hecke 
operator T, = s,0t* on Ho(Yo,i(N, M), Z) is the multiplication by p+ 
1. 


PROOF. It follows immediately from degt = p+ 1. Oo 


PROPOSITION 10.45. Let N,M > 1 be relatively prime inte- 
gers, and let r > 4 be an integer relatively prime to NM. Let O 
be the ring of integers of a finite extension of Qz, let m be a non- 
Eisenstein maximal ideal of Toi(N,Mr)o, and let mo be the inverse 
image of m by O[(Z/MZ)*] > Toi(N, Mr)o. Then, the localization 
Hy(X01(N, Mr), Z)o.m is a finitely generated free O[(Z/MZ)™mo- 
module. 


Proor. Let G = (Z/MZ)* and R = O, and let T be the polyno- 
mial ring O[G][T,, p : prime] of infinite number of variables over O[G]. 
Let T be the image of the ring homomorphism T > To(N,Mr)o 
that sends T; to T;, and let mp C T, mz C T be the inverse images 
of mC Toi(N,Mr)o. Since To,i1(N, Mr)o and T are both complete 
semilocal rings, the localization H1(Xo0i1(N,Mr),Z)o,m is a direct 
summand of Ai(Xo1(N, Mr), Z)om-, = Hi(X01(N, Mr), Z)o.me- 
As in Lemma 10.20, the O[G]m,-linear mapping 


Ay (Yo1(N, Mr), Z)omp 7 Ai(X01(N, Mr), Z)ome 


is an isomorphism. Thus, it suffices to show Hi(Yoi(N, Mr), Z)ome 
is a finitely generated free O[G]n,-module. 

Since we assume r > 4, X = Yoi(N,Mr) and Y = Yoi(NM,r) 
are fine moduli schemes, and 7 : X — Y is a G-torsor. Similarly 
tO Sn,tn : Io(N,n) > Xo(N) in §9.1, we define finite étale cover- 
ings that induce Hecke operators. This family satisfies the condi- 
tion of Lemma 10.42(2). We show Hy(X,Z)om- = Mi(X,O) Bog 
O[G]m,®rTmr is a finitely generated free O[G]m, module by applying 
Corollary 10.43. 

The localization M = Tp, is a flat T-module. Since H,(X,Z)o 
isa finitely generated O-module, the image of T in Endo(H,(X, Z)o) 
is finitely generated as O-module, and the product of a finite number 
of complete local rings. Thus, H,(X,Z)om, is a direct summand 
of H,(X,Z)o, and a finitely generated O[G]-module. Since X is an 
affine curve, we have H,(X,Z)om ; = 0 and H,(Y,Fm,) = 0 for 
q # 0,1. By Lemma 10.44, we have Ho(X,Z)om, = 0. Moreover, 
since the natural morphism Ho(X,O) = Ho(Y,7.0) > Ho(Y, Fimo) 
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is surjective, we have Ho(Y, Fm, )mz = 0. Thus, by Corollary 10.43, 
Hi (X, Z)o my is a finitely generated free O[G]m,-module. oO 


PROOF OF PROPOSITION 10.37. We apply Proposition 10.45 to 
N = Ng, M = Q, andr = q?. Let G = (Z/QZ)*, and let 
Moic) C O[G] be the inverse image of the maximal ideal my of 
Toi(N,Mr)o by the ring homomorphism O[G] > Toi(N,Mr)o. 
Since the image of G by O[G] > Toi(N, Mr)o/my equals 1 and 
Ag is the maximal ¢th power quotient of the finite abelian group 
G, the localization of O[G] at mojg) is O[Ag]. Thus, by Proposi- 
tion 10.45, Mé = Ay (Xo,1(No, Qq"), Z)o mi, is a finitely generated 
free O[Ag]-module. O 


10.7. Proof of Theorem 5.22 


In this section, assuming Theorems 5.32(1) and 5.34, we will prove 
Theorem 5.22 along the idea explained in §5.6. Theorems 5.32(1) 
and 5.34 are related to Selmer groups, and will be proved in the next 
section. We prove the following stronger theorem. 


THEOREM 10.46. Let © be a finite set of primes such that NS; = 
@. IfLeEd, we assume p to be ordinary at & Then, fo: Ry > Ts 
is an isomorphism, Ry is a complete intersection, My is a free Ts- 
module, and iz : Ts > Te is an isomorphism. 


PROOF. For the ring of integers O’ of a finite extension K’ of K, 
the natural mappings Ry,o ®0 O’ > Ryo and Ts, @0 O' > Ts,0 
are isomorphisms by Corollaries 5.10 and 5.19, and the natural map- 
pings Ms,0 @0 O' > My, and T} 9 @o O' + T}.o, are isomor- 
phisms by definition. Thus, we may replace K by a finite extension. 

By Proposition 5.14(2), 6(Ne)x,5 is nonempty. Thus, replacing 
K by its finite extension if necessary, we may assume there exists 
a primitive form f € 6(Ng)x,s(K) with K coefficients. Replacing 
further by an unramified quadratic extension if necessary, we may 
assume the eigenvalues of A(pyp) are elements of F for each prime 
p f Nyf. 

Let tg : Tg — O be aring homomorphism defined by a primitive 
form f € ®(Ng)x,s(K) with K coefficients, and let ty : Ty — O be 
the composition 7g otg 5. By Proposition 10.8, Ry = (Rz,Ts, Ms, 
fo : Ry > Ts,7y : Ts > O) is an RTM-triple of rank 2. By 
Proposition 5.29, if the RTM-triple Rs is complete, tz : Ty 7 7 
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is an isomorphism. Thus, we only have to show that the RT Mtriple 
Rs is complete, in other words, Theorem 5.31. 
We first show the RTM-triple Rg is complete. Let 


r=dimpma,/(moRg + mz, )- 


By Proposition 10.26, there exists an odd prime q’ € Q such that 
q’ #1 mod @, and so choose such a gq’. By Theorem 5.32(1), which 
will be proved in the next section, there exists for any positive integer 
n, aset Qn ={q,---,9-} of r prime numbers such that 


Qn CQ, M,---,47 = 1 mod 2", r=dimpmp,, /(moRg, +m, )- 


Choose such Q, for each n. By Proposition 10.38, the quintuple 
Re. = (Ro, Mb, , O[Aa,] md RQ,:72,Qn ; Ro, - Rg,™Ms,0, : 
Me, — Mo) is a lifting of (R, M) = (Reg, Mg) along O[Ag,] > O. 

Let O,, be the group algebra O[(Z/£"Z)"]. For each n, take a sur- 
jection Ag, — (Z/£"Z)", and let O[Ag,,] > On be the induced ring 
homomorphism. Define a lifting Rn = (Rn, Mn,On 9 Ra, tn: Rn > 
R,mn : Mn — M) of (R,M) along the augmentation morphism 
On + O by RQ, @o[den) On = (Rn Bo[daq] On» Mb, @o [den] 
On, On + RQ, @o[Ag,] On: 72,Qn @1,Mg,Q, @ 1). 

By Proposition 10.37, Mb, is a free O[Ag,]-module, and thus 
M, = Mb, @o[Ag,] On is also a free O,-module. Applying Theo- 
rem 5.25, we conclude that Rp is a finitely generated O-module, the 
ring Rg is a complete intersection, and Mg is a finitely generated free 
Rg-module. Thus, by Proposition 5.28, the RTM-triple Rg is com- 
plete. Moreover, by Proposition 10.4(2), the assumption of Proposi- 
tion 5.29 is satisfied, and thus ig : Tg > Te is an isomorphism. This 
completes the proof of the case © = ©. 

We show the general case by induction on the number of elements 
of &. We have already shown the case ©} = @, and so we take p € 
X and let ©’ = N—{p}. We show Rs is complete assuming Ry 
is complete. By Proposition 10.13, the quadruple Fy 5 = (rox : 
Rs 7 Ry, to > :Ts 7 Tx,mMa5 : Ms 5 My, my > >My > 
Ms) is a surjection Rs > Ry of RTM-triples. By the assumption 
(hypothesis) of induction, ix : Ts, + T%, is an isomorphism. Thus, 
even when p = £, Tp, € Ty, and A, € Ty. 
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If p = &, let Ti € Ts be the root of T? — T,T + p = 0 that is 
invertible, and define A, € Ts by 
A. -)@-We+1?-TH) itp #e, 
p= {2 _ i yee 
(Tp? —1)(2T) = Tp) if p= £. 
By Proposition 10.14, A, is the multiplier of the surjective morphism 
Fon: Rs > Ry. If p 4 £, we have 
m5(Ap) = (p — 1)((p + 1)? — ap(f)”). 


If p = £, then 2T!—T,, p—1 and 1—p?/T/? are all invertible elements 
of Ty, and thus we have 


((p+1)? — Ty) = (1+ Tp +p)(1— Tp +) = (1 — T’)(1 — p*/T}”). 
Hence, in this case also, we have 
ordg m5 (Ap) = ordo(p — 1)((p + 1)? — ap(f)?). 
By Theorem 9.21, we have (p+ 1)? — ap(f)? #0 and 
lengtho Ker(pre/PRy > PRe/PRy,) 
< ordo (p — 1)((p + 1)? — ap(f)*) = ordo m(Ay). 
Thus, applying Theorem 5.27, the RTM-triple Rs is also complete. 


This completes the proof of Theorem 5.31, and thus Theorems 10.46 
and 5.22. o 


CHAPTER 11 


Selmer groups 


In this chapter we study Selmer groups and describe the rela- 
tion between the Selmer groups and the deformation rings. Then, 
by studying the order of Selmer groups, we prove Theorems 5.32(1) 
and 5.34, which completes the proof of Theorem 5.22. In 811.1 
and §11.2, we will introduce cohomology of groups and Galois co- 
homology and show their fundamental properties. 

In §11.3, we will introduce Selmer groups and describe its rela- 
tion with deformation rings. We translate Theorems 5.32(1) and 5.34 
into the properties of Selmer groups in Theorem 11.37 and Proposi- 
tion 11.38. In §11.5, we will calculate the order of local cohomology 
groups and prove Proposition 11.38. In §11.6, we will prove Theo- 
rem 11.37 using group theoretic properties of subgroups of GL2(F). 


11.1. Cohomology of groups 


DEFINITION 11.1. (1) The projective limit G = lim. G) of a 
projective system (G),e, of surjections of finite groups is called 
a profinite group. 

(2) Let G be a profinite group, and let R be a commutative ring. 
A finite R-module M is called a finite R-G-module if a contin- 
uous homomorphism G — Autr(M) of a finite discrete group 
Autr(M) is given. If R = Z, a finite Z-G-module is simply 
called a finite G-module. 


If F is a field, its absolute Galois group Gr is a profinite group. 
For a profinite group G and a finite R-G-module M, the cohomology 
group H7(G,M),q = 0,1, 2,..., is defined as R-modules. The cases 
where g = 0, 1 are particularly important, and we first give a definition 
in these cases. 


DEFINITION 11.2. Let G be a profinite group, let R be a commu- 
tative ring, and let M be a finite R-G-module. 
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(1) H°(G, M) is defined as the G-invariant part of M 
M®° ={2 €M | gx == for any g € G}. 


(2) A continuous mapping c : G > M is called a 1-cocycle if it 
satisfies c(gh) = c(g) + gc(h) for any g,h € G. For z € M, let 
Cz : G + M be the 1-cocycle defined by c,(g) = gx — x. Let 
Z(G, M) be the R-module of all 1-cocycles, and define 


H}(G, M) = Z'(G, M)/{cz | x € M}. 
H°(G, M) and H1(G, M) naturally have a structure of R-module. 


LEMMA 11.3. Let G be a finite group of order n, and let R be a 
commutative ring. For any R-G-module M, we have n- H'(G, M) = 
0. In particular, if n is invertible in R, we have H1(G, M) = 0. 


ProorF. Let c € Z(G, M) bea 1-cocycle, and let b = Yop¢g c(h). 
Since b — gb = Vineg(c(gh) — ge(h)) = ne(g), we have n[c] = 0 € 
H1(G,M). o 


For a finite G-module M, the G-coinvariant quotient is defined 
by M/(gx —x:9 € G,x € M) and is denoted by Mg. 


LEMMA 11.4. Let G be a profinite group, let R be a commutative 
ring, and let M be a finite R-G-module. 
(1) If the action of G on M is trivial, H!(G, M) equals the R-module 
Hom(G, M) of all continuous homomorphisms G > M. 
(2) LtG@=Z= im, Z/nZ be the profinite completion of Z. Then, 
the mapping that sends the class of a 1-cocyclec: G + M to 
the class of c(1) 


(11.1) H'(G,M) — Me 
is an isomorphism. 


PROOF. (1) Clear from Definition 11.2. 
(2) The mapping Z1(G, M) > M:c++Cc(1) is a bijection. This 
induces the isomorphism (11.1). O 


If G is a profinite group, a homomorphism of finite R-G-modules 
M — N induces an R-linear mapping H?7(G,M) > H2(G,N). Also, 
if G — H is a continuous homomorphism of profinite groups and 
M is a finite R-H-module, then an R-linear mapping H4(H, M) > 
H7(G,M) is defined by regarding M as an R-G-module through 
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G > dH. If a homomorphism G — 4H is injective, the induced ho- 
momorphism H?(H,M) — H4(G, M) is called the restriction map- 
ping. If (Ny)axea is a fundamental neighborhood system of the iden- 
tity element consisting of open normal subgroups of G, the morphism 
H*(G, M) > lim, H*(G/N), M4) is an isomorphism. 


PROPOSITION 11.5. Let G be a profinite group, and let N be 
its closed normal subgroup. If M is a finite G-module, the natural 
mappings form an exact sequence 


0 — H1(G/N, M) — H1(G,M) — H?(N, M)°. 


PROOF. It is easy to see that the image of the restriction map- 
ping H1(G,M) > H}(N,M) is contained in the G-invariant part 
H}(N,M)®&. Also, the composition H1(G/N, MM“) + H1(G,M) > 
H}(N, M)° is the 0 mapping. 

We show H1(G/N,M%) > Ker(H1(G,M) > H1(N,M)°) is 
surjective. Let c: G — M be a l-cocycle. Assuming the class [c] 
belongs to Ker(H!(G, M) > H1(N, M)°), we show [c] is in the image 
of H1(G/N,M%) > H1(G,M). There exists an r € M such that 
c(h) = hz —z for any h € N. Replacing c by the 1-cocycle c’ : G > 
M defined by c’(g) = c(g) — (g(x) — x), we may assume cly = 0. 
Then, for any g € G and h € N, we have c(gh) = c(g) + gc(h) = 
c(g), hce(g) = c(hg) — c(h) = c(g-g~thg) = c(g), and thusc:G > M 
induces ¢ : G/N — MN. Since the class [ce] € H!(G,M) is the 
image of [¢] € H!(G/N,M%), we conclude that H1(G/N,M%) > 
Ker(H1(G, M) > H1(N, M)°) is surjective. 

Weshow H!(G/N, M™) > H1(G, M) is injective. Letc: G/N > 
MN be a l-cocycle. Suppose the image of [c] € H!(G/N,M¥N) in 
H1(G, M) is 0. Then, there exists an z € M such that c(g) = gr — 2 
for any g € G. Since ht = + + c(h) = x for any h € N, we see 
zt € M%. This proves [c] = 0. Oo 


COROLLARY 11.6. Let p be a prime number. Let G be a profinite 
group, and let N C G be a closed normal subgroup. Suppose N is 
the projective limit of a projective system of finite groups of order 
relatively prime to p, and suppose G/N is isomorphic to Zp. If M is 
a finite Zp>-G-module, then there is a natural isomorphism 


H1(G, M) — Hom(G/N, My). 
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PRooF. By Lemma 11.3, we have H!(N,M) = 0. Thus, we 
obtain an isomorphism H1(G/N,M%) — H1(G,M), by Proposi- 
tion 11.5. The invariant part M™ is naturally identified with coin- 
variant quotient My. The rest of the proof goes similarly with 
Lemma 11.4(2). | 


For a commutative ring, define R[e] = R[X]/(X?). € represents 
the image of X. Rie] = R+ Re is a free R-module of rank 2 with 
e? = 0. Foran R-module M, define an R{e|-module M by Rle]@pM = 
M+eM. We have a natural isomorphism M /eM > M. 


DEFINITION 11.7. Let G be a profinite group, let R be a commu- 
tative ring, and let M be a finite R-G-module. 

(1) For a continuous homomorphism p : G —> Aut Rie\(M ), con- 
sider M as a finite Rle]-G-module through f, and denote it by 
Mz. We call M; p an infinitesimal lifting if the natural homomor- 
phism M. 3/eM — M of R-modules is an isomorphism of R-G- 
modules. The set of all infinitesimal liftings of M is denoted by 
Liftr._¢(M). 

(2) An isomorphism of infinitesimal liftings M; 5 and My is an iso- 
morphism of R{e]-G-modules M; p- M; jp such that the induced 
map M — M on the quotients is the identity. An isomorphism 
class of infinitesimal liftings of M is called an infinitesimal de- 
formation of M, and is denoted by Defr.c(M). 

(3) Let M be a finitely generated free R-module, and let M, p be 
an infinitesimal lifting. We say M, p preserves the determinant if 
det 6: G > Rie]* and detp: G— R* C Rle]* are equal. The 
set of all infinitesimal liftings that preserve the determinant is 
denoted by Gitta: and the set of all infinitesimal deformations 
that preserve the determinant is denoted by Def% ¢- 


Let G be a profinite group, let R be a commutative ring, and let 
M be a finite R-G-module. Define an action of G on Endr(M) by 
g(f) =gefog for f € Endr(M),g € G. Endr(M) becomes a finite 
R-G-module. For f € Endpz(M), define an automorphism 1+ef of M 
by (1+ef)(ztey) = c+e(f(rz)+y). Define a homomorphism of groups 
Endpr(M) > Aut pje(M) by associating 1+ef to f € Endr(M), and 
we obtain an isomorphism of groups 


Enda(M) > Ker(Autrje}(IZ) > Autr(M)). 
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For a l-cocycle c: G > Endr(M), define an action A, of G on M by 


(1+ ec(g))0(1@g). Then, M is an infinitesimal lifting of M. Thus, 
we obtain a natural mapping 


(11.2) Z)(G, Enda(M)) — Liftp.¢(M). 


PROPOSITION 11.8. Let G be a profinite group, let R be a com- 
mutative ring, and let M be a finite R-G-module. 


(1) The natural mapping (11.2) is bijective, and it induces a bijec- 
tion 


(11.3) H}(G,Endp(M)) — Defr.c(M). 


(2) Suppose M is finitely generated and free as an R-module, and 
let End},(M) be the kernel of Tr : Endr(M) > R. Then, the 
mapping Z(G, End$,(M)) — Lifth ¢(M) induced by the bijec- 
tion (11.2) is also a bijection. Furthermore, if the rank of M is 
invertible in R, it induces a bijection 


(11.4) H1(G, End}(M)) —> Def%¢(M). 


PRooF. (1) Clear from the definition. 

(2) The determinant of the action f.(g) is detg-(1+e-Tr c(g)). 
Thus, the bijection Z1(G,Endr(M)) > Liftr.g(M) induces the bi- 
jection Z!(G, End},(M)) -> Lift’, >(M). Weshow the mapping (11.4) 
is bijective if the rank r of M is invertible in R. By definition, 
Def%¢(M) is the image of Lift, ¢(M) + Defp.c(M). Thus, it suf- 
fices to show that H!(G, End$(M)) > H1(G, Endp(M)) is injective. 
If the rank r is invertible in R, we have Endg(M) = End?,(M) 6 R, 
from which the assertion follows immediately. O 


Let G be a profinite group, let R be a commutative ring, and let 
M,N be finite R-G-modules. A finite R-G-module E together with 
an exact sequence of finite R-G-modules 0 > N > E> M > O0is 
called an extension of M by N. Two extensions EF and E’ of M by 
N are said to be isomorphic if there exists a commutative diagram 


ho) 


0 —— N —> E’ —>  M — 0. 
For extensions E and E’, the sum is defined to be 


Ker(E@ E’ 3 M)/Im(N 5 EOE’). 
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Here, — : E @ E’ -+ M is the difference between E -+ M and E’ + 
M, and+:N > E@E’ is the sum of N > E and N -> E’. 
For an extension F& and a € R, define the multiplication by a to be 
Coker((1,-a) : N -» E@®WN). The set of isomorphism classes of 
extensions of M by N, denoted by Extzr.G(M, N), has a structure of 
an R-module by this operation. If G = 1, we write Extr.g(M,N) 
simply by Extr(M, N). 

An infinitesimal deformation M of M defines an extension of M 
by M. This defines a natural injection Defr_g(M) > Extr.g(M,M), 
and its image equals the kernel of the mapping Extr.c(M,M) > 
Extr(M,M). Through this injection, we consider Defr.g(M) asa 
submodule of Extr.g(M, M). 


PROPOSITION 11.9. Let G be a profinite group, and let R be a 
commutative ring. For R-G-modules M and N, we have a natural 
injection 
(11.5) H'(G,Homp(M, N)) — Extr.c(M,N). 


The image of (11.5) is the kernel of Extr.c(M,N) > Extr(M,N). 
If M = N, the image of (11.5) is Defp.g(M) C Extr.c(M,N), 
and the natural morphism (11.5) coincides with (11.3). If M is a 
projective R-module, the morphism (11.5) is an isomorphism. In par- 
ticular, if M = R, H1(G,N) — Extr.c(R, N) is an isomorphism. 


ProoF. If we define an action of G on M@N by g(z,y) = 
(gz,c(g)gx + gy) for l-cocycle c : G + Homr(M,N), then M ® 
N becomes an R-G-module. We denote by E, this extension of M 
by N. Sending a 1-cocycle c: G ~ Hompr(M, N) to the class of the 
extension E,, we obtain an R-linear mapping Z'(G, Homr(M, N)) > 
Extr.c(M, N). 

It is easy to see that the extensions FE, and Eo are isomor- 
phic if and only if there exists an R-linear mapping f : M > N 
satisfying c(g) = gfg~1 — f. Thus, we obtain a natural injection 
H'(G, Homr(M, N)) > Extr.g(M,N). By the definition of (11.5), 
it is clear that the image coincides with the kernel of Extr_g(M,N) > 
Extr(M, N). 

It is clear from the definition that (11.5) and (11.3) coincide if 
M =N. If M is a projective R-module, we have Extr(M,N) = 0, 
and thus (11.5) is an isomorphism. O 


For a general integer g > 0, the cohomology of group H7(G, M) is 
defined as follows. Let G be a profinite group, let R be a commutative 
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ring, and let M be a finite R-G-module. For an integer gq > 0, define 
C41(G, M) = {continuous mapping G? - M}. For f € C4%(G,M), 
define d?f € C?+1(G, M) by 
d? (90; --->9q) = 9oF(915-- +s 9q) 
— f(9091, 92, -++,9q) + F(90, 9192, ---»9q) 
—-+++(-1)f(g0,--- 9q—2) 9q—-19¢) 
#1) S (9052+ 25 Ga 2399=1): 
For g = —1, define C-!(G, M) = 0 and d~! = 0. For q > 0, define 
Ker(d? : C97(G, M) + C2*1(G, M)) 
Im(d2-! : C7-1(G, M) + C4(G, M)) 
This definition coincides with Definition 11.2 for gq = 0,1. For an 


exact sequence of finite R-G-modules 0 + M’ + M > M” > 0, we 
have a long exact sequence 


0 — H°(G, M’) — H°(G, M) —> H°(G, M") 
—+ H'(G, M') —> H*(G,M) — H'(G, M") 
—+ H?(G, M’) —+ H?(G, M) —+ H?(G,M") > ---. 


Let M,N, L be finite R-G-modules. An R-bilinear mapping M x 
N - L is a bilinear mapping of finite R-G-modules if (gz, gy) = 
g(x,y) for any gx € M,y € Nig € G. A bilinear mapping of 
R-G-modules M x N —> L induces a bilinear mapping of R-modules 
U: H?(G,M) x H7(G,N) > H?+4(G,L). This is called the cup 
product. 

Let £ be a prime number, and let O be the ring of integers of 
a finite extension of Qe. Let R be a profinitely generated complete 
local O-algebra, and let m be its maximal ideal. A finitely generated 
R-module M is a G-module if a continuous homomorphism G —> 
Autr(M) = lim) Autr/m»(M/m"M) is given. For an integer g > 0, 
define 


H7(G, M) = 


H9(G, M) = lim H4(G, M/m"M). 
H47(G, M) is an R-module. 


11.2. Galois cohomology 


The group cohomology of the absolute Galois group Gr of a field 
is called Galois cohomology. In this section we present fundamen- 
tal properties of Galois cohomology of p-adic fields and the rational 
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number fields, Propositions 11.18, 11.20, 11.25, and 11.27. We do not 
give proofs to them, but instead we give typical examples in Exam- 
ples 11.15, 11.19, 11.21, and 11.26. 


DEFINITION 11.10. Let F be a field, and let Gr = Gal(F'/F) be 
the absolute Galois group of F’. For a finite Gr-module M, define 


H°(F, M) = H%(Gp,M). 


For an integer n > 1, we consider Z/nZ as a trivial Gr-module. 
By Lemma 11.4(1), we have 


(11.6) H}(F,Z/nZ) = Hom(G??, Z/nZ). 


Let n > 0 be an integer invertible in F. Let pu, be the finite Gr- 
module of nth roots of unity {zr € F*|r” = 1}. For a finite Z/nZ- 
Gr-module M, let MY be the dual module Hom(M, Z/nZ), and M(1) 
the Tate twist M ® pn. 


PROPOSITION 11.11. Let F be a field, and let n > 1 be an integer 
invertible in F. 


(1) There is a natural isomorphism 
(11.7) EYE BE hea) 


(2) Let Br(F’) be the Brauer group of F (§8.2(c) in Number Theory 
2). Le ,»Br(F) = {x € Br(F) | nz = 0} be its n-torsion 
subgroup. Then, we have a natural isomorphism 


(11.8) nBr(F) —> H?(F, pn). 


We do not give a proof in this book. The natural isomorphism 
F*/(F*)" — H}(F, un) is defined as follows. For a € F”, take its 
nth root a € F, and let cg : Gr — pn be the 1-cocycle defined by 
Ca(o) = o(a)/a. The natural isomorphism is defined by sending a to 
the class of c,. 

Let FE be an elliptic curve over F, and let n > 1 be an integer 
invertible in F. Let E[n] be the finite Gr-module of n-torsion points 
of E. Similarly to the natural isomorphism F*/(F*)" > H}(F, un), 
we define a natural injection E(F)/nE(F) > H}(F, E[n]) as follows. 
For a € E(F), take a € E(F) satisfying a = na, and let ca: Gr > 
E[n] be the 1-cocycle defined by ca(o) = o(a) — a The natural 
injection is defined by sending a to the class of cg. - 

Let F be a finite field F,. We have an isomorphism Z — Gr, 
from the profinite completion of Z by sending 1 to the Frobenius 
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substitution yp € Gr,. Thus, by Lemma 11.4(2), we obtain a nat- 
ural isomorphism H1+(F,,M) > Mey, :¢ +> c(%p) for a finite Gr,- 
module M. 


LEMMA 11.12. Let p be a prime number. 

(1) Let M bea finite Gr,-module. Then, H°(F,, M) and H1(F,, M) 
are finite groups, and the order of H°(F,,M) is the same as that 
of H'(F,, M). 

(2) Let £ be a prime number, and let O be the ring of integers of 
a finite extension of Qe. Let M be a finitely generated free O- 
module with a continuous action of Gr,. If the action of the 
Frobenius substitution yp, does not have an eigenvalue 1, the O- 
module H\(Fy, M) is finite and we have 


lengthy H(Fy, M) = ordo det(1— yp : M). 
PRooF. (1) Clear from the exact sequence 
0 —> Morr —+ M —**) M —+ Mey, > 0. 


(2) By Lemma 11.4(2), we obtain an isomorphism H!(F,,M) > 
Mey, — Coker(1— yp : M + M). Thus, the assertion is clear by 
elementary linear algebra on O-modules. O 


Next, we consider the case where F is the p-adic field Q,. We 
identify naturally the quotient of the absolute Galois group Ga, by 
the inertia group I, with the absolute Galois group Gr, of the residue 
field. If the order of a finite Ga,-module M is relatively prime to p, 
the kernel Ker(H!(Q,,M) > H'(Ip,M)) of the restriction map- 
ping is called the unramified part of H'(Q,,M), and is denoted by 
H};(Q»,M). By Proposition 11.5, the unramified part H}(Qp), M) is 
the image of the injection H1(F,, M’) + H!(Q,, M). 


COROLLARY 11.13. Suppose M is a finite Ga,-module of order 
relatively prime to p. Then, the order of the finite abelian group 
H°(Qp, M) is the same as that of H}(Qp, M). 


PROOF. Since we have H°(Q,, M) = H°(F,, M’*), it suffices to 
apply Lemma 11.12(1) to the Gp,-module M?. Oo 


Let p be an odd prime number, and let R be a finite commu- 
tative Zp-algebra. Let M and N be R-Ga,-modules, good as rep- 
resentations of Ga,. Through the injection (11.5), we identify the 
Galois cohomology group H!(Q,, Homr(M, N)) with a submodule of 
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Extr-Ga, (M,N). Define the unramified part H}(Qp, Homr(M,N)) 
of H!(Q,,Homr(M, N)) as the subgroup consisting of the isomor- 
phism classes of extensions good as Gq, representations. Consider- 
ing R as the trivial representation of Gq, and identifying N with 
Homa(R, N), we define a subgroup H}(Qp, N) of H*(Qp,N). 


LEMMA 11.14. Let p be an odd prime, and let O be the ring of 
integers of a finite extension of Qp. Let n > 1 be an integer, and let 
R=O/m6. Let M and N be finite R-Ga,-modules. Suppose M is 
a free R-module, and suppose M and N are good as representations 
of Ga,. Let D(M) and D(N) be the strongly divisible filtered p-R- 
modules corresponding to M and N, respectively. Then, we have 

tH};(Qp, Homr(M, N)) 
i Hompr.Ga, (M, N) 


In particular, if M = R, we have 


= {Hompr(D(M)’, D(N)/D(N)’). 


tH +(Qp, N) 

—-______ = t{D(N)/D(NY. 

FAQ, N) ~ WPONI/P WN) 

PROOF. Clear from Corollary C.10. O 


EXAMPLE 11.15. Let p be a prime number, and let n > 1 be an 
integer. 

(1) Suppose M = Z/nZ. The unramified part H}(Qp, Z/nZ) of 
H}(Qp,Z/nZ) = Hom(Ga,, Z/nZ) is {x € Hom(Ga,, Z/nZ) | 
x(Ip) = 0} = Hom(Ga,/Ip, Z/nZ) = Hom(Gr,, Z/nZ). 

(2) If M = pn, we identify H'(Qp, un) = Q*/(Q*)”, Then, we 
have H}(Qp, Un) = ZX /(ZX)". If n and p are relatively prime, 
the orders of H°(Qp), Un) and H}(Qp, Ln) are both equal to the 
greatest common divisor (n, p— 1). If p > 3 and n is a power of 
p, then we have H°(Qp, un) = 0, and the order of H}(Qp, Un) 
is n. 

LEMMA 11.16. Let p be a prime number, and let n be a power of p. 
Let R be a finite commutative Z/nZ-algebra, leta: Ga, > R* be an 
unramified character, and let N be an R-Ga,-module obtained from 
the R-module R by defining the action of Ga, by a. Let Qz* be the 
maximal unramified extension of Qp. Then, the natural isomorphism 
(11.7) induces an isomorphism 


(11-9) (QE™*/(QE™*)” @z/nz, N)SAe'/Ar) —s H*(Qy, N(1)). 
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By the isomorphism (11.9), the unramified part Hy} (Q,, N(1)) is the 
image of the subgroup (Z8™™ /(Z¥"*)" @z juz, N)S*(Qe'/Q) of the left- 
hand side. 


PROOF. The invariant subgroup by the inertia group N(1)/? is 0. 
Thus, similarly to Proposition 11.5, the restriction H'(Q,, N(1)) > 
H*(Q"", N(1))S4(Qe"/e) is an isomorphism. H* (Q*", N(1)) is iden- 
tified with Qo** /(Q5'*)” @z/nz N by Proposition 11.11(1), and we 
obtain the isomorphism (11.9). 

Define the unramified part H;(Q}", N(1)) C H*(Q3", N(1)) just 
as H}(Qp, N(1)). Then, the subgroup H}(Q}", Un) C H*(Qs", Un) = 
Q3™ /(Qy*)” equals Ze" /(Zyr*)”. Since H}(Qp, N(1)) is the in- 
verse image of H;(Qy™, N (1))G2(Q5"/Qe) the assertion follows. O 


COROLLARY 11.17. Let p be an odd prime number, and let R be 
a finite commutative Zp-algebra. Let a, 8B: Ga, > R* be unramified 
characters, and let M and N be R-Ga,-modules obtained from the 
R-module R by defining the action of Ga, by a and B, respectively. 
Let F be the residue field of R, and letp M=M@rF,N=N RF. 
If a # B, the image of the natural map H!(Q,, Homr(M, N(1))) > 
H*(Q,,Homr(M, N(1))) is contained in H;(Qp, Homr(M, N(1))). 


ProoF. Replacing a,@ by 1,a7!, we may assume M = R. By 
Lemma 11.16, we have a commutative diagram of exact sequences 
es H};(Qp, N(1)) —? H* (Qp, N(1)) =? H°(Q,, N) — 0 


! ! ! 


0— H}(Qp, N(1)) —_ H}(Qp, N(1)) _ H°(Q,, N) — 0. 
If 8 # 1, we have H°(Q,, N) g N, and by Nakayama’s lemma, 
H°(Q,, N) + H°(Q,, N) CN is the 0 mapping. oO 


Let n > 1 be an integer, and M = u,. By the natural isomor- 
phism Br(Q,) > Q/Z (Theorem 8.25 in Number Theory 2), we have 
a natural isomorphism 


“ZZ —+ n Br(Qp) + H?(Qps tn) 


Let f : Ax B > +Z/Z be a bilinear mapping of finite Z/nZ-modules. 
For a submodule A’ of A, the submodule of B defined as {y € B | 
f(x,y) =0 for all x € A’} is called the annthilator of A’. 
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PROPOSITION 11.18. Let p be a prime number, let n > 1 be an 
integer, and let M be a finite Z/nZ-Ga, -module. 


(1) H°(Q,,M), H1(Q,,M), and H?(Q,,M) are finite abelian 
groups. If q > 2, we have H4(Q,,M) =0. 
(2) For an integer q > 0, the linear mapping 
(11.10) H¥(Qp, M) —> H-4(Qp, MY (1))Y 
defined by the cup product 


H®(Qp,M) x H?-%(Qp, MY (1)) —+ H?(Qp, tn) —> =2/Z 


is an isomorphism. 

(3) Suppose n is relatively prime to p. Then, the annihilator of 
the subgroup H;(Qp,M) of H'(Qp,M) with respect to the bi- 
linear mapping H1(Q,,M) x H'(Q,,MY(1)) > 4+Z/Z equals 
H}(Qp, MV (1)). 

We do not prove this proposition. 


EXAMPLE 11.19. Let n > 1 be an integer. The isomorphism for 
qg=1and M = un, H}(Qp, Un) > H1(Qp, Z/nZ)Y (11.10) gives the 
isomorphism of local class field theory 

Qe /(Q2)” — 68, /(G,)” 
by the isomorphisms (11.6) and (11.7). If p { n, the annihilator of 
the unramified part H}(Qp, Un) = ZX/(Z>)” is the unramified part 
H}(Qp, Z/nZ) = {x € Hom(Gq,, Z/nZ)|x(Ip) = 0}. 


We have the following for the order of the p-adic cohomology 
group H1(Gq,, M). 


PROPOSITION 11.20. Let M be a finite Ga,-module. Then we 
have 
tH*(Qy, M) 
tH°(Qp, M) - H?(Qp, M) 
We do not prove this proposition, either. 
EXAMPLE 11.21. By the exact sequence 


nth power 
0 —> H°(Qp; Hn) > QR APE, QX  H1(Qp, tin) — 0 
and the natural isomorphism +Z/Z — H?(Qp, Un), we have 


tH*(Q,, Un) = nr: 1Z,/nZp 
tH°(Qp, Un) , HH? (Qp, Un) n 
This equals the order of Ln, @ Zp. 


= {(M @Z,). 


= p power part of n. 
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Finally, we consider the case where F is the rational number 
field Q. For a finite set of prime numbers S, let Qs be the compositum 
of all the subfields of Q that are unramified outside S. Let Gs = 
Gal(Qs/Q). Gg is the quotient of the absolute Galois group Ga by 
the closed normal subgroup generated by the images of the inertia 
groups I,, p¢Z S. 

Let M be a finite Gq-module. Let S be a finite set of prime 
numbers such that M is unramified outside S. Then, the action of 
Ga on M induces an action of G's, and M is regarded as a Gs-module 
naturally. 


LEMMA 11.22. Let M be a finite Ga-module, and let S be a finite 
set of prime numbers such that M is unramified outside S. Then, we 
have 


H}(Gs,M) = Ker (#7*(Q,.7) > |] #'(Up,M))). 
p:prime 
pgs 
Proor. Let N = Ker(Gq —> Gs). The action of N on M is triv- 
ial by assumption. Thus, by Proposition 11.5, we obtain an exact se- 
quence 0 > H!(Gs,M) > H1(Q,M) > H1(N,M) = Hom(N, M). 
Since N is the closed normal subgroup generated by the image of 
the inertia groups J, for prime numbers p not in S, Hom(N, M) > 
I],¢s Hom(Jp, M) is injective, which proves the assertion. O 


COROLLARY 11.23. Assume furthermore that the order of M is 
invertible outside S. If S’ > S is a finite set of prime numbers, we 
have 


H*(Gs,M) = Ker(H*(Gs,M)-> @® _H*(Qp,M)/H}(Qp,M)). 


pEes’—S 


ProoF. It follows immediately from Lemma 11.22 and the defi- 
nition of H}(Q»y, M). oO 


EXAMPLE 11.24. Let n > 1 be an integer, and let S be a finite 
set of prime numbers containing all the prime divisors of n. Let Zs = 
Zs p € S]. Then, the group H1(Gsg, un) is identified with the kernel 


of Q*/( (Q*)” > TIpe¢s Q2 /(Zp -(Q3 )”) by Proposition 11.11(1) and 
Example 11.15(1). From this we obtain a natural isomorphism 


(11.11) H (Gs, bn) —> Z3/(Z5)". 
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The natural mapping H?(Gsg, un) > H*(Q, un) induces an iso- 
morphism 


(11.12)  H?(Gs, tn) Ker(H(Q, un) a @ #? (Qp, Hn): 


pes 
By the isomorphism (11.8) and the exact sequence 
0—+Br(Q)—> G@ Br(Q,) ® Br(R) — Q/Z— 0, 


p:prime 


(Theorem 8.26(2) in Number Theory 2), we obtain a commutative 
diagram of exact sequences 

(11.13) 

0—> H(Q,un) —- @ a2/Z® xajax Z/Z — 12/Z — 0 


p:prime 


4] | 
0 > H?(Gs, ln) D nZ/Z® galn2/2 — 12/Z = 0. 
PROPOSITION 11.25. Let n > 1 be an integer, and let M be a 
finite Z/nZ-Ga-module. Let S be a finite set of prime numbers such 
that n is invertible and M is unramified outside S. 
(1) For an integer g > 0, H2(Gs,M) is a finite abelian group, and 
if gq >2 and n is odd, we have H4(Gs, M) = 0. 
(2) If n is odd, we have the exact sequence 
(11.14) 
0 > H(Gs,M) > @ H°(Q,,M) > H?(Gs, MY(1))% 
pes 
— H'(Gs,M) > @ H*(Q,,M) > H¥(Gs, MY(1))¥ 
pes 
— H*(Gs,M) > @ H7(Q,,M) > H% (Gs, MY(1))¥ > 0. 
pes 
Here, the mapping H4(Q,,M) > H?-4(Gs, MY(1)) is the compo- 
sition of the natural isomorphism H4(Q,, M) > H?~4(Q,, MV (1))¥ 
(11.10) and the dual of the restriction mapping H?-4(Gs, MY(1)) > 
H?-41(Q,, MV(1)). 
We do not give a proof of this proposition. A similar proposition 


holds for even n, but in that case we need to consider the infinite 
places, and we omit it here. 


EXAMPLE 11.26. Let the notation be as in Example 11.24. By 
the isomorphism in Lemma 11.4(1), we identify H1(Gs5,Z/nZ)Y with 
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G2>/(G2>)". The maximal abelian quotient G2> of Gs is equal to the 
Galois group Gal(Q(¢p»;p € S,n > 1)/Q) = Tes 2% >: If n is odd, 
by the isomorphism (11.11), the second line of the exact sequence 
(11.14) for M = py, gives the isomorphism of class field theory 


Coker(2%/(ZS)" > @Q5/(Q) ") 5 GP (Ge). 
The third line of (11.14) is the bottom line of (11.13). 


About the order of the cohomology group {H7(Gs, M), the fol- 
lowing is known. 


PROPOSITION 11.27. Let M be a finite Gaq-module. Let S be a 
finite set of primes such that M is unramified outside S. Then, we 


have 
tH*(Gs, M) _ iM 
tH°(Gs,M) -tH?(Gs, M) ~ {MGR ° 


We do not prove this either. 


EXAMPLE 11.28. Let the notation be as in Example 11.24. From 
the exact sequence (11.13), we have {H?(Gs, Un) = n*#5-1 - gcd(n, 2). 
By the isomorphism (11.11), we obtain an exact sequence 


0 —> H°(Gs, un) + ZS “2 P™", ZS — H1(Gs, tin) — 0. 
Since Z3 is isomorphic to Z° @ Z/2Z, we have 


tH1(Gs, un) _ Das __ 2 
tH°(Gs, un) -fH2(Gs,un)  nlS-Tgcd(n,2)  ged(n, 2)" 


This equals fun /tuCF 


11.3. Selmer groups 


DEFINITION 11.29. Let n > 1 be an integer, and let M be a finite 
Z/nZ-Ga-module. Let S be a finite set of prime numbers such that 
M is unramified at all the primes outside S, and all the divisors of n 
are contained in S. 

(1) A family L = (Ly)pes of subgroups Lp C H!(Q,, M) is called a 
local condition. 

(2) Let L=(Lp)pes be a local condition. The Selmer group Selz a ) 
of M with respect to L is defined as the inverse image of ®, eg L 
by the restriction mapping H'(Gs,M) > Qyeg H}(Q,,M). 
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(3) For a local condition L = (Lp)pes, the dual local condition 
LY = (L¥)pes is defined as the family of LY Cc H*(Q,, MY(1)) 
for p € S, where Ly is the annihilator of L, with respect to 
the bilinear mapping H1(Q,, M) x H*(Q,,MV(1)) > +Z/Z in 
Proposition 11.18(2). 


By Proposition 11.25(1), the Selmer group Selz(M) is a finite 
group. By defnition, 


Sely(M) = Ker(H*(Gs, M) + ® (H™(Qp,M)/Zp)). 
pe 
By Lemma 11.22, we have 
Selz(M) 


K H'(Q, M) =z 
= Ker : 
P) P 12) f Pp? 
® (H7(Qp, M)/Lp) ® T] (H*(Qp, M)/Hj(Qp, M)) 
pes pes 

For a finite set S’ D S, define a local condition L’ = (L;,)pes’ by 
Li, = Ly for pe S and L, = H};(Qp>, M) for p € S'—S. Then, we 
have Sel (M) = Selz’(M). 


EXAMPLE 11.30. Let the notation be as in Example 11.24. Let 
nm > 1 be an integer, and let S be a finite set of prime numbers that 
contains all the prime divisors of n. Define the Selmer group Sel(,) 
of Un by defining the local condition Lp C H1(Qp, Un) = Qz /(Qx)*" 
for p € S to be the unramified part H}(Qp, Un) = ZX /(ZX)*". By 
the isomorphism (11.11), we obtain 

Sel(Un) = Z* /(Z*)” = {+1}/{(+1)"}. 

EXAMPLE 11.31. Let FE be an elliptic curve over Q, and let n > 1 
be an integer. Let E[n] be the finite Ga-module of n-torsion points 
of E. Let S be a finite set of prime numbers that contains all the 
primes at which F does not have good reduction and all the prime di- 
visors of n. Define the local condition Lp C H'(Q,, E[n]) for p € Sas 
the image of the natural injection E(Q,)/nE(Q,) + H1(Q,, E[n]). 

The Selmer group Sel, (E[n]) defined by the local condition L = 
(E(Q,)/nE(Qp))pes is called the Selmer group of E and is denoted 
by Sel(E, n). From the finiteness of Sel( £, n) and the natural injection 
E(Q)/nE(Q) > Sel(E,n), we obtain the weak Mordel—-Weil theorem 
(§1.3(b) in Number Theory 1), which says E(Q)/nE(Q) is a finite 
group. 
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Let E be the elliptic curve y? = 2?—z over Q. E has good reduc- 
tion at p 4 2. If we let S = {2}, then Gs-module E[2] is isomorphic 
to (Z/2Z)®? and H*(Gs, E[2]) is isomorphic to (Z[$]* /(Z[5]*?))®?. 
Sel(E, 2) is isomorphic to (Z* /(Z**))®? = {+1}®?, and E[2](Q) > 
Sel(E, 2) is an isomorphism. 


PROPOSITION 11.32. Let n > 1 be an odd integer, and let M bea 
finite Z/nZ-Ga-module. Let S be a finite set of prime numbers such 
that M is unramified outside S and S contains all the prime divisors 
ofn. Let L = (Lp)pes be a local condition, and let L’ = (L,)pes be 
a family of subgroups Ls C Ly. Then, we have the exact sequence 


O—> Sely(M) —+ Selz(M) —> @yegLp/Li, 
— Selpv(MY(1))¥ — Selzv(MY(1))¥ — 0. 


PRooF. The first line is exact by the definition of Selmer groups. 
Similarly, we have an exact sequence 


0 > Selzyv (MY (1)) = Selzv (MY (1)) = @ ag De 
pes 


By the definition of dual local condition, L{Y/LY is the dual of L/L’, 
we obtain the exact sequence @,-5L,/L, — Selzv(MY(1))¥ > 
Selz~ (MY(1))Y > 0 by taking the dual. 

We show the exactness at @,¢5 Lp/L,. Define 


AZ Im(H7(Gs, M) sy @ H*(Qp,M)), 
pes 
B = Im(H*(Gs,M¥(1)) > @ H1(Q),M%(1))). 
pes 


By Proposition 11.25(2), A is the annihilator of B with respect to 
the bilinear mapping @,¢5 H*(Qp, M) x Byes H*(Qp, MY (1)) = 
1Z/Z. The image of Selz(M) > @ocs Lp/L, is the image of AN 
Dyes Lp- Similarly, the image of Selp~(MY(1)) > Qyes Lp’/Ly is 
the image of BN @yc5 L,’. Thus, the kernel of yes Lp/L, > 
Selz»v(MY(1))Y is the annihilator of the image of BN @®,., Li’ 


pes “"p 
with respect to the bilinear mapping @,<5 Lp/L, x Byes Lp /Lp > 
12/2. Thus, it suffices to show the image of AN @nes Ly is the 


annihilator of BN Bre 3 Le with respect to the bilinear mapping 
Byes Lp/ Lp X Byes Ly /Ly > 2/Z. 
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The image of AN ®@res L, is the image of 


(An Doe) + Bry = Dora wy 

pes pes pes pes 
Since Dyes he N(A+ Dyes Lp) is the annihilator of @,e3 Ly + 
(BN Gres hi > )» the image of AN @yeg Lp is the annihilator of BN 
®,<s L,’. This shows the exactness at Bye gs Lp/L;. O 


PROPOSITION 11.33. Let n> 1 be an odd integer, and let M be a 
finite Z/nZ-Ga-module. Let S be a finite set of prime numbers such 
that M is unramified outside S and S contains all the prime divisors 
ofn. Let L = (Lp)pes be a local condition, and let L’ = (L;)pes be 
a family of subgroups E C Ly. Then, we have 

i Sel; (M) MSs 


t Selzv (MY(1)) qMVY(1)Es alr oe a 


PRooF. Selz(M) is the kernel of the composition of the map- 
ping in the second line of (11.14) H1(Gs,M) > Byes H1(Q,,M) 


and the surjection @,<53 H*(Qp,M) > Byes H'(Qp, M)/Lp by the 
definition of Selmer group. Moreover, by the definitions of the dual lo- 
cal condition and Selmer group, the dual Selzv (MY(1))” is identified 
with the cokernel of the composition of the inclusion @,<5 Lp > 


Byes H'(Q,,M) and the mapping of the second line of (11.14) 


yes 1"(Qp,M) > H*(Gs,MY(1))’. Thus, we obtain the exact 
sequence by Proposition 11.25(2) 


0 — Selz(M) 
— H'(Gs,M) > ® H* (Qo, M)/L» — Selpv(MVY(1))Y 
PE 


— H?(Gs,M) > © H?(Qp, M) — H(Gs,MY(1))¥ > 0. 
PE 
From this we obtain 


{ Selz (MM) _ tH1(Gs, M) 
{Selzv(MY(1))  #H°(Gs, MY(1)) - #H2(Gs, M) 
{H?(Qp, M) -tLp 
«Il Ga, 


pes 
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By Proposition 11.27, the first factor of the right-hand side equals 
G 
aa Ter: By Proposition 11.20, the contribution of each p € S 


* nie sire) The equality in question follows immediately a 
this. 


11.4. Selmer groups and deformation rings 


In 85.2, we defined the deformation ring Ry. In this section we 
relate deformation rings and Selmer groups, and we reduce Theo- 
rems 5.32(1) and 5.34 to properties concerning Selmer groups, Theo- 
rem 11.37 and Proposition 11.38. 

As in §5.2, let 2 be an odd prime number, let F be a finite ex- 
tension of Fz, and let 6 : Gq — GLo2(F) be a modular semistable 
irreducible mod é-representation. Let K be a finite extension of Qe 
whose residue field is F, and let f € ®(Ng)xs(K) be a primitive 
form with K coefficients. Let O be the ring of integers of K. The 
é-adic representation p = ps : Gq  GL2(Q) associated with f is a 
lifting of p to O of type Dg. p : Gq — GL2(Q) is unramified outside 
SzU {é}. 

As in Definition 5.5, let © be a finite set of prime numbers such 
that 2S; = @ and that if 2 € X, then f is good and ordinary at £. 
Let Ss = S; UXU {£}. p : Gq — GL2(Q) induces a representation 
of Gg, on O?. We regard 0? as a Gs,-module through p and denote 
it by V. Let W = End°(V) = {f € End(V)|Tr f = 0}. Wisa 
free O-module of rank 3 that possesses a natural action of Gsg,. Let 
m be a primitive element of O. For an integer n > 1, let Vz,W, 
be O/n"O-modules V/n"V,W/1"W = End°(V,,), respectively. Let 
Voo =lim Vn =V@K/0,W~ = lim, Wn =We@K/O. Forn=1, 
let Vi = V, WwW, =W. 

We now give the local condition that defines the Selmer group. 
Since p : Gq — GL2(Q) is a lifting of p of type Dg, if 2 ¢ Sz, p is 
good, and by Theorem 9.13, p is good at @ If 2¢€ S;U, then p 
is ordinary at 4, and by Theorem 3.52(2) and Proposition 7.11, p is 
ordinary at & If p is good at 4, define the subgroup H;(Qe, W,,) of 
H? (Qe, W,) by 


H}(Qe, W,) = H* (Qe, Wa) 0 Hf (Qe, End(V,)). 


If p is ordinary at 2, define the subgroup H2(Qe, Wn) of H!(Qe, W,,). 
Let V,° C V, be the subgroup on which J, acts as the cyclo- 
tomic character. V,°,V,/V,° are free O/n"O-modules of rank 1. 
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Let W° Cc Wy be {f € End°(Vp)|f(V2) = 0, f(Va) c V0}. we 
is also a free O/7"O-module. Define H}(Qe,W,,) by 
H3 (Qe, Wn) = Ker(H'(Qe, W,,) > H* (Ie, Wn/We)). 
DEFINITION 11.34. Define the Selmer group 
Sels(Wn) C H*(Gsy, Wn) 
by the local condition Ly = (Ly,p)pes, defined by 
H}(Qp, W,.) if Pp # £,p €E Ss, 
H*(Q,,Wn) ifp#LpeEX, 
H}(Qe,W,) ifp=£¢ S,UY, 
H}(Q2,Wn) ifp=lES;UY. 
Define Selz(W..) = lim | Sels(W,,). 


Ly p = 


We translate the local condition in terms of infinitesimal defor- 
mations. 


LEMMA 11.35. Through the bijection (11.2), identify Z1(Qp, Wn) 
with Lift} /n=0.Ga, (Vn)- Let c: Ga, > W,, be a 1-cocycle, and let 
M be the corresponding infinitesimal lifting. 

(1) Suppose p  £,p € Sz. Then, [c] belongs to H};(Qz, W,,) if and 
only if M is ordinary. 

(2) Suppose p=£€S;UB. In this case, p is ordinary at £. Then, 
[c] belongs to H}(Q,, W,,) if and only if M is ordinary. 


PROOF. (1) Suppose p # é,p € Sz. If o € Ip is a lifting of the 
generator of Def Tes Ip] ~ Z/eZ, then p(o) # 1. If we take a suitable 
basis of V,, the matrix representation of the action of o is given by 

61). Since the image of I, + Auto/z»o M is generated by a, the 
fact that M is ordinary means that the matrix representation of @ is 
given by (31) if we choose a suitable basis of M. This implies that 
the infinitesimal lifting M is isomorphic to V; @0/n20 O/n" Ole] as 
O/nx"Ole]-Ip-modules, which is in turn equivalent to the condition 
that the restriction of {c] to I, is 0. 

(2) Suppose p = £ € S;U®. In this case, as we remarked above, 
the restriction of p to I, is ordinary by Proposition 7.11. The part 
V,o on which the inertia group I, acts as the cyclotomic character is 
a free O/n"-module of rank 1. If clz, € Z'(Ip, We), then I, acts on 
Vo @0/n-0 O/n" Ole] as the cyclotomic character, and it acts trivially 
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on (V,/V,°) @o jrro O/n" Ole}. Thus, M is ordinary. Conversely, 
suppose M is ordinary. Then, J, acts on the submodule M ° of rank 1 
of M as the cyclotomic character, and it acts trivially on the quotient 


M /M°. Thus if we choose a suitable basis of M, we have ady6 
2} (Ip, Wh): 


We give a relation between deformation rings and Selmer groups. 
Let Rs be the deformation ring defined in §5.2, and my : Ry — O 
the homomorphism defined by p. 


PROPOSITION 11.36. Let mr, be the maximal ideal of the defor- 
mation ring Ry. Then, there is a natural isomorphism of F-linear 
spaces 


(11.15) Homp(mp, /(mz,,7), F) — Selp(W). 


Let prs be the kernel of the ring homomorphism Ry — O defined 
by p: Gq — GL2(O). Then, there is a natural isomorphism of O- 
modules 


(11.16) Homo (prs/PR,»K/O) — Selz(Wo). 
PROOF. For an integer n > 1, define a natural injection 

(11.17) Homo /(r7) (Pre /(PRp i m), O/(1”)) — SH (Gs.; W,). 
First, we identify Homo /(n)(PRe/(PR_p» 7”) O/("”)) with a subset of 
Defz,.p,(O/(7”)[e]). Let pn : O/(a")[€] 4 O/(x”) be the natural sur- 
jection. If f : Rs — O/(2”)|e] is a morphism of O-algebras satisfying 
prof =7t: mod”, then the restriction of f to pr, =Ker(7s : Rr > O) 
induces an O/(7")-linear mapping PRs / (Phe 7”) > O/(n")e. By 


this correspondence, Homo/(nn)(PRe/ (PRe nm”), O/(1™)) is identified 
with the set 


{f: Re > O/(x")fe] | 
f is a morphism of O-algebras with p, o f = 7 mod 1"} 


This set is identified with the inverse image Def;,p,(O/(1™)|E])(va} 
of the class of V, by Defz,n,(O/(n)[e]) > Defz,.p,(O/(m”)) by the 
definition of the deformation ring Ry. 

Define Lifts p, (O/(7”)[e])v, to be the inverse image of V,, by the 
mapping Lifts p,(O/(7”)[e]) > Lifts.p,(O/(m")). Since an element 
of Lifts p,(O/(m”)[e])v, defines an infinitesimal lifting that preserves 
the determinant of V,, we obtain a natural injection 


(11.18) Lifts,p;(O/(m”)[e])va —> Liftoy(nn)-Gs,, (Vn): 
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By Proposition 11.8(2), we identify H1(Gs,,, W,,) with the set of infin- 
itesimal deformations preserving the determinant Defo /(n")-Gsy (V,). 
We show that (11.18) induces an injection 


(11.19) Defs,pz(O/(m”)[e])[v,3 —* Defo/(nn)-Gs,, (Vn) 


The set Def/(nn)-Gs, (Vn) is the quotient of Lifto/(n")-Gs, (Vn) 
by the group 1+ ¢ End(V,,) = Ker(GL2(O/(2”)[e]) ~ GL2(O/(a")) 
by definition. We show Def;,p,(O/(m”)[€]) v,] is also the quotient of 
Lifts,p,(O/(m”)[e])v, by 1+e End(V,,). For p€ Lifts p, (O/(7”)[e]) vp 
and P € U'GL2(O/(n™)[e]) = Ker(GL2(O/(n")[e]) + GL2(F)), 
we first show P € (1+ moy(nn)fe]) - (1 + €End(V,,)) if ad(P)(p) € 
Lifts. p,(O/(")[e])v,. In this case, the image P = Pmode € 
U!GL2(O/(r")) = Ker(GL2(O/(n")) — GL2(F)) satisfies the re- 
lation ad(P)(ps mod 7”) = ps mod 7”. By the first part of the 
proof of Proposition 7.15, Mz2(O/(m”)) is generated by the image of 
ps mod nr” over O/(x"). Thus, we have P€1+mojiqn), and P € 
(1+ mo/(nnyfe}) - (1 + €End(V,,)). Therefore, Defz,p,(O/()[e]) [va] 
is the quotient of Liftsp,(O/(m™)[el)v, by (1 + moy(an)fe): 
(1+e End(V,,)). Since the action of the scalar matrices 1+mg/(77){e] is 
trivial, Defp,p,(O/(2”))[€]) tvq) is the quotient of Lifts,p,(O/(7)[e])v. 
by 1+¢End(Vn). Hence, Liftz,p;(O/(m")[e]) vq > Lifto/(n2)-c5,, (Vn) 
induces an injection Defz,p, (O/(a”)[€]) [va] 7 Defo/(n")-Gsy (Vn). 

By the natural isomorphism H}(Gs,,Wn) > Def /(n")-Gsy (Vn) 
(11.4), the injection (11.19) defines the injection (11.17). We show 
the image of the injection (11.17) is Seln(W,,). It suffices to verify 
that the ramification condition that a lifting is of type Dy corresponds 
to the local condition that defines the Selmer group for each prime 
number p € Sy. 

First, suppose p ¥ @. If p € Sz, the ramification condition is that 
the lifting is ordinary. Thus, by Lemma 11.35(1), this corresponds to 
the local condition H}(Qp, W,,). If p € %, there is no ramification 
condition, which corresponds to the local condition H 1(Q,, W,,). 

Suppose p = @ Ifé ¢ S;UD, the ramification condition is that the 
lifting is good, which corresponds to the local condition Hy (Qp, Wn). 
If £€ S;U%, then by Proposition 7.11, the ramification condition is 
that the lifting is ordinary. Thus, by Lemma 11.35(2), it corresponds 
to the local condition H}(Q,, Wn). 
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Therefore, the injection (11.17) defines a natural isomorphism 
Homo /(n) (Pre /(PRe»™”), O/(2”)) — Sely(W,,). Letting n = 1, we 
obtain the isomorphism (11.15). Taking lim, we obtain the isomor- 
phism (11.16). O 


By Proposition 11.36, Theorems 5.32(1) and 5.34 are reduced to 
Theorem 11.37 and Proposition 11.38, respectively. 


THEOREM 11.37. Let r = dimg Selg(W). For any integer n > 1, 
there exists a set Q consisting of r prime numbers qi,..., Gr satisfying 
the condition 
(5.19) n a¢S3, G=1modé", and Trf(yg,) +2 
such that 
(11.20) dimg Selg(W) =r. 


PROPOSITION 11.38. Suppose p € ¥, and let XY’ = XU — {p}. 
Then, we have (p+ 1)? —a,(f)? #0, and 
(11.21) 
lengthy Selp(Woo)/Selx: (Woo) < ordo(p — 1)((p + 1)? — ap(f)?) 


holds. 


We will prove Theorem 11.37 and Proposition 11.38 in §11.6 and 
§11.5, respectively. 


11.5. Calculation of local conditions 
and proof of Proposition 11.38 


In this section we prove Proposition 11.38 by calculating the or- 
der of local conditions H}(Qe, W,) and H}(Qz,W,,). The proof of 
Theorem 11.37, which uses Proposition 11.39 below, will be post- 
poned until the next section. We keep the notation in the previ- 
ous section. Let M,, be the filtered y-O-module D(V,,), and define 
EndQ(M,) = Ker(Tr : Homo(M,,M,) — O/(n”)) and its sub- 
group End@(M,,)/ = End®,(M,,) 7 Homo(Mn, Mn 3 O/(n"))!. My 
is also written M. 


PROPOSITION 11.39. (1) Ifp #2, then 
dim H};(Q,, W) = dim H°(Qp, W). 
(2) If£¢S;, then 
dim H}(Qi, W) = dim H°(Qu, W) +1. 
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(3) If2e€S;5, then 


ProoF. (1) Clear from Corollary 11.13. 
(2) Asin the proof of Corollary C.10, we obtain an exact sequence 


0 — H°(Qe, W) — End}(D(W))’ —> Endg(D(W)) 
— H};(Qre,W) — 0 
by Proposition C.9. It now follows from dimp Endp(D(W)) = 3 and 


End?(D(W))’ = 2. 
(3) First, we show 


(11.22) HH? (Qe, W) = Ker(H? (Qe, W) > H1(Qe,W/W’)). 
The inclusion > is clear. We show C. Suppose a class M of in- 
finitesimal liftings that preserve the determinant of V is contained in 
H}(Q2,W). By Lemma 11.35(2), M isordinary. If x is the cyclotomic 
character, there exists an unramified characters a, 8B : Ga, > Fle] 
such that M is the extension of a by Gy. Since V = M @F{q F is not 
good by assumption, we have a = 8 by Corollary 11.17. Since M is 
an infinitesimal lifting preserving the determinant, we have a? = 1 
and the image of a is contained in {+1} C F*. Thus, by choos- 
ing a basis suitably, we may assume that the restriction cléa, of 
the l-cocycle c that gives M satisfies c € Z 1(Go,,W’). Thus, we 
have [M] € Ker(H?(Qe,W) + H*(Qe,W/W’)), and H}(Qe,W) = 
Ker(H?(Qe, W) > H1(Qz,W/W’)) is proved. 

From the exact sequence 

0 + H°(Qe,W°) — H°(Q,W) — H°(Qe,W/W?) 

—+ H1(Qr,W°) —> H1(Qe,W) — H*(Qe,W/W) 

and (11.22), we obtain 


(11.23) dim H}(Q,,W) — dim H°(Q,, W) 
= dim H}(Qy, W’) — dim H°(Qy, W’) — dim H°(Qz, W/W’). 


By Propositions 11.20, and 11.18, the right-hand side of (11.23) is 
equal to 


dim W° + dim H°(Q,, (W°)”(1)) — dim H°(Q,, W/W’). 
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We neve dimW° = dim H(Qz, w/w") ) = 1. Since the action of Ga, 


on (w° )Y(1) is trivial, dim H® (Qe, (W° )¥(1)) is also 1. Hence, the 
right-hand side of (11. 93) equals 1. Oo 


PROPOSITION 11.40. (1) Suppose p # £ and p ¢ Sz. If 
det(1— ppp : W) £0, then we have 


lengthy H*(Qp, W. 0) / H} (Qp, W. co) = ordg det(1 — py, : W). 


(2) Suppose p is good and ordinary at £. If det(1—yp : (W°)Y(1)) # 
0, then we have 


lengtho H; (Qe, Woo)/H} (Qe, Wao) < ordo det(1 — yp : (W°)*(1)). 


PRooF. (1) By Proposition 11.18(2), H*(Qp, Wec)/H}(Qp, Woo) 
is the dual of H;(Q,,W(1)). Thus, by Lemma 11.12(2), the length 
of O-module H}(Q,, W(1)) = H'(Fp, W(1)) = Coker(1— yp : W(1)) 
equals ordg det(1 — ppp : W). 

(2) It suffices to show the following: 


(11.24) length H7(Qe, Wn) — lengthe H°(Qe, Wn) =n, 
(11.25) lengthy 3 (Qe, Wr ) — lengthe H°(Qe, Wr ) 
< n+ ordg det(1 — yp: (W°)¥(1)). 


As in the proof of Proposition 11.39(2), we obtain an exact se- 
quence 


0 — H°(Qz, W,) —> End?(M,)' — End%(M,) 
— H}(Qe,Wn) — 0. 


The equality (11. 24) follows from the facts lengthy End2,(M,,) = 3n 
and lengthy Endd(M,,)! = 2n. 

We show (11.25). H2(Qe, W,,) is the kernel of the composition 
res ou of 


H* (Qe, Wn) > H? (Qe, Wa/Wr) > H? (Te, Wn/Wr)- 
Since Ker res = H1(F2, (W,,/W2)/¢) by Proposition 11.5, we have 
lengthy H}(Qe, Wn) < lengthe Ker u+lengthy H}(Fe, (Wn/We)"). 
As in the proof of Proposition 11.39(3), from the exact sequence 
0 —+ H°(Qe,We) —> H°(Qe,Wn) —+ H°(Qe, Wn/Wp) 
— H(Q:,W°) — H*(Qe,Wn) — H1(Qe,Wr/We), 
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we obtain 
lengthy H}(Qz, Wn) — lengthy H°(Qe, W,,) 
< lengthy H1(Qe, We) — length H° (Qe, We) 
—lengthg H° (Qe, W,,/W2) + lengthe H* (Fe, (W,/We)"*). 


The right-hand side equals lengthy We + lengthe H°(Qe, (W2)”(1)) 
by Lemma 11.12(1) and Proposition 11.20. We have lengthy W2 = n, 
and elementary linear algebra on O-modules shows the inequality 
lengthy H°(Qe, (We) (1)) < ordo det(1—y, : (W°)Y(1)). Thus, the 
inequality (11.25) is proved. oO 


PROOF OF PROPOSITION 11.38. We show the inequality (11.21). 
First, consider the case p # £. From the exact sequence 


0 — Sels: (Wa) —> Selg(Woo) —+ H*(Qp, Woo)/H}(Qp, Woo), 
we obtain 

lengthy Selz(W..)/ Sel: (Wao) 

< lengthy H*(Qp, Woo) / HF (Qp, Woo). 

Thus, by Proposition 11.40(1), it suffices to show 
(11.26) det(1— ppp : W) = (1—p)(p+ 1) — ap(f)*) £0. 
Write 1 — ap(f)t + pt? = (1 —at)(1— Bt), and we have 
(11.27) (p+1)? — ap(f)? = (1+ a8)? — (a+ 6)? = (1—a”)(1 — 7). 


By Theorem 9.13, the eigenvalues of p(y,) are a and 8. Since a”, B? # 
1 by Theorem 9.21, the right-hand side is not 0. Since we have 


det (1 — pyp : W) = (1 — p)(1 — pa/B)(1 — pB/a) 
= (1—p)(1—?)(1 — 6”), 


the equality in (11.26) is also proved. This completes the proof in the 
case p # £. 
Suppose p= £€ &. Asin the case p # £, we have 


lengthy Selz(Woo)/ Sels: (Woo) 
< lengthy H3(Qp, Woo) /H}(Qp, Woo); 


and (1—p)((p+ 1)? — ap(f)?) #0. Thus, by Proposition 11.40(2), it 
suffices to show 


(11.28) ordg det(1—wp : (W°)” (1)) = ordg(1—p)((p+1)?—ap(f)?). 
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Since p is ordinary at p = @, we can write 1 — a,(f)t + pt? = 
(1 — at)(1 — p/a-t), where a is a p-adic unit by Corollary 9.20(2). 
Since both 1 — p and 1 — (p/a)? are p-adic units, the right-hand side 
of (11.28) equals orde(1 — a”) by (11.27). If we denote also by a the 
unramified character of Gq, defined by the property that the image 
of (> is a, the restriction of V to Gq, is an extension of a by a~1(1) 
by Corollary 9.20(2). Thus, we have W° = Hom(a,a71(1)). Hence, 
det(1 — yp : (W°)Y¥(1)) =1-a?. 


11.6. Proof of Theorem 11.37 


We first give a summary of group theoretic facts about the abso- 
lutely irreducible mod é-representation p : G > GL2(F¢) that will be 
needed to prove Theorem 11.37. 


PROPOSITION 11.41. Let 2 be an odd prime number, and let 


G C GL,(F2) be a finite subgroup. Suppose V = F, is absolutely 
irreducible as a representation of G. Let 


W = End°(V) = Ker(Tr(End(V) > F)). 
Then, one of the following (i) and (ii) holds. 


(i) W is also absolutely irreducible as a representation of G. 

(ii) There exist a subgroup H of G of index 2 and a character x : 
H + F, such that V ~ IndG x. Let 6: G— G/H > {+1} 
be the character of order 2, and let x’ be the conjugate of x by 
9 €G-—H. Then, we have x’ # x, and W ~ 6 @ IndG(x’/x). 


PROOF. It suffices to show (ii), assuming W is absolutely re- 
ducible. If W is absolutely reducible, W possesses a one- or two- 
dimensional subspace that is stable under the action of G. Since W 
is self-dual, we may assume that W has a G-stable one-dimensional 
subspace T. Let f be a basis of T. Since Ker f is a G-stable sub- 
space of V and V is absolutely irreducible, f defines an isomorphism 
VeT-V. Letd:Go F, be the character that the action of G on 
T defines. By the isomorphism V@T — V, we have det V-62 = det V, 
and thus the order of 6 is at most 2. 

If 6 = 1, then the basis f of T defines an endomorphism of V 
that is not a scalar multiple. Thus, by Schur’s lemma, the order of 6 
is exactly 2. Let H = Kerd. Again by Schur’s lemma, V is reducible 
as a representation of H. Thus, there exists a character x : H > F, 
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such that V ~ IndG x. Since V is irreducible, we have x’ # x. The 
assertion on W follows immediately from this. O 


COROLLARY 11.42. Let the notation be as in Proposition 11.41. 
Then, the following hold. 


(1) WS =0. 
(2) If6:G—F, is a character, then either (i) or (ii) below holds. 
(i) (W@ 4) =0. 
(ii) Let H = Kerd. Then, we have [G : H] = 2, and there 
exists a character x : H > F, such that V ~ IndG x. 


PRooF. (1) Clear from Schur’s lemma. 

(2) Suppose (W @6)° # 0. Then, there exists a one-dimensional 
G-stable subspace T of W such that the action of G on T is given by 
6-1. As in the proof of Proposition 11.41, we have 6—! = 6, and the 
assertion follows from this. Oo 


COROLLARY 11.43. Let the notation be as in Proposition 11.41. 
If T #0 is a G-stable subspace of W, then there ezists agE€ GC 
GL2(Fe) that has mutually distinct eigenvalues and that satis fies 
T+(g-lW=W. 


PROOF. We first show the case where W is absolutely irreducible. 
In this case we have T’ = W, and it suffices to show that there exists 
an element g in G C GL2(F,) that has distinct eigenvalues. Assuming 
such a g does not exist, we derive a contradiction. Since V is abso- 
lutely irreducible, the center of Gis Z={g€G | g is a scalar matrix}. 
By the assumption, the order of any element of G/Z is either @ or 1. 
If H is the €Sylow subgroup of G, we have G = Z x H. Since an 
irreducible representation of H is one dimensional, this contradicts 
the irreducibility. 

Next, we show the case where W satisfies the condition (ii) of 
Proposition 11.41. In this case, the order of G is relatively prime to @, 
the representation W of G is semisimple. By the proof of Proposi- 
tion 11.41, we may prove it by assuming T = 6 or T = Ind(y’/x) 
when we decompose W = 6 @ IndG(x’/x). If T = 6, we may take a 
g in H that is not a scalar matrix. If T = Ind$(x’/x), we may take 
ageEG-H. 


We give a sufficient condition for H1(G, W) = 0. 
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LEMMA 11.44. Let £ be an odd prime number, and let F be a 
finite extension of Fe. If V =F? and W = End°(V), then we have 


H}(SL2(F), W) =0 
except in the case F = Fs. 


OUTLINE OF PROOF. Let Vo = F C V be a one-dimensional sub- 
space, and define subgroups B and U of SLo(F) by B = 
{g € SLo(F) | 9(Y%) C WY} OU = {fg € B| gly = 1}. The ac 
tion on Vo defines an isomorphism B/U — F*. Explicitly, we have 
B= ((6.°:),(d%)|@eF*,ueF) and U = {()%)|ue F}, and 
the isomorphism B/U — F™ is given by (és ‘ei +» a. Since the 
indices [SL2(F) : B] and [B : U] are relatively prime to @, the re- 
striction H!(SL2(F),W) > H}(B,W) is injective and H!(B,W) > 
H}(U,W)®/¥ is an isomorphism. 

Define subspaces of W by W, = {f € W|f(Vo) C Vo} D Wo = 
{f € W|f(Vo) = O}. Since the actions of U on W/Wi, Wi/Wo, and 
Wo are trivial, H1(U,W/W,), H!(U,W1/Wo), and H!(U,Wo) are 
identified with Hom(U,W/W,), Hom(U, W1/Wo), and Hom(U, Wo). 
Moreover, the invariant parts H!(U,W/W,)8/¥, H}(U,Wi/Wo)?/", 
and H1(U,Wo)®/Y are naturally identified with Homg;y(U,W/W1), 
Homgu(U,W1/Wo), and Homg;y(U, Wo), respectively. We show 
the following 

(i) If fF 4 3, 5, 9, then Homgy(U, W/W) = 0. 
(ii) If fF A 3, then Homgyy (U, Wi/Wo) = 9. 
(iii) Homg/u(U, Wo) = Hom r (U, Wo). 

The isomorphisms of F-vector spaces W/W, > Homr(Vo, V/Vo), 
Wi/Wo — Homr(Vo, Vo), Wo > Homr(V/V, Yo) are isomorphisms 
of B/U-modules. Moreover, associating to g € U the mapping in- 
duced by g — 1, we obtain an isomorphism of B/U-modules U > 
Homr(V/Vo, Vo). Thus, the actions of B/U = FX on W/W,, Wi/Wo, 
Wo, U are inverse square, trivial, square, square. 

Suppose the order of F is ££. We show (i) by contradiction. 
Suppose Homg;y(U,W/W,) # 0. There exists a conjugate of 
the inverse square character of F* that is equal to the square 
character. Thus, there exists an integer 0 < d < f satisfying —204 = 
2 mod (é/—1). Since (€f—1) | 2(€4+1), we have £f—1 < 2(€¢+1), and 
thus (¢f-4—2) £4 < 3. From this we have either £4—¢ = 3 and £4 = 1,3, 
or £f-4 — 5 and £4 = 1. Hence, {F has to be one of 3, 5,9, and (i) is 
proved. If {F 4 3, the square mapping is not trivial. (ii) is clear from 
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this. Since F = F,[F**], we have Homg/y(U, Wo) = Homg(U, Wo), 
which shows (iii). 

Suppose {F # 3,5, 9, and we show H!(U,W)®/Y that contains 
H}(SL2(F), W) itself is 0. By (i), (ii), (iii) above, Homp(U, Wo) = 
H}(U,Wo)?/¥ — H}(U,W)8/¥ is surjective. Consider the long exact 
sequence 


H®(U, W) — H°(U,W/Wo) —> H}(U,Wo) — H}(U,W). 


The first morphism H°(U,W) = Wp — H°(U,W/Wo) is 0. There- 
fore, the second morphism induces an isomorphism H°(U,W/Wo) = 
Wi/Wo > Homp(U,Wo) = H1(U,Wo)?/¥. Thus, the morphism 
H}(U,Wo)8/" > H1(U,W)/¥ is 0. Hence, if HF 4 3,5, 9, we have 
H}(SLo(F), W) c H1(U,W)®/Y =0. 

Suppose {F = 9. Similarly to the case {F 4 3,5,9, we see 
that H1(U,W)®/Y — H}(U,W/W,)8/Y = Homg;y(U,W/W,) is 
injective. Moreover, by the proof of (i), H1(U,W/W,)?/Y is an 
F-vector space of dimension 1. Suppose there exists an element of 
H'(U,W)8/¥ whose image in H1(U,W/W,)8/¥ is nonzero. On the 
extension corresponding to this element of the trivial representation 
F by W, the actions of (¢ ,°:) (a € F*) and (§ ¥) (u€ F) are given 


by 
a 0 0 0 lu © eu) 
0 1 0 0 01 u du) 
0 0a? Oj’ Joo 1 w 
0 0 0 1 0 0 O 1 


for some functions c,d : F > F. There exists no action satisfying 
such conditions, and thus H!(SL2(F),W) Cc H1(U,W)8/¥ = 0 in 
the case {F = 9, also. 

Consider the case {F = 3. It suffices to show H!(U,W) = 0. 
Since U ~ Z/3Z, take its generator o and we have H1(U,W) = 
Ker(1+o+ 02 : W)/Im(o —1: W). Since W is isomorphic to 
F[c]/(o — 1)? as an F{o]-module, we have H1(U, W) = 0. 0 


QUESTION. Fill in the details of the proof of Lemma 11.44. 


PROPOSITION 11.45. Let 2 be an odd prime number, and let G 
be a finite subgroup of GLo(Fe) such that V = F, is an irreducible 
representation of G. Letd:G—- EF, be a character, and let W = 
End°(V). Let Z=GN F; be the subgroup of all the scalar matrices 
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contained in G, and let G = G/Z be the image of G in PGL2(Fr) = 
GL2(Fv)/F; . Then, either (i), or (ii) holds. 
(i) H'(G,W @65) =0. 
(ii) We have £ = 3 or 5. If = 3, then G is isomorphic to the 
alternating group As, and d = 1. If 2 = 5, then G is conju- 
gate to either PSL2(F5) or PGL2(Fs), and 6 equals either 1 
or the composition (se) = (gz) odet: G > G > PGL(Fs) > 
FS (Bs)? tet}. 


We deduce Proposition 11.45 from Theorem 10.28. We first show 
that for the condition (ii) in Theorem 10.28, the following holds. 


LEMMA 11.46. Let £ be a prime number, and let G be a finite sub- 
group of PGL2(Fe). If G is isomorphic to PGL2(F 2), it is conjugate 
to PGL2(Fz), and if G is isomorphic to PSL2(Fe), it is conjugate to 
PSL2(F2). 


PROOF. Consider the natural action of PGL2(Fe) on P1(F?). 
Take an element g € G of order £. The action of g on P1(F¢) has 
only one fixed point, and the orders of all other orbits are all equal 
to £ Let X Cc P!(F,) be a G-orbit containing the g fixed point. 
The order d of X divides (tG/2)|(€2 — 1), and d = 1mod &. Since 
(2 —1)/d = —1 mod £, we have (£2 —1)/d > @—1, and thus d < £+1. 
Hence, we have d = 1 or £+1. If the order of X is 1, G is contained in a 
conjugate of the image of the group of upper triangular matrices, and 
thus, it has a normal subgroup of order ¢, which is a contradiction. 
This shows the order of X is 2+ 1. Choose the coordinates of P! such 
that the fixed point of g is the point at infinity, another point different 
from this is 0, and g(0) =1. Then, X = P1(Fz). Since the action of 
G sends 0,1, 00 to points in P!(Fz), G is asubgroup of PGL2(F¢) of 
index less than 2. Since the abelianization of PGL2(F¢) is of order 2, 
the only subgroup of index 2 is PSL2(Fe), if ££ 2. Oo 


PROOF OF PROPOSITION 11.45. We have an exact sequence 0 > 
H1(G,(W @ 6)*) > H1(G,W @ 5) > H1(Z,W @ 6) by Proposi- 
tion 11.5. Since the order of Z is relatively prime to 2, we have 
H1(Z,W @® 6) = 0 by Lemma 11.3. Thus, the natural mapping 
H1(G,(W @6)*) > H1(G,W @ 5) is an isomorphism. Since the 
action of Z on W is trivial, we have (W @ 6)? = 0 if d|z £1. 

From now on, suppose 6|z = 1, and we identify 6 with a character 
of G. Furthermore, we identify H1(G, W @6) with H1(G, W @6). It 
suffices to show the assertion in each case where the conditions (i), 
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(ii) or (iii) in Theorem 10.28 holds. Suppose first condition (iii) holds. 
In this case, the order of G is relatively prime to @ by the assumption 
£42. Thus, by Lemma 11.3, we have H1(G,W @ 6) = 0. 

Next, suppose condition (i) holds. Suppose G is conjugate to 
PSL2(F). We may assume G = PSL>2(F) by replacing a basis. 
Then, we have 6 = 1. By Proposition 11.5, H!(PSL2(F),W) > 
H}(SL2(F), W) is injective. Thus, H1(G,W @ 65) = H1(G,W) =0 
by Lemma 11.44 except for the case F = Fs. Suppose G is conjugate 
to PGL2(F). If H Cc G is a subgroup conjugate to PSL2(F), then 
H1(G,W @ 6) — H1(H,W @ 5) is injective by Proposition 11.5 and 
Lemma 11.3 as above, and thus H!(G, W @6) = 0 except for F = Fs. 
If F = Fs, the composition (se) : PGL2(Fs5)*> > FX/(FX)? > 
{+1} is injective, and thus 6 is either 1 or (S£¢). 

Finally, suppose condition (ii) holds. If 2 > 5, then the order of G 
is relatively prime to @, and thus H!(G,W @ 6) =0 by Lemma 11.3. 
If £ = 3, the assertion is reduced to the case where condition (i) holds 
by Lemma 11.46, except for the case in which G is isomorphic to 
As. If G~ As, we have Crs 1, and thus 6 = 1. If 2 = 5, except 
for the case G ~ As, the order of G is relatively prime to 2, and 
thus H1(G,W @ 6) = 0. If G is isomorphic to Ys, G is conjugate to 
PSL»2(F5) by Lemma 11.46. Oo 


COROLLARY 11.47. Let the assumption be as in Proposition 11.45. 
If €#3,5 ordetG 1, then we have 


H*(G,W ® det) = 0. 


PROOF. It suffices to show that condition (ii) in Proposition 11.45 
does not hold assuming @ = 3,5 and 6 = det # 1. Since det # 
1, if we assume condition (ii) holds, then we have @ = 5, det = 
(Sgt) and det(G) = {+1}. However, we have —-1 # (=!) which is 
contradiction. O 


In what follows let the notation be as in the previous section. 


PROOF OF THEOREM 11.37. Since r = dim Selg(W), the equal- 
ity r = dimSelg(W) is equivalent to the condition that the inclu- 
sion Selg(W) — Selg(W) is an isomorphism. Since W is self-dual, 


Selgv (W(1))¥ is the Selmer group defined by the dual local condition. 
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By Proposition 11.32, there is an exact sequence 


0 — Selg(W) — Sele(W) —+ @ H"(Qp, W)/H}(Qp, W) 
pEeQ 


—+ Selgv(W(1))¥ — Selov(W(1))¥ — 0. 


Thus, the equality r = dimSelg(W) is equivalent to the condition 
that Bpcg H'(Qp, W)/H}(Qp,W) — Selov(W(1))Y is injective. It 
is also equivalent to the condition that 


Selo (W(1)) > @ H(F,, W(1)) 
peQ 
is surjective. 
We now show the following lemma. 


LEMMA 11.48. (1) dimp Selgv(W(1)) = dimp Selg(W) =r. 
(2) If a prime number q satisfies the condition 


(11.29) q¢ Ss, =1modé and Tr/p(yq) # +2, 
then we have dimp H*(F,, W(1)) = 1. 


ProoF. (1) Apply Proposition 11.33 to M = W. Since W is 
self-dual, it suffices to verify the following. 

(i) dimp H1(Gr,,W/?) = dimp WS if p € Sz, 4 4, 
(ii) dimp H}(Ga,, W) — dimp WC2% = 1 if 2 ¢ Sz, 
(iii) dimp H}(Ga,, W) — dimp WC = 1 if £€ S;, 
(iv) dimp WEF = 1, 

(v) Wos = W(1)Ss =0. 

(i), (ii), and (iii) are Proposition 11.39(1), (2), and (3), respec- 
tively. (iv) follows from the fact that for a complex conjugate c, A(c) 
has eigenvalues 1 and —1 with multiplicity one. We show (v). Con- 
dition (ii) in Corollary 11.42(2) does not hold by Lemma 9.51. Thus, 
(v) follows from Corollary 11.42. 

(2) By the condition (10.22), (~,) has two distinct eigenvalues. 
The assertion follows immediately from this. O 


By Lemma 11.48, Selov(W(1)) > @®yeq H*(Fp, W(1)) is sur- 


jective if and only if it is injective. We show there exists a Q that 
makes 


Selov(W(1)) > @ A'(Fp, W(1)) = BH W(1)/(% — (1) 


pEeQ pEQ 
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injective. By Theorem 3.1, it suffices to show there exist o1,...,0, € 
Gaen) Such that each f(o;) has two distinct eigenvalues, and the 
direct sum of the restriction eee 


Selav(W(1)) > BMWKc 4-1)W(1) 


is injective. For any nonzero element of Selgv (W(1)), let c: Ga > 
W(1) be a 1-cocycle that represents it. Then, it suffices to show there 
exists o € Gaqcc,n) Such that f(o) has two distinct eigenvalues, and 
that c(o) € W(1) is not contained in (o — 1)W(1). 

Let Gr, = Ker(A : Gacc¢jn) > GL2(F)). We show the restriction 
mapping 
(11.30) H*(Ga,W(1)) > H'(Gr,, W(1)) = Hom(Gr, , W(1)) 
is injective. The kernel equals H1(Gal(F,/Q),W(1)) by Proposi- 
tion 11.5. Thus, it suffices to show H!(Gal(F,/Q), W(1)) = 0. More- 
over, by Proposition 11.5, we obtain an exact sequence 
(11.31) 
0 —> H*(Gal(Fo/Q), W(1)S%Fn/Fo) ) 

—> H}(Gal(F,/Q), W(1)) — H}(Gal(Fn/Fo), W(1))Sa(¥o/2). 
Since det p is the mod @ cyclotomic character, we have Q(¢e) C Fo. 


Thus, the action of Gal(F,/Fo) on W(1) is trivial. Therefore, it 
suffices to show the following: 


H*(Gal(Fo/Q), W(1)) =0, 
H? (Gal(F/Fo), W(1))Se/2) 


= Homgai(r)/Q)(Gal(Fn/Fo), W(1)) = 0. 

The determinant det f is the mod @ cyclotomic character, and is 
nontrivial. Since f is an absolutely irreducible faithful representation 
of Gal(Fo/Q), by Corollary 11.47, we have H1(Gal(Fo/Q), W(1)) = 
0. We show Homgayr/Q)(Gal(Fn/Fo),W(1)) = 0. Since F, = 
Fo - Q(Gen), Gal(Fn/Fo) 4 Gal(Q(Cen)/Q) is injective, and the con- 
jugate action of Gal(Fo/Q) on Gal(F;,/Fo) is trivial. Therefore, if f : 
Gal(F,/Fo) - W(1) is a morphism of Gal(Fo/Q)-modules, the image 
of f is contained in the invariant part W(1)¢#!(¥0/2), Hence, we have 
Homgai(m/Q)(Gal(Fn/Fo), W(1)) = 0. This completes the proof of 
H} (Gal(F,/Q),W(1)) = 0, and H1(Ga, W(1)) > Hom(Gr,, W(1)) 


is injective. 


11.6. PROOF OF THEOREM 11.37 177 

Take any nonzero element of Selgv(W(1)), and letc : Gq 7 
W(1) be a 1-cocycle that represents it. The restriction of c to Gr, de- 
fines a homomorphism c|c,,. : Gr,  W(1). Since H!(Gea, W(1)) > 
Hom(G pr, ,W(1)) is injective, c(Gr,) C W(1) is not 0. This is a sub- 
space of W(1) stable under the action of Gaccjn). The restriction 
Plea cp) 18 absolutely irreducible by Corollary 9.52. Thus, by Corol- 
lary 11.43, there exists ¢ € Gaccjn) such that p(o) has two distinct 
eigenvalues, and satisfies c(Gr,)+(o—1)W = W. If c(c) ¢ (c—-1)W, 
this o € Gacen) satisfies the condition. If c(o) € (o — 1)W, take 
Tt € Gr, such that c(t) ¢ (o —1)W. Since A(o) = p(or) and 
c(oT) = c(a)+0c(7) = c(r) #0 mod (c-1)W, oF € Gacyn) satisfies 
the condition. Oo 


APPENDIX B 


Curves over discrete valuation rings 


B.1. Curves 


DEFINITION B.1. (1) Let k be a field. A separated scheme X 
of finite type over k such that each connected component is one 
dimensional is called a curve over k. 

If X is a proper smooth curve over k whose geometric fiber 
is connected, then g = dim; H1(X, (0) is called the genus of X. 
(2) A flat scheme X of finite presentation over a scheme S such that 
the geometric fiber X; for each geometric point 5 > S is acurve 
over «(§S) is called a curve over S. 
If X is a proper smooth curve over S such that each geo- 
metric fiber is connected and of genus g, we say that the genus 
of X is g. 


LEMMA B.2. Let S be a scheme, and let X be a curve over S. 


(1) Suppose X is smooth over S. Then, for a closed subscheme D 
of X finite of finite presentation over S, the following conditions 
(i) and (ii) are equivalent. 
(i) D is flat over S. 
(ii) D is a Cartier divisor of X. 
(2) If a closed subscheme D of X is a Cartier divisor of S and D is 
étale over S, then X is smooth over S on a neighborhood of D. 


PROOF. (1) (i) = (ii). Since the assertion is local on S, we may 
assume that D is of degree N > 1 over S. We prove by induction 
on N. First, we show the case N = 1. Since the assertion is local 
on X, we may assume S = Spec A, and there is an étale morphism 
X — At = Spec A[T]. Thus, we may assume X = Ak. But in this 
case, the assertion is clear. 

We show the case in which N is general. Since D is a flat covering 
of S and the assertion is flat local on S, we may assume that D has 
a section P : S > D. Since the case N = 1 is already shown, P 
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defines a Cartier divisor of X. Thus, there exists a closed subscheme 
D' of D such that Ip, C Ox and Ip C Ox satisfy Tp = Ip/Tp. 
Since we have an exact sequence 0 ~ Op > Op — Os — 0 of 
Op-modules locally on S, D’ is flat over S of degree N —1. It follows 
from the induction hypothesis that D’ is a Cartier divisor, and thus 
sois D= D'+P. 

(ii) > (i). The defining ideal Zp of D is an invertible Ox-module. 
Since Ds is a finite subscheme of X, for any point s in S, the ideal 
Zp,2Ox,,2 C Ox,,2 is generated by nonzero divisors for any point 
x in the smooth curve X,. In other words, tensoring ®k(s) to the 
exact sequence 0 > Zp Ox > Op — 0 for each s € S, we obtain 
an exact sequence 0 > Zp, — Ox, — Op, - 0. Thus, we have 
Tor?S(Op,«(s)) =0, and Op is a flat Os-module. 

(2) By Proposition A.4(1), we may assume S = Speck with k 
an algebraically closed field. If s € D, then the local ring Ox,z is 
regular, and the assertion follows from Proposition A.4(2). O 


We define an ordinary double point of a curve over a field. 


DEFINITION B.3. Let X be a curve over a field k, and let x be a 
closed point in X. Wecall x a node of X if there exist étale morphisms 
u:U 4X, f :U > Speck[S,T]/(ST) and a point v € U satisfying 
u(v) =z and f(v) =(S,T). 


LEMMA B.4. Let X be a curve over a field k, and let x be a closed 
point of X. Then, the following conditions (i)-(iii) are equivalent. 
(i) x is a node. 

(ii) The residue field k(x) is a finite separable extension of k. X 
is reduced on a neighborhood of x, and the normalization X is 
smooth over k on a neighborhood of the inverse image of x. The 
length of the Ox,.-module (Ox/Ox )z 1s 1, and X x xz is finite 
étale over x of degree 2. 

(iii) If k is an algebraic closure of k, the completion O x;,2 Of the 
local ring at each point Z € rx,k C Xz = X xxk of the inverse 
image of x is isomorphic to k[[S,T]]/(ST) over k. 


PROOF. (i) => (ii), (iii). The assertion is étale local. Thus, we 
may assume X = Spec[S,T]/(ST) and x = (S,T). But in this case, 
the assertion is clear. 

(ii) > (i). Let X — X be the normalization of X. Replacing k 
by some finite separable extension if necessary, we may assume x and 
the points of its inverse image in X are k-rational points. Replacing 
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X by a neighborhood of x, we may assume X = Spec A is reduced 
and affine, and its normalization X = Spec B is smooth over k. 

Let x1, £2 be the inverse images of x. We first show the case where 
the normalization X is decomposed into a disjoint union V, [] V2 = 
Spec B; x Bz (x; € Vj). In this case A is the inverse image of the 
diagonal subring k C k x k by the surjection B, x Bp ~ k xk 
defined by x; and x2. Thus, if we let S € B, and T € By be prime 
elements at x; and 9, respectively, we obtain a ring homomorphism 
k[S,T]/(ST) > A. The morphism X — Spec k[S,T]/(ST) defined 
by it is étale on a neighborhood of z. 

We deduce the general case from the previous case. Let m be 
the maximal ideal of A corresponding to xz. Then, we have mB = m, 
and B/mB is isomorphic to k x k. Take an element b in B such that 
its image in k x k is (1,0), andleta = 0? -bEemB=mCA. 
Furthermore, let g(Y) = Y? -Y—a€ A[Y], let A = A[Y]/g(Y), and 
let U = Spec A. Since u: U > X is flat, and the fiber at z is étale, we 
may assume U > X is étale by replacing X by a neighborhood of z if 
necessary. By Proposition A.13(3), U xx X is a normalization of U. 
Since the étale covering U xx X — X of degree 2 has a section defined 
by the homomorphism A = A[Y]/9(Y) > B: Y 4 8, it is isomorphic 
to X [| X. Thus, the general case is reduced to the case where the 
normalization X is decomposed into the disjoint union Vj [| V2. 

(iii) > (ii). We prove it assuming k is a perfect field. In this 
case, replacing k by k, we may assume k is algebraically closed. Since 
the local ring Ox, is a subring of the completion o) X,z, it is reduced. 
Thus, replacing X by a neighborhood of z, we may assume X is 
reduced. The normalization X is smooth over k. If we identify the 
completion of Ox. with k[[S,T]]/(ST), the completion of Ox at the 
inverse image of z in X is k[[S]] x k[[T]]. Thus, the remaining assertion 
follows easily. O 


We define the dual chain complex for a proper curve over a perfect 
field. 


DEFINITION B.5. Let k be a perfect field, and let X be a proper 
curve over k. Let k be an algebraic closure of k. 

First, suppose X is reduced. Let X be the normalization of X. 
We call P = SpecI(X, ©) the finite scheme consisting of irreducible 
components of X. Let © be the reduced closed subscheme of X 
consisting of all the singular points, and © = X xx Y. Let Tp = 
ZP(k) and let T; be the kernel of the surjective homomorphism 
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Z™(*) _, Z®() defined by the natural morphism © > D. Let d : 
TI; — [To be the homomorphism defined by the natural morphism 
¥ > X. Then, we call the chain complex I = (['; > T.] of length 1 
the dual chain complex of X. 

For a general X, we define the dual chain complex of X as the 
dual chain complex of the reduced part of X. 


The condition that Ho(T') = Z is equivalent to the condition that 
the geometric fiber X;z is connected. 


B.2. Semistable curve over a discrete valuation ring 


In what follows, let O be a discrete valuation ring, let K be its 
field of fractions, and let F be its residue field. 


DEFINITION B.6. Let O be a discrete valuation ring, let K be its 
field of fractions, and let F be its residue field. 


(1) Let X be a flat curve over O. If X is smooth over O except for 
a finite number of nodes in Xp, then we say that X is weakly 
semistable. If X is regular and weakly semistable, we say X is 
semistable. 

(2) Let X be a weakly semistable curve over O, andletr € Xp C X 
be a node. We call the length of the Ox,;-module 2% JO, the 
index of x. 


DEFINITION B.7. Let O be a discrete valuation ring, let K be its 
field of fractions, and let Xx be a proper smooth curve over K. 

(1) If there exist a proper smooth curve Xo over O and an iso- 
morphism Xx — Xo ®o K over K, we say that Xx has good 
reduction. 

(2) If there exist a proper weakly semistable curve Xo and an 
isomorphism XK — Xo @o K over K, we say that Xx has 
semistable reduction. 


Let Xq be a proper smooth curve over Q. We say that Xq 
has good reduction at a prime p, or semistable reduction at p if, 


letting O = Zp), Xq has good reduction, or semistable reduction, 
respectively. 


LEMMA B.8. Let O be a discrete valuation ring, let K be its field 
of fractions, and let F be its residue field. A regular curve X over O is 
semistable if all of the following conditions hold: The fiber Xx > X 
at the generic point is smooth. The closed fiber Xp is reduced, and as 
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a Cartier divisor, it is the sum Xp = Ci + C2 of Ci,C2 C X, where 
Ci, Cy are smooth curve over F and the intersection Cy 1 Cp = 
Ci xx Co is étale over F. 


Proor. Let 7 be a prime element of O. By Proposition A.4, 
X —C,M Cy, is smooth over O. We show that x € Ci NC2 is a 
node of Xp. Since this assertion is étale local on X, we may assume 
the residue field of x is F. Replacing X by a neighborhood of z, 
we suppose C is defined by an element s. Then t = 7/s defines 
C2. Define a morphism of O-schemes X — Spec O[S,T]/(ST — 7) by 
St sand T+ t. We show this is étale at zx. 

It suffices to show that the homomorphism of the completion 
Ao = O[[S,T]]/(ST — 7) > A = Ox, is an isomorphism. Since 
ma,/m%4, + ma/m’%, is an isomorphism, Ap > A is surjective. Since 
both Ag and A are two-dimensional regular local rings, Ag — A must 
be an isomorphism. O 


LEMMA B.9. Let O be a discrete valuation ring, let K be its field 
of fractions, let F be its residue field, and let 7 be a prime element. 
Let X be a weakly semistable curve over O, let x be a node of Xr, 
and let e be its index. If O is complete and F is algebraically closed, 
then the completion of the local ring Ox, is isomorphic over O to 


O[[S, T]]/(ST — 1°). 


Proor. Let A be the completion of Ox,z. We first show there 
exist an integer m > 1 and an isomorphism O[[S,T]]/(ST — 2”) > 
A. Through the isomorphism F'[[S,T]]/(ST) — A/(), we identify 
FU[S, T]]/(ST) = A/(7). One of the following (i) and (ii) holds. 


(i) There exist liftings s,t € A of the images of S and T, an integer 
m > 1, and u € A®* such that st = un™. 

(ii) If liftings s,t € A of the images of S and T, an integer m > 1, 
and v € A satisfy st = v7™, then v is contained in the maximal 
ideal (7, s,t) of A. 

Suppose (i) holds. Let Ap = O[[S,T]]/(ST — 2”), and define a mor- 
phism of O-algebras Ag > A by Ss’ = su7! and T+ t. Since 
the morphism of F-algebras Ag/(7) — A/(7) is an isomorphism, and 
A and Ap are both O-flat, Ag/(7”) — A/(x™) is an isomorphism 
by induction on n. Taking the limit, Ag — A is an isomorphism. 
Since Oj 0,2 is isomorphic to lim | Vag /(n))/(O/)) ~ Ao/(S,T) = 
O/(n™), we have e =m. 
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Next, we show that (ii) cannot hold. We construct a sequence 
(8m; tm)m=1,2,... of liftings of the images of S and T to A such that 
Sm41 = Sm mod t™,tm41 = tm mod T™, Smtm € (x™) inductively. 
We take s; and ¢, arbitrarily. Suppose we already have up to 8m, 
tm. We can write Smtm = 7™Um, Um = 48m + btm + cm (a,b,c € A). 
If we define 841 = 8m —7™b and tm41 = tm — 7a, then we have 
Smtitm41 = 7™*t1(c+ abr™—1), and the required conditions hold. If 
we define s = limm-_5o5 Sm and t = limm_,.9 tm, then s and t are the 
liftings of the images of S and T, respectively, and st = 0. If we define 
a morphism of O-algebras O[[S,T]]/(ST) > A by StH s andT Ht, 
this is an isomorphism as before. However, since Xx is smooth, Ax 
must be regular, which is a contradiction. Oo 


PROPOSITION B.10. Let O be a discrete valuation ring, let K 
be its field of fractions, and let F be its residue field. Let X and 
Y be normal curves over O, and let f : X > Y be finite surjective 
morphism over O. 


(1) If X is smooth over O, then X — Y is flat, and Y is also smooth 
over O. 

(2) Suppose X is semistable over O, and let Ci, C2 be Cartier divi- 
sors of X smooth over F satisfying the condition 


Ci + Cy = Xp, Ci NC2 = {nodes of X r}, 
and C; = f~'(f(Ci)), Co = f-*(F(C2)). 


Then, Y is weakly semistable over O. Let D, = f(C\) and 
Dz = f(C2) be reduced closed subschemes of Y. Then, D, and 
Dz are smooth curves over F, and we have D, U Do = Yr and 
D, M Dz = {nodes of Yr}. 

Furthermore, if x is a node of Xr, then y = f(x) is a node 
of Yr. Let ey be the index of y, let F, and Fy be the residue 
fields of x and y, let A and B be the completions of the local rings 
Oyy and Ox,2, and let Lz and Ly be the fields of fractions of 
A and B. Then, we have 


(B.2) [fee Py) ey = [be Lek: 


PROOF. (1) Let O’ D O be a complete discrete valuation ring 
which has the same prime element, and whose residue field F” is an 
algebraic closure of F. We show that Yo, = Y xo O’ is normal. The 
morphism X — Y is flat except for a finite number of closed points 
of the closed fiber of Y. Thus, by Corollary A.14, Y is smooth except 


(B.1) 
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for a finite number of closed points of the closed fiber. Hence, Yo: is 
also smooth except for a finite number of closed points of the closed 
fiber. Since the closed fiber Yr is reduced, so is the closed fiber Yr. 
Thus, by Lemma A.41, Yo is normal. Replacing O by O’, we may 
assume QO is complete and F is algebraically closed. 

We show X — Y is flat. Let zc € Xp be a closed point, and 
let y = f(x). Let A and B be the completions of the local rings 
Oy, and Ox,z, respectively. It suffices to show B is flat over A. 
Let L, and L, be the fields of fractions of A and B, respectively, 
and let d = [Lz : Ly] be the degree of the extension. Then, A > 
B is finite flat of degree d except at the maximal ideal. Choose 
an isomorphism O([t]] > B and identify as O[[t]] = B. Define a 
morphism of O-algebras Ag = O[[t’]] > A by letting t’ = Ngyat. 
Since the valuation of t’ in B/(r) = F|[t]] is d, B/(z,t') = B@,, F 
equals F([t]]/(¢?). Thus, X — Y is flat by Lemma A.43. Since X is 
smooth over OQ, it is regular by Proposition A.13(3). Thus, Y is also 
smooth by Corollary A.14. 

(2) Asin (1), we may assume O is complete and F is algebraically 
closed. Let x be a node of Xp, and let y = f(x). Let A = Oyy +> B= 
O X,c2- Let Ly and Lz be fields of fractions of A and B, respectively, 
and let d = [Lz : Ly]. Choose an isomorphism O|[s, t]]/(st — 7) — B, 
and identify O[[s, t]]/(st — 7) = B. Suppose the inverse image C; 
of C, by SpecB — X is V(s), and the inverse image Ce of Co is 
V(t). Let s’ = Ng,as, and let t’ = Ngyat. Since s’ and t’ belong to 
the maximal ideal of A and satisfy s’t’ = Ngjam = n?, we obtain a 
homomorphism Ap = O[[s’, t']]/(s’t’ — 12) > A. We show this is an 
isomorphism. 

Since s’ equals 0 on C and we have f —1(f(C1)) = Cy by assump- 
tion, s’ is invertible on Spec B — Gi: Thus, there exists u € B” satis- 
fying s’ = us?. Similarly, there exists v € B™ satisfying t’ = vt?, and 
thus B @,, Ao/ma, = B/(s?,t*, 7) = F[[s, t]]/(s?, t2, st) is a finite- 
dimensional F = Ao/m,,-vector space. Since B and Apo are complete, 
B is finitely generated as an Ao-module by Nakayama’s lemma. Since 
Apo is atwo-dimensional integrally closed domain, Ag — B is injective. 
Thus, the only inverse image of (t’) by Spec B > Spec Apo is (t), and 
the degree of the extension F'(s))/F((s’)) of residue fields is d since 
s’ = us*. If Lo is the field of fractions of Ag, then L, is an extension 
of Lo of degree d. Therefore, we have Ly = Lo, and A = Ag. This 
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shows Y is weakly semistable over O, and the remaining assertions 
have also been shown. O 


COROLLARY B.11. Let O be a discrete valuation ring, and let X 
be a curve over O. Suppose an action of a finite group G on X over 
O is given, and suppose the quotient Y = X/G exists. Furthermore, 
if x is the generic point of an irreducible component of Xr and nz 
is the generic point of the irreducible component of X containing x, 
then suppose the inertia groups I, and I,, are the same. 


(1) If X is smooth over O, then so is Y, and we have Yr = Xr /G. 
(2) Suppose X is semistable over O, and let C, and Cz be smooth 
Cartier divisors of X over F stable under the G-action satisfying 
condition (B.1). 
Then Y is also weakly semistable over O, and if D, = f(C1) 
and Dy = f(C2) are reduced closed subschemes, then we have 
dD, = C/G and Do = C2/G. 
Moreover, if x is a node of Xr and nz is the generic point 
of an irreducible component of x, then the index ey of the node 
y = f(x) equals the indez [Iz : In,]. 


PROOF. (1) By Proposition B.10(1), Y is smooth over O. We 
show X-/G — Yr is an isomorphism. Since both curves are normal 
over F, it suffices to show that the residue fields at the generic points 
of irreducible components are isomorphic. Let x be the generic point 
of an irreducible component of Xr, and let y = f(x) € Yr be its 
image. Let Lz be the field of fractions of the completion of Ox,2, 
and let L, be the field of fractions of the completion of Oy,,. Then, 
L, is a Galois extension of Ly, and its inertia group is I,/I,,. Thus, 
by assumption, Lz is an unramified extension of L,. Hence, the 
residue field k(x’) of the image x’ in Xr/G of x is equal to k(y), and 
Xpr/G — YF is an isomorphism. 

(2) By Proposition B.10(2), Y is weakly semistable over O, and 
by Corollary B.11(1), the closed immersions C; — Y and Cz > Y 
induce closed immersions C/G — Y and C2/G — Y except at nodes. 
Moreover, by Proposition B.10(2), they define closed immersions at 
nodes. 

Let x be a node, and let y = f(x) be its image. Let Lz be the 
field of fractions of the completion of Ox, and let Ly be the field of 
fractions of the completion of Oy,y. Then L,z is a Galois extension of 
L,, and its inertia group is I, /I,,. Thus, by Proposition B.10(2), we 
have e, = [Iz : I,,]. O 
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B.3. Dual chain complex of curves 
over a discrete valuation ring 


Let O be a discrete valuation ring, and let F be its residue field. 
Let X be a proper curve over O, and let T = ([; — Io] be the 
dual chain complex of Xp. If X is regular, we define a symmetric 
bilinear form (, )o: To x Io — Z, and if X is semistable, we define 
a symmetric bilinear form (, )1:T, x Ty) > Z. 

Let X be a proper flat regular curve over O. For irreducible 
components C; and C2 of Xp, we define the intersection product 
(C1, C2)x by (C1,C2)x = deg Ox (C1)|c- If Ci # Co, it is equal 
to dimrI'(X, Oc, @0, Oc,) and satisfies (Ci,C2)x = (C2,C1)x. 
Let Z:(XrF) be the free Z-module generated by the irreducible com- 
ponents of Xp. Then, the intersection pairing defines a symmetric 
bilinear form (, )x : Z1(Xp) x Z1(Xpr) > Z. Since the divisor Xr 
is a principal divisor, (Xr, ) is the 0-mapping. 


LEMMA B.12. If Xp is connected, then the kernel of the symmet- 
ric bilinear form (, )x is generated over Q by Xr. 


Let F be a perfect field, and let T = [[ — Io] be the dual 
chain complex of Xr. Let O’ be the completion of the maximal 
unramified extension of the completion of O. O’ is a complete discrete 
valuation ring, and its residue field is an algebraic closure F of F. 
Then, Xo = X Xo O’ is a proper regular curve over O’, and we have 
Xo xo F = Xp and lp = Z,(Xz). Define a symmetric bilinear 
form 


(B.3) (, oo: Io x Io — Z 


by the intersection pairing of Xo. If Xp; is connected, then, by 
Lemma B.12, the kernel of the bilinear form (, )o is generated by X¢ 
over Q. 

Define a linear mapping 


(B.4) ao : To —+ TY = Hom(L9, Z) 
by ao([C])(([C’]) = (C,C’)o, and define a linear mapping 
(B.5) B:T§ Z 


as the dual of the linear mapping BY : Z > To defined by BY(1) = 
[Xa] = Uc eclC]. 


COROLLARY B.13. Let O be a discrete valuation ring, and sup- 
pose its residue field F is perfect. Let X be a proper regular curve over 


188 B. CURVES OVER DISCRETE VALUATION RINGS 


O, and let T = [Ty > To] be the dual chain complex of Xr. Then, 
the composition Boa9:T9 ~TS — Z is the 0-mapping. Moreover, 
if the geometric fiber Xz is connected, Ker B/ Imag has finite order. 


PROOF. Since (Xy,_ )o is the 0-mapping, we have Bo ao = 0. 
By Lemma B.12, if Xp is connected, the kernel of the bilinear form 
(, )o is generated by Xp over Q. Thus, Ker 6/Imazp is a finite 
abelian group. O 


Let O be a discrete valuation ring, and let Xo be a proper weakly 
semistable curve over O. Let [ = [[1 — Io] be the dual chain 
complex of the closed fiber Xp. We use the notation of Definition B.5. 
For each z € D(F), let 21, rg be the inverse images in (F), and 
define fz = [zi] — [x2]. Then, fz, s € D(F) is a basis of the free 
Z-module [';. Define a symmetric bilinear form 


(B.6) (, r:ti xT; 732 


by defining (fz, fz) to be the index e, and letting (fz, fa’) = 0 if 
x #2’. This does not depend on the numbering of z; and r2. Define 
the linear mapping 


(B.7) a, :Ty — TY = Hom(Ij, Z) 


by on (fx)(fe) = (fe, fe’)1. IG TY = [TY > TY] is the dual complex 
of [, then a: T,; + TY induces 


(B.8) @1 : Hi(f) = Ker(P, +o) — H* (IY) = Coker(ly > Ty). 

If X is weakly semistable, a minimal resolution of singularities 
X’ is constructed as follows. Let z be a node of Xp, and let e be 
its index. Suppose e > 2, and let X, be the blow-up of X at z. If 
e = 2, the exceptional divisor EF of X, is a smooth conic over z, and 
Xj is semistable on a neighborhood of E. If e > 3, the exceptional 
curve —& is a singular conic and it is smooth over x except at its 
unique node 2, and the residue field of z, equals that of z X, 
is weakly semistable, and it is semistable on a neighborhood of EF 
except possibly at x1, where the index equals e — 2. For each node 
x in X, repeat this procedure [£] times, and we obtain the minimal 
resolution of singularities X’ of X. 

Let I’ = [[' + I] be the dual complex of the closed fiber X} of 
the minimal resolution of singularities X’. We define a natural mor- 
phism [ — I” of complexes. We use the notation in Definition B.5. 
For the minimal resolution of singularities X’, let 5 ae be the normal- 
ization of X}, and define P’ = Spec T(Xp, O), X! = {nodes of Xp}, 
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etc. Since the natural morphism X’ — X is an isomorphism out- 
side the nodes of Xp, it induces an open immersion P > P’. Define 
Ip > I4 to be P — P’. The natural morphism X’ — X induces 
>’ + ¥, and for each z € D(F), the number of elements of its in- 
verse image in 5(F) is the index e,. For x € X(F), let x; and 22 
be its inverse images in D(F). Let z{,...,24_ be the inverse image 


of x in b’(F’), and we choose 21, rj, to be the inverse images of 


. . =! (TF 
vi,i=1,...,e2, in 4 (F) such that x and 21,1, ro and ze, 2, and 


ia and Z(441),1 for 1 < 7 < e, are contained pairwise in the same 
connected component of the normalization Dee Then, we define ho- 
momorphism I; — I, by letting the image of ((r1] — [r2]) € Ti be 
21 (22,1) —[xi,2]) € I). The homomorphisms [9 > [9 andl; > TP} 
define a morphism of chain complexes 


(B.9) Pos, 


The morphism I > I’ induces homomorphisms of homology groups 
Ho(T) > Ao(T’), Hi(T) — Hyi(T’). The symmetric bilinear form 
( , ):I, xT - Z induces asymmetric bilinear form ( , )1;:T1 x 
I, — Z through the linear mapping [; > I). Thus, a1 :T; > Ty is 
obtained as the composition of a, : T) > I{Y with Ty > I and its 
dual. 


PROPOSITION B.14. Let O be a discrete valuation ring, and let 
X be a proper weakly semistable curve over O. Let T = (T; >To] be 
the dual chain complex of Xr. 

(1) If X’ is the minimal resolution of singularities of X, then the 
homomorphisms Ho(T) > Ho(I’) and Hi(T) > Hi (I’) induced 
by the morphism of chain compleres T — I” in (B.9) are iso- 
morphisms. 

(2) Suppose X is semistable, and let &, : H,(T) > H1(I'Y) be the 
linear mapping (B.8). Then, we have a natural homomorphism 


(B.10) Coker(a : Hy(T) > H(PY)) 
—+ Ker(6 : TY > Z)/Im(ao : To 319). 


ProoF. (1) This is easily verified. 

(2) Under the notation in Definition B.5, [9 is a free Z-module 
generated by P(F’). Sending a basis P(F’) of Ip to its dual basis, we 
define an isomorphism 7 : op + T'y. Since Xz is reduced, the com- 
position 6’ = Bo 7 : To > Z sends each element of P(F) to 1. The 
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composition 6’od:T,; + Io > Z equals 0. Since X} is connected, 
8’ induces an isomorphism Coker d = Ho(T) > Z. 

Since X is semistable, a; :T; — TY is an isomorphism. Define 
59 : [¥ To to be the composition 


Vv -1 
hae phe ia wren 7 
Identify [, and TY through the isomorphism a; : IT; — Ty, and 
regard 59 : Ty — Ker §’ as the composition of dY : Ty — Ty and 
d:T, — Ker §’. Then, we obtain an exact sequence 


a oat} 
(B11) Kerd 2s Coker dY “25 Ker §’/Imdy —> Ker f’/Imd. 


Since we have Ker d = H,(I), Coker dY = H1(I'Y), and Ker B’/Imd = 
0, (B.11) gives an isomorphism 


(B.12) Coker(a@; : H,(C) > H*(r)) 
— Ker(§’ : To > Z)/Im(69 : T9 > Po). 
By the isomorphism (B.12), it suffices to show that the diagram 


ae eee / 


“| =| | 


i ee 5 ee 
commutes. The right square commutes by the definition of 6’. We 
show that the left square commutes. Let D be an irreducible compo- 
nent of Xz. It suffices to show that —d9079(D) = —doay*odY oy9(D) 
is equal to Yq‘ 9 ao(D) = Vp (D, D')o- D’. 

Let Up = Upup(DN D’) C X(F) be the union of the intersec- 
tions of D and the other irreducible components than D. For each 
x € Dp, number the inverse images 21, 22 in 4(F) so that z; € D. 
Then, we have 


az* od’ oy(D) = S) ((t1] — [22]). 
rep 
Thus, we have —doay*odY oy(D) = —(H2p) D+ VM pzp(D, D’)o-D’. 
Since (Xp, D)o = 0, we have (D, D)o = —{=p. This shows the left 
square is commutative. O 


APPENDIX C 


Finite commutative group scheme over Z, 


C.1. Finite flat commutative group scheme over F, 


First, we give a description of the category of finite flat commu- 
tative group schemes. 


THEOREM C.1. Let p be a prime, and let n > 1 be an integer. 
Let G be a finite Z/p"Z-module scheme over Fp. 


(1) There is an equivalence of abelian categories 


D: (finite Z/p"Z-module schemes over Fp) 
— (finite Z/p" ZF, V|/(FV — p)-module). 


(2) G is étale over F, if and only if F : G > G its an isomorphism 
and if and only if F : D(G) > D(G) is an isomorphism. If 
G is étale, D(G) is the invariant subgroup (G(Fp) ® Zit) Sep 
with respect to the diagonal action of the absolute Galois group 

Gr,, and the action of F on D(G) = (G(Fp) ® Ze \ ere is the 

restriction of ~p @1 

If GY is the Cartier dual of G, D(GY) = Hom(D(G), Q,/Z,), 

and F=VY,V=FY. 

(4) Let A be an abelian variety over F, of dimension g. Then, 
the Z/p"Z[F, V]-module D(Alp”]) is a free Z/p"Z-module of 
rank 2g. D(A) = lim) D(A[p"]) @z, Qp is a Qp-vector space 
of dimension 2g. For an endomorphism f : A > A, we have 
deg f = det(f : D(A)). 


(3 


wn 


We omit the proof. D(G) is what is usually called the contravari- 
ant Dieudonné module DY (GY) of the Cartier dual GY. The Frobe- 
nius endomorphism Fg of G induces its transpose Vev on GY, and 
thus it acts on D(G) = DY(GY) as DY(Vev). In this book we agree 
on writing F instead of (Fc). = DY(Vov). If R is a commutative 
ring and G has a structure of R-module, so does D(G). 
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If G = Z/p"Z, we have D(G) = Z/p"Z and F = 1, V = p. If 
G = fpr, we have D(G) = Z/p"Z and F = p, V = 1. 

Theorem C.1 is generalized to a general perfect field k of char- 
acteristic p > 0. Let W,,(k) be the ring of Witt vectors of length n 
with k coefficients, and let F : W,,(k) > W,,(k) be the Frobenius en- 
domorphism. Define a noncommutative W,,(k)-algebra W,,(k) (F, V) 
generated by F and V by the relations FV = VF = p, Fa= F(a)F, 
aV = VF(a) (aE W,(k)). With this notation we have the following. 


THEOREM C.2. Let p be a prime, and let n > 1 be an integer. 
If k is a perfect field of characteristic p, we have an equivalence of 
abelian categories 


oe me Aly Eee) 2s W,.(k)(F, V)-modules of finite 
"\schemes over k length as W,,(k)-module 


If k’ is a finite extension of k, the following diagram commutes: 


finite Z/p"Z-module D W,.(k)(F,V)-modules of finite 
aaa over k ) length as W,,(k)-module 


eur’ | [ewaeWn(e 


finite Z/p"Z-module D W,.(k’)(F, V)-modules of finite 
(aaa over k’ ) length as W,,(k’)-module 


C.2. Finite flat commutative group scheme over Z, 


Finite flat commutative group schemes over Z, can be described 
by the following linear algebraic objects. 


DEFINITION C.3. Let p be a prime, and let n > 1 be an integer. 


(1) A Z/p”Z-module M is a filtered y-module if it is endowed with 
a submodule M’ and linear mappings y’ : M’ > M and yy: 
M - M satisfying y| mw = py’. 

(2) A finite filtered y-module M is strongly divisible if M = p(M)+ 
g'(M"). 

(3) Let M,N be filtered y-R-modules. An R-linear mapping f : 
M — N is a morphism of filtered y-R-modules if f(M’) C N’, 
pof=fopandy'o fly =fog’. 

(4) A strongly divisible finite filtered y-module (M, M’) is étale if 
M = M’. If M’ = 0, the strongly divisible filtered y-module 
(M, M’) is said to be multiplicative. 
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LEMMA C.4. A finite filtered p-module M is strongly divisible if 
and only if 


(C.1) osm 2), wiam ©? u—o 


1s exact. 


PRooF. The composition M’ — M'@M — M is the 0-mapping. 
By Definition C.3(2), M is strongly divisible if and only if M’@M > 
M is surjective. The assertion is now clear by counting the number 
of elements. O 


CorROLLARY C.5. (1) The category of finite strongly divisible 
filtered p-modules is an abelian category. 

(2) If M is a finite strongly divisible filtered p-module, there exists 
a linear mapping F: M > M satisfying Foy =p and Foy’ = 
idyy. 

(3) Let O be the ring of integers of a finite extension of Qp. Let 
n > 1 be an integer, and let R= O/m6. If (M,M’) is a finite 
strongly divisible filtered p-R-module, M’ is a direct summand 
of M as an R-module. 

(4) A strongly divisible filtered p-module (M, M') is étale if and only 
if F: M— M is an isomorphism. 


PROOF. (1) Clear from Lemma C.4. 

(2) We have M = Coker((p,—can) : M’ > M'®M) from the 
exact sequence (C.1). The assertion follows immediately from this. 

(3) Let F be the residue field of O. The exact sequence (C.1) 
remains exact after tensoring ®oF. Thus, M’ > M is injective after 
tensoring @oF. 

(4) If F is an isomorphism, we have y = po F~?, and thus 
M = (M)+9¢'(M') CpM + y'(M'). Thus, by Nakayama’s lemma, 
y’ : M' > M is surjective and we have M = M’. The converse is 
clear. O 


By Corollary C.5(2), an additive functor 


(finite strongly divisible filtered y-Z/p"Z-module) 
— (finite Z/p"Z[F, V]/(FV — p)-module) 


is defined by letting V = y. 
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THEOREM C.6. Let p be an odd prime, and let n > 1 be an 
integer. 
(1) There is an equivalence of abelian categories 
(C.2) 
_ (finite flat Z/p"Z-module finite strongly divisible 
" \ schemes over Zp filtered yp-Z/p"Z-module 


The diagram 


finite flat Z/p"Z-module >, finite strongly divisible 
schemes over Zp, filtered p-Z/p” Z-module 


oz, | | 


ee flat a) », fee Z/p" ZF, V]/(FV =e) 

schemes over F, module 

1s commutative. 

For a finite flat Z/p"Z-module scheme G over Zp, G is étale if 

and only if the corresponding strongly divisible filtered p-module 

D(G) is étale. G is multiplicative if and only if D(G) is multi- 

plicative. 

(3) Let A be an abelian scheme over Z, of relative dimension g, and 
let D(A) = lim D(Al[p”]) ®z, Qp- Then, the subspace D(A)’ = 
lim D(Alp"})’ @z, Qp C D(A) is a Qp-vector space of dimen- 
sion g, and there exist natural isomorphisms of (End A) @q 
Q,-modules D(A)! > TAQ, 244, /Q,) and D(A)/D(A) > 


Hom(T(Aa, 244, /,)» Qe): 


We do not prove this theorem either. If G = Z/p"Z, we have 
D(G) = D(G)' = Z/p"Z and y = p, vy’ = 1. If G = pps, we have 
D(G) = Z/p"Z, D(G)’ = 0 and » = 1. If R is a commutative ring 
and G has a structure of R-module, so is D(G). 

Let V be a good p-adic representation of Ga,. A filtered Q,[F]- 
module D(V) is defined as follows. Let T be a Ga,-stable Z,-lattice in 
V. For an integer n > 1, the finite flat commutative group scheme G, 
defined by the Galois representation T’/p"T may be extended uniquely 
to a finite flat commutative group scheme G,,z, over Zp. Thus, 
by Theorem C.6, strongly divisible filtered modules D(Gp,z,) are 
defined, and these form a inverse system. D(V) = lim D(Gn,Zp) ®Z» 
Q, is a filtered Q,-p-module, and it does not depend on the choice 
of the Z,-lattice T. If we let F = y~' op, then D(V) becomes a 
Q,[F]-module. This coincides with lim D(Gn,F,) ®Zp Qp. Let A be 


(2 


nN 
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an abelian scheme over Z,, and define a p-adic representation V,Aq, 
by V,Aq, = TpAQ, ©z, Qp, where T,Aaq, is the Tate module. Then, 
we have D(V,Aq,) = D(A). 

Similarly, for a good mod p-representation V of Ga,, the 
strongly divisible filtered F,-y-module D(V) and also the 
F,[F, V]/(FV — p)-module D(V) are defined. 

We give a condition for a good two-dimensional representation of 
Ga, to be ordinary. 


PROPOSITION C.7. Let p be an odd prime, and let G be a finite 
flat commutative group scheme over Zp. Let G = G/pG, and let 
D(G) be the corresponding strongly divisible filtered y-module, let n 


be the multiplicity of the eigenvalue 0 of p : D(G) > D(G), and let 
h = dim D(G)’. 


(1) The following conditions are equivalent. 

(i) There exists a multiplicative closed subgroup scheme H of 
G such that G/H is étale. 
(ii) n=h. 

(2) Suppose the conditions in (1) hold. Then, D(H) is the mazimal 
submodule of D(G) such that the restriction of p is an isomor- 
phism, and D(G)/D(H) is the maximal quotient module such 
that p induces the 0 homomorphism. 


PROOF. (1). (i) => (ii) It suffices to show it assuming G = G 
and G is either étale or multiplicative. If G is étale, we have n = h = 
dim D(G) by Theorem C.6(2) and Corollary C.5(4). Similarly, if G is 
multiplicative, we have n = h=0. 

(ii) > (i) The subring Z,[y] C End D(G) is the direct product 
of the part y is invertible and the part ¢ is nilpotent. Thus, D(G) 
also decomposes to the direct sum of the part D(G)° in which y is 
invertible and the part y is nilpotent. We show D(G)° Nn D(G)’ =0. 
Assume 0 # x € D(G)° MN D(G)’, and we deduce a contradiction. 
We may assume pr = 0. Since 0 #4 x € D(G)°, we have y(z) # 
0. But, since x € D(G)’ and px = 0, we have y(r) = py'(z) = 
y' (pz) = 0, which is a contradiction. Hence, the natural mapping 
D(G)? 6 D(G)’ > D(G) is injective. 

Since dim D(G) = dim D(G)° + n and dim D(G)’ = h, the in- 
jection D(G)° 6 D(G)! > D(G) is an isomorphism if n = h. Thus, 
by Nakayama’s lemma, D(G)° 6 D(G)' — D(G) is surjective, and 
an isomorphism. From this we obtain an exact sequence of strongly 
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divisible filtered y-modules 
0 — (D(G)°, 0) — (D(G), D(G)’) — (D(G)’, D(G)') — 0. 


The assertion now follows from Theorem C.6(2). 
(2) Clear from the proof of (1) (ii) > (i). O 


COROLLARY C.8. Let p be an odd prime, let K be a finite ex- 
tension of Qp, and let O be its ring of integers. Let V be a good 
representation of Ga, on a two-dimensional K-vector space, and 
let D = D(V) be the corresponding filtered K{F|-module. Suppose 
dimD(V)' = 1. Then, for V to be ordinary, it is necessary and 
sufficient that there exist p-adic units satisfying det(1— Ft: D) = 
(1 — at)(1 — pBt). 

Suppose this condition holds, and let a, 8 denote the unramified 
characters of Gq, such that the value of yp is a, B, respectively, and 
x the p-adic cyclotomic character. Then, V is an extension of a by 


BEX. 


PrRooF. It is clear that the condition is necessary. We show it 
is sufficient. Suppose det(1 — Ft : D) = (1-—at)(1— p@t) and a, 8 
are p-adic units. Let D° Cc D be the eigenspace belonging to the 
eigenvalue pG of F, and T C V a Ga,-stable O-lattice. D(T)° = 
D(T) NM D® is a free O-module of rank 1, and the action of y on 
D(T)° is the multiplication by 1/8, and its action on D(T)/D(T)° is 
the multiplication by p/a. 

For an integer m > 1, let Gp be the finite flat commutative group 
scheme over Z, defined by Gm(Qp) = T/p™T. Then, n and h in 
Proposition C.7 are both equal to [K : Q,]. Thus, by Proposition C.7, 
there exists a subrepresentation T° of T such that D(T°) = D(T)° 
and that both T/T° and T°(—1) are unramified. Since the action of 
y on D(T/T°) = D(T)/D(T)° is p/a, the action of F is a, and by 
Theorem C.1(2), the action of yp on T/T° is also a. Similarly, the 
action of yp, on T°(—1) is multiplication by £. oO 


We give a description of an extension of strongly divisible fil- 
tered y-R-modules. Let R be a finite commutative algebra over Zp, 
and let M,N be strongly divisible filtered y-R-modules. As in §11.1, 
an exact sequence of strongly divisible filtered y-R-modules 
(E):0>~ N—> E >~M — 0 is called an extension of M by N. 
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If there is a commutative diagram 
(E):0 —— N — > E —~ M — 0 


I of | 


(E'):0 ——~> N —~> E’ ——> M ——>} 0, 
we say that the extensions (F) and (E’) are isomorphic. The set of 
isomorphism classes Ext? (M, N) has a structure of R-module. By the 
equivalence of categories (C.2), for finite flat R-module schemes G, H 
over Zp, the group Extr(G, H) of isomorphism classes of extensions 
of G by H is naturally identified with Ext%(D(G), D(A)). 
For filtered y-R-modules M, N, define 


Hom p(M, NV) 
= {(f,9) € Homa(M, N) x Homa(M',N) | fl = pg}, 

Homp,(M,N)' = {f € Homa(M,N)| f(M') C N'Y, 
and define a homomorphism 6 : Homr(M, N)’ — Homr(M,N) by 
d(f) = of—foy,¢'o flu —f oy’). We denote by Hom (M, N) 
the set of homomorphisms M — N of filtered y-R-modules. For 
(f,9) € Homr(M,N), define an extension FE = Es, of M by N 
by E= MON, B = MON’, ofz,y) = (v(z), oly) + F(z), 
g'(z,y) = (y'(z), e'(y) + 9(x)). A homomorphism Hompr(M,N) > 


Ext;(M, N) is defined by assigning to (f,g) the isomorphism class 
Ep g. 


PROPOSITION C.9. Let p be an odd prime. Let R be a Zp-algebra. 
Let G, H be finite flat R-module schemes over Zp, and let M = D(G), 
N = D(A) be corresponding strongly divisible filtered p-R-modules. 
Then, there exists an exact sequence of R-modules 
(C.3) 0 Homa(G, H) —> Homa(M, NJ’ “+ Homa(M, N) 
— Extr(G, H). 
Furthermore, if M is a free R-module, then there exists an exact 
sequence 
(C.4) 0 Homa(G, H) —> Homa(M, N)! + Homa(M, N) 
-— Extr(G,H) > 0. 


PROOF. First we show the exact sequence (C.3). We identify 
Homr(G,H) = Hom}(M,N) and Extr(G,H) = Ext%(M,N) by 
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Theorem C.6(1). It is clear from the definition that Hom}(M, N) 
is the kernel of 6 : Homr(M,N)’ —~ Hompr(M,N). We show the 
exactness at Hompr(M, N). If for (f,g) € Homr(M,N), the class 
of E's,, is 0, we have an isomorphism Es. — Epo,o. Its component h: 
M — N gives an element of Homr(M, N)’ satisfying (f,g) = 6(h). 
Thus, the sequence is exact at Homr(M, N). 

We show Homr(M,N) > Ext%(M, N) is surjective assuming 
M is a free R-module. Let E be an extension of M by N. Since M’ 
is the direct sum of M, if M is a free R-module, M’ is a projective 
R-module. Thus, there exists a direct sum decomposition EF = M@N 
of R-modules that is an extension of the direct sum decomposition 
E' = M' @N’ as R-modules. The surjectivity of Homr(M,N) > 
Ext? (M, N) follows from this and the definition. O 


COROLLARY C.10. Let p be an odd prime, and let O be the ring 
of integers of a finite extension of Qp. Let n > 1 be an integer, and let 
R=O/mG. Let G,H be finite flat R-module schemes over Z,, and 
suppose G(Q,) is a free R-module. Let M and N be strongly divisible 
filtered y-R-module corresponding G and H, respectively. Then, we 


have 
q Extr (G, H ) 
q Hom,(G, H ) 
ProoF. Weshow M is a free R-modules. By Nakayama’s lemma, 
for M to be a free R-module, it is necessary and sufficient that {M = 
{(M/moM)”. Thus, for M to be free, it is necessary and sufficient 
that G(Q,) is a free R-module. 
By Proposition C.9, the left-hand side equals THe By 
Corollary C.5(3), M’ is a direct summand of M. Thus, Homr(M, N) 
and Hom,r(M, N) are the kernels of the surjections 


Homp(M, N) 6 Homr(M’,N)—>Homr(M',N) : (f,9) Oflu — 29, 
Homr(M, N) 6 Homr(M’', N’) >Homr(M',N): (f,9) flu — 9. 


= | Homr(M’, N/N’). 


Therefore, the left-hand side is equal to OSALEGUE and equal to 


the right-hand side. O 


APPENDIX D 


Jacobian of a curve and its Néron model 


The group of divisors of degree 0 of Riemann surfaces has the 
structure of a compact complex torus. For a curve over any field, or 
more generally, over a scheme, the group of divisors of degree 0 has 
a natural algebraic geometric structure. We call it the Jacobian of 
a curve. In Chapter 9, we constructed a Galois representation as- 
sociated with modular forms using this algebraic structure for the 
modular curves. For a prime number at which a curve has bad re- 
duction, its Jacobian may not have good reduction. Even for such 
a prime number, we can still study its properties using the Néron 
model. 


D.1. The divisor class group of a curve 


Let X be a proper normal connected curve over a field k. Let 
K be the function field of X. A formal linear combination of closed 
points with Z coefficients is called the divisor of X. The free abelian 
group generated by the closed points of X 


(D.1) Div(X) = B Z - [z] 
z:closed point of X 

is called the divisor group. For a rational function f € K™* on X, 
the divisor of f, noted div f, is defined by }>, ord, f - [z] € Div(X). 
By associating to f € K™ the divisor div f € Div(X), we obtain a 
homomorphism of abelian groups div : K* — Div(X). An element 
of the image of this homomorphism is called a principal divisor, and 
the cokernel 


(D.2) Pic(X) = Div(X)/ div K* 
is called the divisor class group. 
The divisor class group Pic(X) has the following cohomological 


expression. Denote by K* the constant sheaf on X, and for a closed 
point z, let Z, be the extension to X of the constant sheaf on z. 
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Since the local ring at each closed point of X is a discrete valuation 
ring, we obtain an exact sequence of sheaves on X 
(Sy . O-sG ees e Zp 50; 


z:closed point of X 
The long exact sequence induced by this yields an isomorphism 
(D.4) Pic(X) — H}(X,G,). 


In what follows we identify Pic(X) = H!(X,G,,) through this iso- 
morphism. 

For D = 5°, nz[z] in X, we call degD = $0 nz[K(zx) : k] the 
degree of the divisor D. Associating to the divisor D € Div(X) to 
its degree deg D € Z, we obtain a homomorphism of abelian groups 
deg : Div(X) — Z. Since the degree of a principal divisor is 0, 
this induces a homomorphism deg : Pic(X) > Z. Its kernel 
Ker(deg : Pic(X) + Z) is denoted by Pic®(X), and is called the 
divisor class group of degree 0. 

Let f : X — Y be a finite flat morphism of proper normal con- 
nected curves. Define f* : Div(Y) > Div(X) by f*([y]) = [X xyy] = 
De aigee /y|z] for a closed point y in Y. Here, ez/, indicates the ram- 
ification index at x. f* : Div(Y) > Div(X) induces f* : Pic(Y) > 
Pic(X) and f* : Pic?(Y) > Pic®(X). fe : Div(X) > Div(Y) is 
defined by f.([z]) = fess(z)[f(x)] for a closed point z in X. Here, 
fc/ f(x) indicates the degree of extension [«(x) : «(f(x))] of the residue 
field. f, : Div(X) — Div(Y) induces f, : Pic(X) — Pic(Y) and 
fe : Pic®(X) > Pic®(Y). 

The Jacobian of a curve X is defined as the divisor class group 
Pic®(X) of degree 0 equipped with a geometric structure. In the next 
section we define the Jacobian of X as the moduli space of the Picard 
functor. In this section we give an analytic expression of the Jacobian 
when k is the complex number field. 

Let X be a smooth connected curve over C of genus g, and 
let X®" be the Riemann surface associated with X. Consider the 
singular chain complex (C,(X°", Z),dg)gez of X*". The fact that 
Ho(X*", Z) = Z implies 


Div?(X) = Ker(Co(X*", Z) 3 Ho(X*",Z)) 
= Im(C,(X*", Z) > Co(X*", Z)), 
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and we obtain a surjection C;(X",Z) — Div°(X). Define a homo- 
morphism 


(D.5) Cy(X*", Z) — H°(X,24,)¥ = Hom(H°(X, 4), C) 


by associating to l-chain y the linear form w > Ss w. (D.5) induces 
a homomorphism 


(D.6) Div?(X) —> H°(X,Q4)/Im Hy (X*, Z). 
The mapping induced by (D.5) 

(D.7) Ay (X*",Z) —> H°(X,94)"% 
induces an isomorphism of R-vector spaces 

(D.8) Hy (X*", Z) @z R — H°(X, 04)". 


In other words, the free abelian group H,(X*",Z) of rank 2g is a 
lattice in the C-vector space H°(X,0%)” of dimension g. Thus, 
H°(X,04,)¥/Im Hy (X**, Z) is a complex torus of dimension g. 

By Abel’s theorem, (D.6) induces an isomorphism 


(D.9) Pic?(X) -+ H°(X, 94) /Im Hy (X*", Z). 


In this way Pic?(X) has a structure of compact complex torus of 
dimension g. 

Let Z(1) be the constant sheaf 27\/—1Z on X®". The trace map- 
ping H?(X®", Z(1)) — Z is an isomorphism. By the Poincaré duality, 
H+ (X", Z(1)) is identified with H,(X", Z), the dual of H!(X™, Z). 


D.2. The Jacobian of a curve 


We define the Picard functor, and give an algebraic geometric 
structure to the divisor class group of degree 0 of a curve. 

Let X be a scheme. Denote by Pic(X) the set of isomorphism 
classes of invertible sheaves on X. Define the product of the classes of 
invertible sheaves £ and L’ by [L]-[L’] = [L@o, L’]. Then, Pic(X) is 
a commutative group, called the Picard group of X. If X is a normal 
connected curve over a field k, Pic(X) coincides with the divisor class 
group of X. 

If £ is an invertible sheaf on X, Tsomo,.(Ox,L) defines a Gpp- 
torsor over X. Thus, we obtain a natural homomorphism 


(D.10) Pic(X) —> H}(X,Gm). 
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Conversely, if a G,,-torsor over X is given, we obtain an invertible 
sheaf by patching, and thus (D.10) is an isomorphism. In what follows 
we identify Pic(X) = H!(X,G,) via (D.10). 

Let S be ascheme, and let X be ascheme over S. Define a functor 
Px ;s over S by associating to a scheme T' over S the commutative 
group Pic(X xs T). The definition of the functor Px,g is too naive, 
and we cannot expect in general that such a functor is representable. 
So, we give the following definition. 


DEFINITION D.1. Let S be a scheme, and let X be a scheme 
over S. The flat sheafification P% /8 of the functor Px gs over S defined 
by 


(D.11) Px ;s(T) = Pic(X Xs T) 


is called the Picard functor and is denoted by Picx,s. If k is a field 
and S = Speck, then Picx,/g is also written as Picx/,. 


For a geometric point 5, the natural map Px/s(5) = Pic(Xs5) > 
Picx,/s(8) is an isomorphism. If X is asmooth conic over k, the degree 
mapping defines an isomorphism Picx,,;(k) — Z, and the natural 
map Pic(X) — Picx,;(k) is injective. If X has a rational point, this 
mapping is an isomorphism; if not, its image is 2Z. 

Let S be a scheme, and let f : X — Y be a morphism of schemes 
over S. Then, the pullback of an invertible sheaf by f defines a 
morphism of functors f* : Picy;s — Picx;s. If f : X — Y is finite 
flat of finite presentation, the norm of an invertible sheaf defines a 
morphism of functors f, : Picx;s — Picy;s. If £ is an invertible 
sheaf on X, the norm N;CL is defined as an invertible sheaf on Y as 
follows. For a point y in Y, there exists an open neighborhood V and 
a basis fy of an Of-1(y)-module L|¢-1(y). NyL is an invertible sheaf 
that has a basis N(évy) over V, and for a change of bases £’ = af we 
have N(é’) = Nx;ya- N(é). 


DEFINITION D.2. Let S be a scheme, and let X be a proper curve 
over S. 


(1) Let k be a field, and let S = Speck. Let X be a normalization 
of X, and let X1,...X, be its connected components. Define 


(D.12) Pic®(X) = q Ker( Pic(X) -+ Pic(X;) ae Z). 


i=1 
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A subfunctor Pic ys Of Picx;s is defined by 


= _ inverse image of Picx;s(T) — 
(D.13) Pic, s(T) = () (see = Pic(Xz) by Pic®(X; 
:geometric 

point of T 


for a scheme T over S. 
The following theorem is fundamental. 


THEOREM D.3. Let S be a scheme, and let f : X > S bea 
proper smooth curve over S of genus g such that each geometric fiber 
is connected. 

(1) Pic js is representable by an abelian scheme j: J > S over S 
of relative dimension g. 
(2) There is a natural isomorphism 


(D.14) jeQ5/8 => f.Qx/s- 


(3) Letn > 1 be an integer. The Weil pairing defines a bilinear form 
J[n| x J[n] > pun and defines an isomorphism to the Cartier dual 


(D.15) J[n] — J[n]Y. 


The moduli space J of the functor Pic ys is call the Jacobian 
of X. 


EXAMPLE D.4. Let S be a scheme, and let F be an elliptic curve 
over S. The morphism of functors E > Pic’, /s» defined by associating 
to a scheme T over S and a section P : T > E over T the invertible 
sheaf Oz,([{P] — [O]), is an isomorphism. By this isomorphism, the 
Jacobian of £ is identified with F itself. 


CoROLLARY D.5. Let k be a field, and let X be a proper smooth 
curve over k of genus g such that the geometric fiber Xj; is connected. 


(1) The Jacobian J = Pic /% is an abelian variety over k of dimen- 


Sion g. 
(2) There is a natural isomorphism 
(D.16) PJ, Q5/%) —+ P(X, Qx x): 


(3) Let n > 1 be an integer. The Weil pairing defines a bilinear 
form J{n] x J[n] > un and the isomorphism J[n] > J{n] to tts 
Cartier dual. 
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The Jacobian of X is sometimes denoted by Jac(X). 

Let k = C. Identify J[n] = H)(X*, Z/nZ) =H} (X, Z/nZ(1)). 
The Weil pairing J[n] x J[n] — un may be identified with the pairing 
Hy (X*", Z/nZ) x Hy(X*", Z/nZ) > Z/nZ(1) that is induced by the 
composition of the cup product H!(X*", Z(1)) x H1(X",Z(1)) > 
H?(X", Z(2)) and the trace mapping H?(X#",Z(2)) > Z(1). 

Let f : X — Y be a finite flat morphism of proper smooth 
curves over k. The morphisms of functors f, : Picx;, — Picy,x, 
f* : Picy/, — Picx/, induce morphisms of Jacobians f, : Jx — Jy, 
f* :Jy 7 Ix. 


LEMMA D.6. Let f : X > Y be a finite flat morphism of proper 
smooth curves over k. 

(1) The kernel of f* : Jy > Jx is finite over k. 

(2) Let X be a Galois covering of Y, and let G be its Galois group. 
If £is a prime number invertible ink, f* : VeJy + VeJx defines 
an isomorphism f* : VeJy — (VeJx)© to the G-invariant part 
(VeJx)°. 


PROOF. (1) Since f, 0 f* : Jy > Jy is the multiplication-by- 
[X : Y] mapping, Ker f* is finite. 

(2) It is clear from the fact that f*o f, : Jx — Jx equals 
digeG 9". O 


THEOREM D.7. Let k be a field, and let X be a proper curve 
over k. 

(1) The functor Pic /k *8 represented by a smooth connected com- 
mutative group scheme J over k. 

(2) Suppose X is smooth. Let X = [[j_, Xi be the decomposition 
into connected components, and let k; = T'(X;,O) be the field of 
definition of X; fori =1,...,n. Then, J is an abelian variety 
that ts tsomorphic to the product Te Res, /% Ji of the Weil 
restrictions to k of the Jacobian J; = Pick, /ki of X; over k,. 

(3) Suppose X is smooth except for a finite number of ordinary dou- 

ble points. Let X be its normalization. Then J is an extension 

of the Jacobian J of X by a torus. 

Assume k is perfect. Let X be the normalization of X, and let 

I be the dual chain complex of X. Then, the morphism J > J 
induced by the natural map X — X gives an isomorphism from 

the abelian part J* of J 


(D.17) J? — J. 


(4 


na 
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The character group of the torus part J* of J is naturally iso- 
morphic to H,(T). 


D.3. The Néron model of an abelian variety 


THEOREM D.8. Let O be a discrete valuation ring, and let K be 
its field of fractions. Let Ax be an abelian variety over K. Then, 
there exists a smooth commutative group scheme A over O having the 
following property: for any smooth scheme X over O, the restriction 
mapping 


{morphism X — A of schemes over O} 
—+ {morphism Xx > Ax of schemes over K} 


is an isomorphism. 


The smooth commutative group scheme over O satisfying the 
condition in Theorem D.8 is unique up to natural isomorphisms. 


DEFINITION D.9. Let O be a discrete valuation ring, let K be its 
field of fractions, and let F be its residue field. Let Ax be an abelian 
variety over K. The smooth commutative group scheme A over O 
that satisfies the property in Theorem D.8 is called the Néron model 
of A K: 

The open subgroup scheme A® of A, which is defined by the 
conditions A° @o K = A@o K and that A° @o F is the connected 
component A% of A @o F containing the identity element, is called 
the connected component of the Néron model A. 


DEFINITION D.10. Let O be a discrete valuation ring, let K be 
its field of fractions, and let F be its residue field. Let Ax be an 
abelian variety over K, and let A be the Néron model of Ax. 


(1) If A is an abelian scheme over O, Ax is said to have good reduc- 
tion. 

(2) If the connected component Af, of the closed fiber Ap of A is 
an extension of an abelian variety by a torus, Ax is said to have 
semistable reduction. 


LEMMA D.11. Let O be a discrete valuation ring, let K be its 
field of fractions, and let F be its residue field. Let Ax be an abelian 
variety over K that has good reduction, let A be the Néron model of 
Ax, and let Ar = A@o F te its reduction. Let £ be a prime number 
different from the characteristic of F. 
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(1) The Tate module TeAx is an unramified representation of Gx, 
and the natural isomorphism Te Ax — TeAr is compatible with 
the natural surjection GK > Gr. 

(2) The natural isomorphism End Ax — End AF is injective, and 
it is compatible with the natural isomorphism TpAx > TrAr. 


ProorF. (1) It follows easily from Lemma A.47(1). 
(2) It follows easily from Proposition A.51(2). Oo 


PROPOSITION D.12. Let O be a discrete valuation ring, let K be 
its field of fractions, and let F be its residue field. Let Ax be an 
abelian variety over K, and let G be a finite flat commutative group 
scheme over O. Let A be the Néron model of Ax, and let Gk — Ax 
be a morphism of commutative group schemes over K. Then, the 
following hold. 


(1) If one of the conditions (i) or (ii) holds, there exists a mor- 
phism G + A of commutative group schemes over O that ez- 
tends Gx > Ax. 

(i) G is étale over Ox. 

(ii) If p is the characteristic of the residue field F of K, then 
the valuation e = ordx p of p in K is less than p — 1. 
Moreover, the connected component Ar = A @o F is an 
extension of an abelian variety by a torus. 

(2) Suppose that Gx — Ax is a closed immersion and that either 
condition (ii) in (1) holds or e = p—1 and the degree of G is 
relatively prime to p. Then, the morphism G —> A of commuta- 
tive group schemes over K extending Gx — Ax is also a closed 
immersion. 


The case (i) in (1) is clear from the definition of Néron models. 
We omit the proof of the other cases. 


COROLLARY D.13. Let Ax be an abelian variety over K, and let 
A be its Néron model. Let I C Gx be the inertia group. 


(1) Let N be an positive integer relatively prime to p. Then, there is 
a natural isomorphism of the finite abelian group Ar[N](F) > 
Ax(N\(K)!. 

(2) Let £ be a prime number different from the characteristic of the 
residue field. Then, there is a natural isomorphism of the finite- 
dimensional Q,-vector space VeaAr — (VeAx)! compatible with 
the action of the natural morphism Gx > Gx/I = Gr. Suppose 
F is a perfect field, and let A} be the abelian part of Ar, and let 
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At, be the torus part of Ar. Then, we obtain an exact sequence 
0+ WAL > VpAr > VA — 0. 

(3) Let L be a finite Galois extension of K, let Ip; C Gal(L/K) 
be the inertia group, and let E be the residue field of L. Suppose 
F is a perfect field, and let A% be the abelian part of the closed 
fiber Ag of the Néron model of Az, and let At, be the torus 
part. Then, the natural morphisms VeA% —> (VeA%)'4/* and 
VieAt — (VpAt,)/4/* are isomorphisms. 


PROOF. (1) Since the multiplication-by-N morphism [N] : A > 
A is étale, A[N] is étale over Ox. Therefore, if KY = K’ is the max- 
imal unramified extension of K, the natural morphism A[N](O¥) > 
Ap|N](F) is an isomorphism. By the definition of Néron model, 
A[N](O?) > Ax[N](K™") = Ax[N](K)’ is also an isomorphism. 

(2) By (1), VeAr > (VeAx)! is an isomorphism. By Corol- 
lary A.50, we obtain the exact sequence 0 > VAL > VpAr > 
V,A% — 0. 

(3) By (2), the natural morphism Ar ®r E —> Ag induces the 
isomorphism VpAr — (VeAg)!“/*. By taking the Iz /-invariant part 
of the exact sequence 0 > VAS > VpAg - VAX — 0, we obtain 
0 VAL > VeAr > VA — 0 by Corollary A.50(2). Oo 


COROLLARY D.14. Let K be a discrete valuation field, and sup- 
pose its residue field F is perfect. Let £ be a prime number different 
from the characteristic of F. 


(1) Let Ax > Br be a morphism of abelian varieties over K, and 
let A > B be the morphism induced on their Néron models. Let 
A‘, C AZ and BY C BY be the torus parts of the closed fibers. 
Suppose the kernel of Ax > Bx is finite. Then, AK > ViBx 
is injective. If we identify VeAK and VeBr as the subspaces of 
VBR, we have Ar = VAKNVeBr and YA = VAKNVeBL. 

(2) Let XK — Yx be a Galois covering of proper smooth curves 
over K, and let G be its Galois group. Let Ax and Bx be 
the Jacobians of XK and Yx, respectively. Let Ar and Br be 
the closed fibers of the Néron models of Ax and Bx, and let 
A, Bt, At, BL be their abelian parts and torus parts. We 
denote by © the G-invariant part. Then, the natural mappings 
VpA% — (VeB2)© and VeAt — (VeBt)© are isomorphisms. 


Proor. (1) It is clear that VpAx — VeBx is injective. By 
Corollary D.13(2), VeAr and VeBr are invariant subspaces by the 


208 D. JACOBIAN OF A CURVE AND ITS NERON MODEL 


inertia group J. Thus, Ar = VpAKNV?¢Br follows from (YAK)! = 
WeAr 1 (VeBx)!. By Corollary A.50(2), VeA% = VeAr/VeAb > 
VB = VeBr/V;Bt is injective. Thus, VeA% = VeAK NVeBE. 

(2) By Lemma D.6(2), VeAx is identified with (VsBx)°. Thus, 
by (1), we have VpAr = (VpBr)© and VeAL = (VeBt)°. More- 
over, taking the G-invariant part of the exact sequence 0 > V;Bt > 
ViBr — VB — 0, we obtain the isomorphism V,A% — (V,B2)°. 

O 


Whether an abelian variety Ax over a discrete valuation field K 
has good reduction or semistable reduction can be determined by the 
é-adic representation V;A of Gx. 


DEFINITION D.15. Let O be a discrete valuation ring, let K be its 
field of fractions, and let p be the characteristic of F. Let £ be a prime 
number that is invertible in K, and let V be an é-adic representation 
of the absolute Galois group Gx. 


(1) A projective system G = (Gy)nen of surjections of finite flat 
commutative group schemes over Q is called é-divisible group 
if the following conditions are satisfied: £2” : G, — G, is the 
0 morphism. [£] : G, — Gy, is decomposed into the surjection 
Gn > Gn_i and the closed immersion in_1 : Gn_1 > Gy. The 
kernel of [€]: G, > Gy is in-10-+- 041: Gi 4 Gn. 

(2) V is said to be a good é-adic representation if there is an 
divisible group such that V = lim, G, (K) @z, Qe. 

(3) V is said to be a semistable ¢-adic representation if there exist a 
good é-adic representation Vo C V such that V/Vo is unramified. 


If 2 p, then V is good if V is unramified. If 2 = p, the definition 
of good or semistable é-adic representation is limited to this book, and 
they are much stronger conditions than usual ones. 


LEMMA D.16. Let p and @ be prime numbers, and let K be a 
finite extension of Qe. Let p be an £-adic representation of Ga, to a 
two-dimensional K-vector space V. If the action of Ga, on det V is 
the £-adic cyclotomic character, the following are equivalent. 


(1) V is semistable in the sense of Definition D.15. 
(2) V is semistable in the sense of Definition 3.35. 


PROOF. (2) => (1) isclear. We show (1) => (2). It suffices to show 
it assuming V has a good one-dimensional subrepresenstation Vo such 
that V/Vo is unramified. By the assumption that the determinant 
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det V is the adic cyclotomic character, the action of the inertia 
group I, on Vo is also the é-adic cyclotomic character, and thus V is 
ordinary. O 


The following is a generalization of Proposition 3.46. 


THEOREM D.17. Let K be a local field, and let Ax be an abelian 
variety over K. Let £ be a prime number different from the charac- 
teristic of K. In each of (1) and (2), the conditions (i) and (ii) are 
equivalent. 

(1) (i) Ax has good reduction. 
(ii) The ¢-adic representation Vp of Gx is good. 
(2) (i) Ax has semistable reduction. 
(ii) The ¢-adic representation Vz of Gx is semistable. 


(i) > (ii) in (1) is clear from Lemma D.11. We omit the proof of 
the others. 


D.4. The Néron model of the Jacobian of a curve 


Let O be a discrete valuation ring, let Xx be a curve over its field 
of fractions. By Theorem D.3, if Xx has good reduction, so does its 
Jacobian J x = Pic? Xx. More precisely, we have the following. 


LEMMA D.18. Let O be a discrete valuation ring, let K be its field 
of fractions, and let F be its residue field. Let X be a proper smooth 
curve over O such that each geometric fiber is connected. Then, the 
functor Pic jo +s represented by an abelian scheme J over O. JK = 
J ®o K is the Jacobian of XK ®o K, and J is the Néron model of 
Jx. The closed fiber Jp = J Qo F is the Jacobian of Xp = X ®oF. 

For a prime number @ different from the characteristic of K, the 
é-adic representation VeJ x of Gal(K/K) is a good é-adic representa- 
tion. If £ is different from the characteristic of F, the natural map- 
ping VieJK — ViJF is an isomorphism of finite-dimensional Qe-vector 
spaces that is compatible with Gal(K/K) > Gal(F/F). 


PrRooF. It follows easily from Theorem D.3 and Lemma D.11. 
Oo 


Even if a curve does not have good reduction, we have the fol- 
lowing theorem on regular model. 


THEOREM D.19. Let O be a discrete valuation ring, let K be its 
field of fractions, and let F be its residue field. Let X be a proper regu- 
lar connected curve over O such that each geometric fiber is connected. 
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Suppose Xx = X @oK is smooth, F is perfect, and the greatest com- 
mon divisor of the multiplicities of components of Xp = X ®o K in 
Xp is 1. Then, 


(1) The functor Picy yo is represented by the connected component 
J° of the Néron model J of the Jacobian Jz of Xx. 

(2) Let I be the dual chain compler of Xp, and let ag : T) 3915 
and 8:14 > Z be the linear mappings in (B.4) and (B.5), re- 
spectively. Then the group of connected components of the closed 
fiber Jp = J®F of the Néron model J is naturally isomorphic 
to Ker B/Imazp. 


COROLLARY D.20. Let the notation be as is in Theorem D.19. 
Let Jp be the Jacobian of the normalization X p of the reduced part of 
Xp. Then, the morphism Jp > Jp induced by the natural morphism 
Xp— Xp gives an isomorphism from the abelian variety part of the 
connected component J% 


(D.18) Ji 3 Jp. 


ProoF. It is clear from Theorem D.19(1) and Theorem D.7(4). 
Oo 


If a curve over a discrete valuation field has semistable reduction, 
so does its Jacobian. More precisely, we have the following. 


COROLLARY D.21. Let O be a discrete valuation ring, let K 
be its field of fractions, and let F be its residue field. Let X be 
a proper weakly semistable curve over O such that each geometric 
fiber is connected. Let J be the Néron model of the Jacobian JK of 
XK =X @o0K. 

(1) Let Xp be the normalization of Xr, and let T = [[; > To] be 
the dual chain complex of the closed fiber Xr. The connected 
component J% of the closed fiber Jp = J Go F is an extension 
of the Jacobian of Xr by a torus Hom(H, (I), Gp). 

Let Cy,...,Cm be the components of Xp, let % be the re- 
duced closed subscheme of Xp consisting of singular points. Let 

g be the genus of Xp, F; the field of definition of C;, and let g; 

be the genus of the curve C; over F;. Then we have 


(D.19) piesa : F)(gi — 1). 
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(2) The group of connected components of Jr is naturally isomor- 
phic to the cokernel of the linear mapping @ : H,() — H1(IY) 
of (B.8). 


PROOF. (1) Let X’ be the minimal resolution of singularities of 
X. We have Xx = X. Since all the exceptional divisors are of 
genus 0, the Jacobian of the normalization of X} equals that of X p. 
IfT’ is the dual chain complex of X‘, then by Proposition B.14(1), 
we have a natural isomorphism H,(I) > H(I’). Thus, by replacing 
X by X’, we may assume X is semistable. By Theorem D.19(1) and 
Theorem D.7(3), J? is an extension of the Jacobian by a torus. Then, 
by Corollary D.21, the character group of the torus part of J% equals 
Ay(T). 

Let a be the dimension of the abelian variety part of Jr, and 
let t be that of the torus part. Then, we have g = a+t. Since 
a=)-i, (Fi: Fl]gi and t—1 = deg D— 57", [Fi : F], we have (D.19). 

(2) As in (1), we may replace X by X’ by Proposition B.14(1). 
The assertion follows from Theorem D.19(2) and Proposition B.14(2). 

O 


CoroLLArRY D.22. Let K be a discrete valuation field, let Xx be 
a proper smooth curve over K, and let Je be the Jacobian Xx. If 
Xx has semistable reduction, so does the Jacobian JK. 

For a prime number & different from the characteristic of K, the 
f-adic representation Vi>Jx of Gal(K/K) is a semistable €-adic rep- 
resentation. 


ProoF. It follows from Corollary D.21(1) and Theorem D.17(2) 
(i) => (ii). Oo 
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